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ABSTRACT 


The  basic  concepts  of  the  theory  of  dimensional  analy- 
sis and  similarity  are  presented,  on  the  basis  of  which  a 
number  of  problems  related  to  the  hydromechanics  of  ships 
are  solved}  a group  of  problems  with  respect  to  water-dis- 
placing ships  are  analyzed.  The  major  part  of  the  book  is 
dedicated  to  the  problems  that  arise  in  connection  with  the 
development  of  high-speed  craft.  To  these  belong i steady 
and  non-steady  planing,  various  aspects  of  cavitationgJ 
phenomena,  motion  of  hydrofoil  and  air-cushion  craft,  de- 
formations of  the  free  surface  and  spray  formation. 


This  book  is  intended  for  personnel  in  scientific-re- 
search institutes,  engineers,  design  bureaus  of  the  ship- 
building industry  and  students. 
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FOREWORD  [3 

The  book  by  L.  A.  Epshteyn  is  devoted  to  application 
of  the  methods  of  the  theory  of  dimensional  analysis  and 
eimitority  to  certain  problems  of  hydromechanics  which  are 
primarily  related  to  the  motion  of  submerged  bodies,  as 
well  as  the  motion  of  bodies  along  the  water  surface.  These 
methods  are  widely  used  during  the  formulation,  processing 
end  analysis  of  the  experiments.  At  the  present,  an  educa- 
ted approach  ant'  understanding  of  laboratory  as  well  as  ac- 
tual experiments  would  be  impossible  without  application 
of  the  theory  of  dimensional  analysis. 

In  practice,  applications  of  the  methods  of  similarity 
are  not  linked  with  cumbersome,  complicated  mathematical 
analysis}  however,  they  always  require  deep  penetration 
into  the  physical  nature  of  processes,  which,  in  turn. 


♦Numbers  in  the  right  L^argin  indicate  pagination  in 
the  orig-^nal  text. 
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provides  the  proper  insights  to  the  simulation  of  the  basic 
factors  which  determine  the  phenomenon  and  its  character- 
istics. 

The  simplicity  of  the  conclusions  and  of  the  final 
formulas  often  conceal  the  logical  scheme  of  the -adopted 
simulation  method  which  must  include  the  basic  features  of 
the  determining  processes.  As  a result,  for  many  special- 
ists the  basic  concept  of  the  conclusions  becomes  emascu- 
lated and  only  the  formal  way  of  obtaining  them  remains. 

It  should  be  noted  in  this  respect  that  in  this  manu- 
script, along  with  many  practical  applications  and  examples 
in  the  use  of  the  theory  of  dimensional  analysis  and  simil- 
itude, there  are  also  included  useful  materials  in  regard 
to  the  methodology  of  formulation  of  the  required  laws  in 
question.  Much  of  the  presented  experimental  and  theore- 
tical data  is  the  result  of  many  years  of  creative  work 
performed  by  the  author  of  this  book.  The  reader  will  find 
examples  of  analysis  and  solutions  for  many  important  spe- 
cific problems  related  to  the  fundamental  problems  of  ship 
hydromechanics . 


Academician  L.  I.  Sedov 


FROM  ‘IHE  AUTHOR  [4 

This  book  touches  upon  many  quite  different  problems 
of  ship  hydromechanics.  These  problems  are  considered  to 
be  common  only  because  in  their  f onnulatiora , solution  and 
analysis  the  methods  of  the  theory  of  dimensional  analysis 
and  similitude  are  employed.  The  first  chapter  contains 
fundamentals  of  the  theory  of  dimensions  and  similitude  in 
a presentation  which  follows  L.  I.  Sedov's  ideas,  which  he 
has  developed  in  his  well-known  mono^aph  ’’The  Methods  of 
Similitude  and  Dimensional  Analysis  in  Mechanics.’*  These 
ideas  are  later  adapted  to  the  theory  and  simulation  of 
problems  which  are  primarily  related  to  questions  of  high- 
speed vessels. 

Steady  and  unsteady  planing,  various  aspects  related 
to  the  utilisation  of  submerged  hydrofoils,  the  processes 
of  formation  and  development  of  cavitation,  air  entry  to 
the  body  moving  near  the  surface  or  intersecting  it,  the 
processes  of  spray  formation,  problems  related  to  the  mo- 
tion of  air-cushion  vehicles,  action  of  gas  jets  on  the 
water  surface — such  is  the  scope  of  questions  dealt  with 
in  the  third,  fourth,  f^fth  and  sixth  chapters.  Chapter  II 
includes  some  considerations  and  material  in  regard  to 
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ordinary  water-displacing  craft  (wave  formation,  drag,  rol- 
ling and  pitching,  propellers). 

These  separate  problems  are  presented  in  the  book  in 
various  degrees  of  detail.  In  some  instances  it -was  pos- 
sible to  present  an  exclusive  account  of  the  problams  con- 
sidered, in  other  cases  the  arising  difficulties  are  only 
listed  iand  analyzed  and  the  means  for  their  solution  are 
outlined.  Bie  selection  of  the  material  for  the  book,  to  a 
certain  degree,  is  related  to  the  author's  works  in  the 
various  fields  of  ship  hydromechanics. 

Die  p>irpo8e  of  this  book  is  to  provide  the  engineer 
and  researcher  with  information  about  some  of  the  seldom- 
analyzed  problems  in  this  field,  and  also  to  inspire  inter- 
est and  to  provide  experience  in  the  implementation  of  sim- 
ple methods  of  the  theory  of  dimensional  analysis  and  si- 
militude. From  the  material  presented  in  the  book  it  is 
clear  that  these  methods  are  especially  effective  if  they 
are  considered  along  with  additional  mathematical,  and  es- 
pecially physical,  considerations.  In  order  to  explain 
one  or  another  phenomenon  fit  is  necessary  to  scrutinize  the 
essence  of  this  phenomenon  i,  to  construct  its  rational  scheme 
and  by  adopting  the  methods  of  the  theory  of  dimensional 
analysis  and  similitude,  to  be  able  to  formulate  and  to 
analyze  >a  minimum  number  of  experiments. 

Die  author  will  be  grateful  Tor  comments  and  sugges- 
tions with  respect  to  the  form  and  the  essence  of  the  iirob- 
lems  under  consideration. 


INTRODUCTION 

Experimentation  is  the  starting  point  of  our  knowledge. 
Often  experiments  in  the  study  of  some  phenomenon  or  struc- 
ture cannot  be  conducted  under  "full-scale*'  conditions.  3h 
some  cases,  it  is  too  complicated  and  expensive,  in  others 
it  is  simply  impossible  because  of  the  remoteness  or  una- 
vailability of  the  object  which  is  to  be  studied. 

For  example,  in  the  field  of  our  study,  covering  the 
theory  of  a ship  before  the  craft  is  built,  it  is  necessary 
to  create  its  design  and  determine  its  drag  and  seaworthi- 
ness. 


In  connectioii  with  this  problem,  the  method  of  model 
experimentation  is  widely  employed  in  the  most  diverse 
fields  of  engineering.  The  correct  formulation  of  such  an 
ex|>eriment,  and  the  laws  of  transition  from  model  to  full 
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size,  are  determined  by  the  theory  of  dimensional  analysis 
and  similitude. 

In  combination  with  additional  considerations  of  phy- 
sical or  mathematical  nature,  the  theory  of  dimensional 
analysis  is  a simple  and  fruitful  method  of  experimentation. 

A great  deal  of  attention  has  been  devoted  to  the  prob- 
lem of  simulation  and  dimensionality  by  such  great  scient- 
ists as  Newton,  Fourier,  Rayleigh,  Reynolds,  and  others. 

In  Russian  technical  literature  there  is  an  excellent 
account  of  separate  questions  and  examples  of  the  employ- 
ment of  the  methods  of  dimensional  analysis  and  similitude 
(!13,  15] » but  unfortxmately  this  theory,  which  in  spite  of 
Its  apparent  simplicity,  requires  a deep  understanding,  is 
presented  in  a number  of  textbooks  and  even  in  specialized 
technical  presentations  inaccurately  and  unclearly  on  some 
points.  Some  authors  in  their  presentation  use  pseudo- 
scientific form  and  terminology,  which  obscures  the  ques- 
tion for  them  as  well  as  for  the  reader. 

All  this,  to  a certain  extent,  has  interfered  with  the 
acceptance  of  the  theory  of  dimensicnal  analysis  and  simi- 
litude by  a large  number  of  specialists. 

The  appearance  of  the  book  by  L.  I.  Sedov,  "Ihe  Methods 
of  Similitude  and  Dimensional  Analysis  in  Mechanics"  p33, 
gave  a great  impetus  toward  mass  development  and  applica- 
tions of  these  methods.  In  this  book,  along  with  clear-cut 
presentation  of  the  basics  of  the  methods  of  the  theory  of 
dimensional  analysis  and  similitude  are  given  a large  nvtm- 
ber  of  original  new  solutions,  which  include  a number  of 
urgent  problems  in  the  fields  of  hydromechanics,  strength, 
combustion  theory,  explosion  and  astrophysics. 

Below,  the  employment  of  me  ' of  the  theory  of  di- 
mensional analysis  and  sirailituae  loi  the  fonauletion  and 
solution  of  a number  of  problems  of  ship  hydromechanics  is 
analyzed.  In  some  examples  these  methods  will  be  used  for 
simplification  of  the  theoretical  solution?  in  others  the 
effective  results  will  be  obtained  due  to  the  combination 
of  the  theory  of  dimensional  analysis  and  similitude  with 
experimental  data.  A number  of  examples  are  devoted  to 
the  utilization  of  the  theory  of  dimensional  analysis  and 
similitude  for  the  purposes  of  proper  simulation  end  for 
recalculation  of  the  results  obtained  for  the  model  to  the 
full-size  prototype. 

Let  us  note  that  the  term  simulation  [modeling]  is 
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applied  at  the  present  time  to  a wide  variety  of  concepts. 
Sometimes  it  is  referred  to  modeling  of  the  environment  and 
phenomenal  meaning  by  this  the  creation  of  certain  condi- 
tional schemes  which  are  adopted  to  replace  the  actual  en- 
vironment and  phenomena.  For  example ♦ as  a model  for  liquid 
and  gas  we  consider  the  continuum  that  possesses  the  speci-  [6 
fied  properties  (ideal  fluid,  viscous  fluid,  etc.  ).  !Ihe 
same  concept  is  applied  to  the  study  of  planetary  motion, 
where  the  planets  are  considered  as  points  of  mass,  thus 
becoming  a study  of  a model  of  a real  process. 

^ simulation  is  also  meant  a method  of  analysis  uf  a 
given  phenomenon  by  means  of  substituting  it  by  another 
which  is  defined  by  differential  equations  common  with  the 
given  phenomenon.  Diis  type  of  simulation  is  used  partic- 
ularly for  analysis  of  fluid  flow  by  the  method  of  electro- 
mechanical analogy  or  for  analysis  of  dynamic  processes  in 
mechanical  systems  by  means  of  their  replacement  by  elec- 
trical systems.  At  present  we  can  often  encounter  the  term 
simulation  by  means  of  computers,  where  it  is  understood 
that  the  computations  of  the  numerical  solutions  for  some 
problem  are  conducted  with  various  parameters.  Here,  when 
we  say  simulation  we  will  mean  the  analysis  of  the  condi- 
tions of  similitude  and  of  the  laws  of  recalculation  for 
identical  physical  phenomena  which  differ  only  in  scale.* 


♦Let  us  note  that  the  diff^  *ence  in  scale  is  not  neces- 
sarily related  to  geometry  onl^.  In  a general  case  the 
models  can  be  smaller,  equal  or  larger  than  full  sise,  and, 
for  example,  differ  by  the  scales  of  some  other  pareuneters 
(velocity,  density,  viscosity,  etc. ). 


It  is  important  hereby  tc  introduce  clarity  into  the  mean- 
ing of  the  expression  "identical  physical  phenomena. " 

All  of  this  is  related  with  the  use,  even  in  the  latest 
literature  (for  example,  [2],  pp.  128,  134,  l48,  etc. ),  of 
terms  like  complete  similarity  and  partial  cr  approximate 
similarity.  It  should  be  realiaed  that  complete  similarity 
does  not  exist,  just  as  it  is  impossible  to  an  ilyse  a real 
phenomenon  or  process  in  its  entirety.  Any  analysis,  in- 
cluding analysis  with  the  aid  of  models,  is  conducted  on 
the  basis  of  schematisation  and  on  the  basis  of  elimination 
from  the  analysis  of  the  factors  which  are  secondary,  non- 
essential  for  the  purpose  of  the  given  analysis.  For  ex- 
ample, when  experimenting  with  a ship  model  in  order  to  de- 
termine its  drag,  only  its  exterior  outline  is  reproduced, 
while  the  design  of  the  hull  is  not  simulated.  This 
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formulation  is  based  on  the  assumption  that  the  affect  of 
hull  deformations  under  the  action  of  hydrodynagiic  forces 
is  negligible. 

At  this  point  we  can  clarify  the  term  identical  physi- 
cal phenomena,  keeping  in  mind  that  identity  is  ascribed 
only  to  those  features  which  are  essential  for  a given  pre- 
cision for  the  analysis  of  the  problem.  Let  us  note  that 
it  follows  from  the  above  discussion  that  for  simulation  a 
certain  minimum  amount  of  information  with  regal'd  to  thu 
analysis  of  the  problem  is  required.  Gne  should  be  able  to 
select  from  the  nxanerous  related  conditions  those  which  de- 
termine the  results  which  we  are  trying  to  obtain j obviously, 
in  analyses  of  new  problems  and  new  phenomena  this  is  not 
always  possible. 

In  a number  of  cases  the  partiality  of  similarity  is 
additionally  stipulated  by  the  technical  difficulties  of 
simulating  even  those  factors  which,  as  is  known  a priori, 
can  affect  the  results  being  sought.  From  numerous  examples 
of  similar  conditions  let  us  indicate  the  classical  case  of 
the  difference  between  the  Reynolds  numbers  of  the  model 
and  full  siae  in  aerodynamic  studies,  lihus,  without  men- 
tioning this  again  in  the  future,  we  will  consider  that 
the  similitude  is  always  partial,  while  the  sum  of  the  ef- 
fects of  factors  not  modelled  for  various  reasons  will  pro- 
duce the  so-called  scale  effect.  Into  the  methods  of  ex- 
perimentation with  models  enter  not  only  the  determination 
of  the  conditions  of  similitude  and  the  laws  of  recalculat- 
ing the  experimental  results  from  the  model  to  full  size, 
but  also  an  estimate  of  the  value  of  the  scale  effect,  and, 
when  necessary,  the  development  of  appropriate  corrections. 

Let  us  discuss  the  question  of  determining  the  condi- 
tions or  criteria  of  similitude.  Ln  a number  of  cases 
these  criteria  are  drawn  from  analysis  of  the  equations  of 
motion,  and  of  initial  and  boundary  conditions.  According 
to  existing  opinion,  this  approach  is  of  a more  strict  and 
general  nature,  if  not  the  only  reliable  one,  and  its  prin- 
cipal advantages,  as  compared  to  the  “formal"  considera- 
tions of  the  dimensional  theory,  are  noted  here.  These 
widely  circulated  views  are  clearly  formulated  in  [21], 
from  which  the  following  quotation  is  taken i "The  theory 
of  similitude  and  dimensional  analysis  determines  the  con- 
ditions under  which  the  phenomena  become  either  exactly  or 
approximately  similar.  Li  the  theory  of  similitude  this 
problem  is  solved  by  analysis  of  the  related  equations, 
i.e,,  the  equations  which  describe  the  phenomena  under  con- 
sideration, for  example,  the  equations  of  fluid  flow  or 
the  rolling  and  pitching  of  shii^.  The  dimensional  theory. 


however,  is  based  on  the  formal  concepts  based  on  the  di- 
mensional analysis  of  the  physical  parameters  which  are 
characteristic  for  the  given  phenomenon."  And  further, 
"...Rrom  the  principal  point  of  view  it  is  more  c'brrect  to 
approach  the  establishment  of  the  criteria  of  similitude 
on  the  basis  of  analysis  of  the  operational  relationship. " 

Li  reality  the  search  for  the  criteria  does  not  require 
knowledge  of  the  equations  for  the  process  being  studied, 
and  the  relationships  obtained  only  from  the  concepts  of 
the  dimensional  theory  are  just  as  general  as  those  which 
are  formed  from  analysis  of  the  equations. 

In  order  to  establish  the  dimensionless  criteria  which 
define  the  phenomenon,  it  is  necessary  and  also  sufficient 
to  know  on  which  parameters  this  phenomenon  is  dependent 
(see  Sedov  [33].  PP*  39-^0 ).  Li  a number  of  cases  these 
parameters  can  be  selected  from  analysis  of  the  phenomenon 
based  on  the  general  physical  concepts,  even  though  the 
equations  which  relate  these  parameters  cannot  be  composed. 
In  other  cases  the  same  criteria  of  similitude  will  corre- 
spond to  different  equations. 

It  is  possible  to  say  that  on  the  basis  of  the  equa- 
tions of  a certain  problem  we  will  not  neglect  any  essential 
factor}  however,  we  should  not  forget  that  the  equation  of 
the  problem  itself  is  also  never  exact  and  is  constructed 
on  the  basis  of  a certain  schematization.  If  this  scheme 
omits  anything  essential  for  the  phenomenon  under  considera- 
tion, then  the  analysis  itself,  based  on  these  equations, 
will  also  be  in  error.  If,  however,  the  phenomenon  is  pro- 
I)erly  schematised,  i.e.,  when  all  the  effects  of  actually 
secondary  importance  are  excluded,  then  accounting  of  the 
defining  values  always  precedes  the  formulation  of  equa- 
tions. To  formulate  the  equations,  in  addition  to  know- 
ledge of  the  parameters  themselves,  it  is  necessary  to 
mathematically  define  the  laws  of  their  interrelations. 

‘R^is  p^ticular  determination  of  the  laws  of  the  interrela- 
tionships for  a specific  problem  is  not  necessary  for  de- 
terminatiwi  of  the  criteria  of  similitude. 

L\  conclusion  of  these  introductory  remarks,  let  us 
indicate  that  in  a number  of  problems  the  practical  impos- 
sibility of  simulation  can  be  eliminated  if  the  phenomenon 
under  consideration  can  be  subdivided  into  its  elements, 
for  each  of  which  it  becomes  possible  to  meet  the  require- 
ments of  similitude  or  to  perform  an  evaluation  by  calcula- 
tion. One  of  this  type  of  examples  is  the  ^oude  method 
for  determining  a ship’s  drag,  when  only  those  factors  are 
simulated  which  are  related  to  the  residual  drag,  while  the 


frictional  drag  ia  taken  into  acco\;uit  with  the  aid  of  some 
additional  considerations.  Ihe  reader  will  become  ac- 
quainted with  other  examples  in  the  chapters  where  the  entry 
of  atmospheric  air  to  the  hydrofoil*  the  simulation  of 
spray*  etc.*  are  discussed. 
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CHAPTER  I.  FUNDAMENTALS  OF  THE  [8 

THEORY  OF  DIMENSIONAL  ANALYSIS  , 

1.1.  Concerning  the  Dimensionality  of  Quantities 

Bie  measurement  of  some  quantity  is  in  reality  a com- 
parison of  that  quantity  with  another  quantity  taken  as  a 
standard  of  measure,  or,  in  other  words,  as  a unit  of  mea- 
surement. 

If,  in  the  case  of  the  problem  under  consideration, 
various  standards  are  being  considered  or  are  being  used, 
then  our  quantity  is  called  dimensional. 

If  it  is  stipulated  or  follows  from  the  definition  of 
the  quantity  that  the  standard  can  be  cnly  one,  then  the 
quantity  will  be  dimensionless. 

Dimensionality  is  nothing  else  but  the  indication  of 
the  standard  with  which  the  comparison  was  conducted. 

If  the  standard  remains  the  same  at  all  times  it  be- 
comes unnecessary  to  refer  to  it  repeatedly. 

The  dimensionless  state  of  a quantity  means  that  it 
is  not  necessary  to  additionally  indicate  the  standard  for 
its  computation. 

Let  us  clarify  these  statements  by  some  examples. 

We  measure  the  length  of  some  circumference  and  sayi 
it  is  equal  to  2 meters,  or  200  centimeters,  or  6.55  feet. 

We  compare  the  length  with  various  standards — linear 
lengths — and  by  indicating  a number  that  represents  our 
length,  we  have  at  the  same  time  to  indicate  the  standard 
used.  The  length  of  the  circumference  in  this  concept  is 
the  dimensional  quantity. 

We  can  state  the  following!  the  relationship  of  the 
length  of  a circumference  to  the  radius  is  equal  to  2Tr  (2it 
is  a dimensionless  quantity).  Why,  when  we  have  taken  the 
relationship  of  the  length  of  the  circumference  to  the 
length  of  an  iridium  plate  which  is  preserved  in  the  bureau 
of  standards,  and  related  the  length  of  the  circumference 
to  this  dimension,  have  we  called  it  a dimensional  quantity, 
while  when  we  have  taken  the  relationship  of  the  length  of 
thu  circumference  to  the  length  equal  to  its  radius,  the 
length  of  the  circumference  became  dimensionless? 

The  reason  is  found  in  the  statement  of  the  problem 
of  meas'U'ement  I in  the  second  case  the  unit  of  measurement 
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was  defined  as  the  length  of  the  radius,  while  in  the  former 
case  the  meter,  centimeter,  the  foot  as  well  as- other  mea- 
surements were  all  possible  as  the  units  of  measurement. 

In  a number  of  cases  it  is  convenient  to  state  the 
singleness  of  the  adopted  standard  and  consider  tlie"  corre- 
sponding quantities  dimensionless.  For  example,  by  stating 
that  all  the  measurements  of  a body  will  be  compared  to  its 
length,  we  can  consider  them  (width,  height,  etc.  ) as  di- 
mensionless quantities.  Bie  convenience  here  is  derived 
from  the  ability  to  relate  all  measurements  of  similar  [9 

bodies,  which  when  expressed  in  this  manner  will  remain 
constant,  and  probably  independent  from  the  type  of  units 
in  which  the  lengths  are  measured.  The  above  examples  were 
in  regard  to  geometric  values,  however,  the  above  state- 
ments apply  equally  to  any  other  physical  quantities.  For 
example,  the  quantity  A — the  relationship  of  two  velocities 

(A  = ^ — indicates  by  its  structure  that  the  value  is 

compared  to  V2.  The  quantity  A indicated  the  number  of 

times  Vi  is  greater  than  V2*  Obviously,  this  quantity  can 

not  be  dependent  on  the  type  of  general  units  by  which  we 
will  measure  v^  and  V2*  Cie  quantity  A is  a dimensionless 

quantity. 

In  the  aviation  and  shipbuilding  industries  there  ex- 
ists the  term  "overload. " 3y  overloads  we  mean  the  rela- 
tionships between  the  accelerations  that  occur  during  flight 
or  motion  through  waves  and  accelerations  due  to  gravity. 

In  this  type  of  expression  the  overload  is  a dimensionless 
quantity,  because  the  definition  itself  contains  information 
about  the  standard  used  for  the  evaluation  of  its  quantities. 

We  have  called  the  standard  with  which  the  given  quan- 
tity is  measured  the  dimensional  value.  It  is  saidi  the 
dimension  of  this  quantity  is  a meter,  or  the  dimension  of 
this  quantity  is  a kilogram. 

The  concept  of  dimensional  analysis  is  also  considered 
in  a somewhat  expanded  form,  when  the  reference  is  made  not 
to  the  single  standard  only,  but  rather  to  a category  of 
standards.  In  such  a case,  we  can  state  that  this  quantity 
has  the  dimension  of  length,  while  the  other,  the  dimension 
of  force. 

Below  we  will  record  the  dimensions  of  some  quantity 
a by  putting  its  designations  into  brackets!  {a]. 
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In  further  discussion  we  will  proceed  from  the  follow- 
ing axiom i in  a relationship  which  reflects  physical  phe- 
nomena. the  OQualitv  signs  or  the  ex-press  ions  f of  yi  alge- 
braic sum  can  only  be  made  among  quantities  of  similar 

Forces  can  be  compeured  and  added  only  to  forces  i velo- 
cities compared  to  velocities,  lengths  compared  to  lengths, 
etc.  The  addition  or  the  comparison  of  unrelated  physiceO. 
quantities  is  meaningless. 

From  the  above  axiom  and  the  possibility  of  quantita- 
tive comparison,  we  see  that  it  is  imperative  that  for  a 
relationship  which  has  a Physical  concert,  all  of  the  mem- 
bers which  are  connected  bv  summation  or  equality  signs 
should  have  the  same  dimension. 

Utilizing  the  above-mentioned  condition  and  designat- 
ing the  units  of  measurement  for  certain  quantities,  which 
are  called  basic  or  primary,  we  can  express  the  values  of 
all  other  quantities  related  to  the  basic  quantities  by  de- 
finitions or  by  physical  laws.  These  quantities  are  known 
as  derivative,  or  secondary  quantities. 

Thus,  for  example,  designating  the  units  for  length  L, 
time  T,  and  force  K,  we  can  express  through  them  the  units 
of  velocity,  acceleration,  mass,  etc. 

Actually  the  velocity  is  defined  as  a relationship  of 
some  distance  to  a corresponding  interval  of  time  (it  is 
unimportant  whether  the  quantities  are  finite  or  infinites- 
imaiy  The  dimensions  of  the  right-hand  part  are  the  dis- 
tance divided  by  the  timej  hence  the  left  side,  i.e.,  veloc- 
ity, must  have  the  same  dimensions! 

Id  - LT*-'. 

Similarly  for  acceleration  we  find  the  following! 

W-Af-*. 

The  mass  is  related  to  force  F and  acceleration  t 
Newton's  law,  according  to  which 


with  the  dimensions  of  the  right  side  being  Klr^T®,  it  fol- 
lows that  the  dimensions  of  xhe  mass  are  the  same! 

Cm]  -= 
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In  a similar  way  the  dimensions  of  an  area,  a density, 
a coefficient  of  viscosity,  work  and  other  quantities  can 
be  found,  ©le  dimensional  expressions  for  some ‘of  these 
values,  using  the  basic  independent  values  (in  this- case 
length,  time  and  force),  are  called  formulas  of  dimension. 

In  other  words,  a formula  of  dimension  can  be  viewed  as  a 
relationship  which  indicates  by  how  much  the  derived  value 
will  change  when  the  basic  units  of  measurement  are  changed. 

Die  unit  of  measurement  for  secondary  values  will  be 
obtained  when  in  the  dimensional  formula  instead  of  L,  T, 
and  K,  we  substitute  corresponding  units  (for  example, 
meter,  second,  kilogram). 

Instead  of  the  basic  units  of  length,  time  and  force 
we  can  us'  some  other  physical  values.  Specifically,  in 
the  w.dopted  physical  system  of  units,  instead  of  the  basic 
aimension  of  force  the  mass  is  selected. 


If,  for  example,  we  take  as  the  basic  value  the  veloc- 
■’ty  V,  acceleration  and  density  p,  then  the  length,  time, 
and  force  wil'.  be  the  derivative  secondary  values?  their 
dimensio.iS  will  be  expressed  through  v,  j and  p as  follows « 


T'o.iHL; 

l/J 

U?  • 

Ihe  derivation  of  these  dimensional  values  is  based  [l 
cm  the  same  ccnoepts  which  were  previously  used  in  deter- 
mining Vne  dimensions  of  velocity,  accaleration  and  mass 
using  the  basic  dimensions  of  L,  T and  K.  let  us  obtain, 
for  example,  the  soco.id  of  these  relations. 


Acceleration  is  the  rate  of  change  of  velocity  in  the 
unit  of  time,  i.e.,  so’^.t  velocity  divided  by  the  correspond- 
ing time , 


i 


from  heix 


And  since  the  dimensional  similarity  of  both  sides  is 
a requirement  we  obtain 
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The  number  of  basic  units  is  not  restricted  to  three. 
We  can  consider  each  physical  quantity  (velocity,"  density, 
viscosity,  area,  etc. ) as  basic  and  introduce  for  them 
their  own  units  of  measurement.  However,  in  introducing 
each  new  basic  dimension  (in  addition  to  the  basic  three) 
it  is  necessary  to  introduce  at  the  same  time  a new  dimen- 
sional constant  beyond  the  regularly  adopted  one  in  order 
to  secure  the  necessary  condition  of  similarity  among  di- 
mensions on  both  sides  of  the  equality  which  reflect  the 
relationship  of  the  physical  quantities  with  the  new  basic 
dimension. 

Let  us  demonstrate  this  by  examples. 

Suppose  that  along  with  the  length  we  would  like  to 
consider  an  area  as  an  independent  basic  dimension  that  has 
an  independent  unit  of  measurement.  Then  the  expression 
for  the  area  of  a rectangle  we  would  have  to  write  in  the 
following  form  I 


S = Cl  lb 


and  consider  ci  as  a quantity  that  has  the  dimension 


led 


If  we  do  not  do  this,  there  will  be  values  of  differ- 
ent unrelated  dimensions  on  both  sides  of  the  equality. 

We  can  continue  farther  and  consider  two  linear  quan- 
tities— let  us  say,  x and  y — possessing  independent  dimen- 
sions. In  order  to  place  the  equality  sign  between  these 
values  it  is  again  necessary  to  introduce  the  coefficients 
of  proportionality 


y ^ 02X, 


while 

1*1 

Let  us  note  that  this  at  first  glance  paradoxical  ex- 
ample (dimensional  independence  of  two  linear  quantities) 
can  be  observed,  especially  in  everyday  actions,  when  we 
are  using  different  systems  of  measurements.  In  the 


mm 


expression  1 foot  = O.305  meter  we  utilize  this _ coefficient 

and  should  actually  have  written  1 in  feet  = ^0730^  me^er 
in  meters. 

Now  the  dimensions  of  both  parts  of  the  equality  are 
similar. 

In  the  available  physical  and  technical  systems  of 
units  and  measurement  the  force  and  mass  are  related  by 
Newton's  law,  and  if  one  of  them  is  made  as  a fundamental 
unit  the  other  becomes  a derivative. 

In  reality,  Newton's  law  establishes  not  the  equality, 
but  the  proportionality,  between  the  force  and  the  product 
of  the  mass  and  the  acceleration,  and  in  this  form  the  mass 
and  the  force  can  be  considered  as  the  independent  funda- 
mental values,  but  a coefficient  of  proportionality  c ap- 
pears 

ic]==/ci-‘r*imr'. 

Upon  Gausse's  recommendation  it  was  agreed  to  consider 
this  coefficient  as  being  dimensionless  and  equal  to  unity j 
as  the  result  of  this  the  dimensions  of  the  mass  and  of  the 
force  became  dependent  values. 

It  becomes  evident  that  by  introducing  a new  fundamen- 
tal unit  of  measurement  we  carT  simplify  the  process  of 
siting  this  unit;  however,  this  also  leads  to  the  appear- 
ance  of  a new  dimensional  constant  which  must  be  introduced 
into  corresponding  relationships.  As  a rule  this  compli- 
cates the  form  of  the  formula  and  therefore  is  quite  often 
not  done.  However,  in  some  instances  the  introduction  of 
the  additional  fundamental  units  is  justified.  Thus,  for 
example,  in  thermodynamics  along  with  units  of  length, 
time  and  force,  units  are  chosen  for  the  amount  of  heat 
(calorie)  and  temperature  (degree  Celsius).  In  accordance 
with  this  conclusion  two  quantitative  constants  are  intro- 
duced , namely  1 the  mechanical  heat  equivalent  I = 42? 
kg-m/kcal  and  the  universal  gas  constant  R = 1.99  kcal/kg- 
mole*deg. 

The  appearance  of  the  new  dimensional  constants  adds 
to  the  number  of  fundamental  units  and,  vice  versa,  a re- 
duction in  the  number  of  dimensional  constants  leads  to  a 
reduction  in  the  number  of  fundamental  units. 

Let  us  consider  some  constant  physical  value,  such  as 
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the  length  of  the  earth’s  meridian,  and  for  simplicity  let 
us  consider  it  to  be  unity i then  all  linear  measures  will 
become  become  dimensionless,  and  their  measuring  Quantities 
will  indicate  the  number  of  times  the  length  of  the  earth's 
meridian  is  contained  in  this  or  that  distance.  JKie  number 
of  fundamental  units  has  been  reduced  by  one . Only'  the 
time  and  force  have  remained. 

We  can  consider  the  velocity  of  light  in  a vacuum  as 
a dimensionless  constant,  thus  any  velocity  will  become 
dimensionless,  while  dimensions  of  length  and  time  will  be- 
come interdependent. 

If  we  consider  one  of  them  as  a fundamental  value, 
the  other  will  be  expressed  by  the  equality 

L = T. 

The  equality  between  the  dimensions  of  length  and  time 
may  appear  strange  at  first  glance.  A question  arises s 
how  can  a length  of  distance  be  determined  in  seconds,  for 
example?  There  is  nothing  unusual  in  this  type  of  defini- 
tion, end  often  to  the  question,  "How  far  is  it  to  a cer- 
tain place?"  the  answer  is,  "A  five-minu*^.e  walk,"  or  "Two 
hours'  flying  time."  In  this  manner,  the  distance  for  a 
known  velocity  can  be  characterized  by  the  time.  In  astro- 
nomy one  of  the  units  of  length  is  the  ?*ight  year,  i.e., 
the  distance  which  light  travels  in  one  year. 

Designation  of  two  independent  physical  constant  di- 
mensions BS  dimensionless  will  lead  to  a single  basic  di- 
mension, while  a designation  of  three  will  make  all  values 
dimensionless. 

In  reality,  if,  for  example,  we  consider  lengths, 
times  and  forces  as  dimensionless  by  introducing  for  each 
its  own  unit  of  measurement,  then  it  becomes  obvious  that 
all  the  other  values  of  interrelated  dimensions  will  become 
dimensionless,  because  their  values  were  expressed  through 
the  dimensions  of  quantities  which  became  dimensionless. 

In  regard  to  the  formation  of  dimensionless  quantities 
as  a condition  of  unit  standards  of  measurement,  we  can 
note  the  following.  If  the  adopted  standards  correspond 
in  essence  to  the  question  imder  consideration,  then  their 
introduction  is  justif“ied  because  the  characieristics  of 
all  similar  systems,  by  becoming  dimensionless,  also  become 
constant  at  the  same  time.  In  the  opposite  case  such  a 
constancy  does  not  occur  and  the  introduction  of  the  unit 
standard  usually  will  not  be  justified. 


Let  us  clarify  the  above  by  an  example.  Suppose  the 
motion  of  some  body  in  a fluid  is  considered.  She  adoption 
of  the  length  of  this  body  as  a standard  (unit  of  length) 
makes  all  of  the  distances  between  the  points  in  space  and 
the  object  and  all  other  dimensions  of  this  body -dimension- 
less values,  and  for  the  similar  motion  of  a similar  object 
of  twice  the  length,  it  is  obvio  u;  that  all  corresponding 
dimensions  will  also  double.  A different  relation  will 
take  place,  if  instead  of  the  unit  standard  a value  which 
has  no  relationship  to  the  considered  question  is  taken. 

Assume  in  our  sample  that  a certain  part  of  the  earth's 
meridian  was  adopted  as  a unit  standard.  Here,  according 
to  our  stipulation,  the  linear  dimensions  will  also  be  di- 
mensionless values;  however,  the  values  that  characterize 
the  dimensions  of  similar  objects  will  not  remain  constant. 

Let  us  include  the  earth  into  our  system,  that  is,  let  us 
consider  that  during  simulation  not  only  the  dimensions  of 
our  object  but  also  the  dimensions  of  the  earth  will  change; 
as  a result,  the  constancy  of  the' dimensions  of  similax 
bodies  will  hold  again. 

Rrom  the  above  discussion  it  is  evident  that  the  adop-  [lo- 
tion of  unit  standards  (earth's  diameter,  velocity  of  light, 
water  density)  will  not  produce  any  significant  advantages 
in  the  majority  of  practical  problems,  because  these  stand- 
ards will  not  participate  in  the  similitude  and  will  not 
provide  the  characteristics  of  the  dimensionless  constancy 
for  similar  phenomena.  Ihus,  the  number  of  fundamental 
units  is  limitless.  The  variation  of  that  number  is  related 
to  the  corresponding  change  in  the  number  of  dimensional 
constants.  Ifeually,  in  mechanical  problems  three  values 
are  considered  to  be  independent  dimensions. 

1.2.  On  the  Structure  of  the  Dimensionality  Formula 

Every  physical  dimensional  value  a is  described  by  two 
elements*  dimension,  i.e.,  the  standard  with  which  it  is 
compared,  and  the  numerical  representation  that  indicates 
how  many  times  our  value  is  greater  than  the  standard.  Des- 
ignating the  numerical  value  of  the  quantity  a by  A,  we 
can  write  as  follows  * 


a = A[a].  (1.1 ) 

It  is  evident  that  a change  in  the  dimensionality 
(standard)  will  lead  to  a change  in  the  numerical  value  as 
well.  An  increase  in  the  standard  will  produce  a decrease 
in  A,  and  vice  versa.  If  the  length  of  some  segment  in 
centimeters  was  expressed  by  a numerical  value  A = 100, 
then  the  same  length  expressed  in  meters  (the  standard  has 
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increased  100  times)  will  be  expressed  by  a value  one  hun- 
dred times  smaller!  i.e.,  A=  1. 

As  was  already  noted,  the  units  of  dimension  [a],  i.e., 
the  value  of  the  adopted  standard,  car.  depend  on -the  dimen- 
sional units  (standards)  of  other  values.  Bius,  for  example, 
tmits  of  velocity  (meters  per  second  or  kilometers  per  hour) 
are  established  by  the  choice  of  the  dimensional  units  of 
distance  and  time. 

For  a general  case  we  can  write  that 

C&zD • ••••  C®kD ) » (1.2) 

where  ai,  a2,  ak  are  the  magnitudes  with  the  basic 

units  which  define  the  dimension  a analagously  to  the  way 
in  which  the  units  of  distance  and  time  defined  the  value 
of  velocity.  Let  us  clarify  the  form  of  this  functional 
dependence.  Suppose,  at  the  beginning,  that  one  of  the 
arguments  of  the  right  portion  of  (1.2)  changes,  for  ex- 
ample [aj^],  while  [a2],  ...,  [ajc]  remain  constant  values. 

Designating  for  brevity 


[ai]  « X, 

(1.3) 

we  obtain  instead  of 

(1.2) 

[a]  = f(x) 

(1.4) 

and  instead  of  (1.1) 

a = Af(x). 

(1.5) 

Let  us  increase 

by  n times  the  standard 

for  the  value 

of  a,  i.e.,  substitute  x by  jixi  then  in  accordance  with 
(1.4)  the  dimensional  units  of  the  value  a,  as  well  as  its 
numerical  value,  will  change.  This  numericEil  value  will 

A 

become  equal  to  where  k will  depend  on  4 only.  For  ex- 
ample, with  jjL  = 1 it  is  obvious  that  k = 1 also.  Let  us 
write  the  expression  a in  the  old  and  the  new  dimensional 
units  t 


a = Af(x)  =5  £f(iix).  (1.6) 

R*om  (1.6)  we  obtain 

^f|}=lc(|i).  (1.7) 


[15 
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Die  right  side  is  independent  of  x and,  th«irefore,  the 
derivative  of  the  left  aide  with  respect  to  x hh^  to  be 
equal  to  zero. 

Denoting  . - 

lix  = u (1.6) 

and  performing  differentiation,  we  find 

(1.9) 

from  which 

„ \ L..^^  (1.10) 

m d(«)  fix)  dx  * 


since  the  given  calculations  are  true  for  any  value  of  u, 
we  can  assume  u = 1,  i.e.,  select  p = ^.  Also  f(u)  and 

will  become  constant  and  instead  of  (1.10)  we  obtain 

Oil 

> d/M  - 3i 

/(x)  dx  * * (l  .11  ) 


where 


(1.12) 


Integrating  (l.ll)  we  find 


from  where 


«,lnA‘+lnC,. 
fill)  Cl***, 


or  in  accordance  with  (1.3)  and  (l.^) 

loj-CiIOir.  (1.13) 


In  this  case  Ci  is  a function  of  [a2],  ...,  [aj;].  Cl 6 

which  we  until  now  have  maintained  constant.  ^ similar 
reasoning  for  Ca23 » ...»  [ajc]  we  obtain 


|aj  - CJo,rMoJ**  . . . |o*r*.  (1.14) 

Ihe  dimensionless  constant  C can  be  dropped. 


10 


I 


Ihus,  it  its  established  that  for  a general,  case  the 
dimension  of  the  value  a is  expressed  by  the  fonnula  of 
form  (l.l4)  by  the  dimensional  units  that  define'^itb  basic 
values.  If  the  units  of  measurement  for  the  basic  dimen- 
sional values  ai,  a}c.are  increased  correspohdiiigly  by 

••••  Jik  ■tiiaes,  then  according  to  (1.1)  and  (1.14)  the 

quantity  that  measures  the  derived  veQ.ue  a will  be  A'  in- 
stead of  At 


A 


(1.15) 


Ciis  expression  is  convenient  for  the  transition  from 
one  set  of  units  to  others. 

Let  us  observe  the  changes  in  A in  the  following  ex- 
amples. The  speed  of  an  airplane  v = 300  m/i?3c 

[v]  = LT"!  = m/sec, 

i.e.,  ai  = 1 and  a2  = -!• 

Let  us  go  to  the  new  set  of  standards  (units  of  length 
and  time)  1 km  = 1000  mj  1 hr  = 3600  sec*  i.e.,  uj  = 1000 
and  ^l2  = 3600. 

The  value  of  velocity  with  our  new  set  of  units  ac- 
cording to  (1.15)  will  be 

V = 300  m/sec  = (looo  )1  0600 )'!  Wbr. 

Another  example t the  density  of  water  p « 102  kg* 

• sec^/m^ 

p = KT^L-'*. 

i.e.,  ^ 1,  ct2  2,  — — 4 1 

Let  us  go  to  the  following  new  set  of  unite*  grams, 
seconds  and  centimeters.  The  values  of  4^  will  be  as  fol- 
lows* 43^  = 10”3,  42  - U3  = 10*2.  density  of  water 
in  the  new  system  becomes 

p = 102  kg*8ec2/m'**^-!=  1.02*10*3  g.sec^/cm^. 

r (»0“y(i}*(i(rV 

I 
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1.3*  Utilization  of  Dimensional  Concepts  in  Search  of  a 
Law  for  the  Relation  Among  Dimensional  Values 

As  has  been  stated  previously,  an  equality  which  ex- 
presses some  relationship. among  physica-  quantities  must 
satisfy  the  following  condition!  the  dimension  on  both 
sides  of  the  equality  sign  must  be "the  same,  or  in  other 
words,  the  values  must  -possess  dimensional  homogene ity.~~ 

This  seemingly  trivial  statement  of  a condition  plays 
a significant  role  in  the  analysis  of  various  problems. 

For  example,  let  us  say  we  are  interested  in  the  ques- 
tion of  the  period  of  oscillations  of  a mathematical  pen- 
dului'.  T and  we  possess  neither  theoretical  nor  experimental 
information  about  the  process  of  its  motion.  We  only  know 
that  the  pendulum  has  ^ definite  length  1 and  mass  m,  con- 
centrated at  the  point  at  the  end  of  the  pendurim,  that  it 
swings  xTom  the  point  of  equilibrium  to  the  greatest  angle 
^ and  remains  in  the  field  of  gravitational  attraction  g. 

We  can  say  that  generally  speaking 

T = f (1,  m,  g).  (1.16) 

Thii;  mathematical  expression  does  not  at  this  point 
provide  us  with  the  n&t’tce  of  the  Interrelationship  of  the 
period  and  the  oth^sr  ‘’isted  ?uantiti98.  At  this  stage, 
let  us  apply  the  abovt-fonnulated  condition. 

The  left  side  of  equation  (l.l6)  represents  the  period 
of  motion,  i.e.,  the  quantity  which  has  the  dimension  of 
timej  it  follows,  then,  that  the  right  side  must  also  have 
the  dimensions  of  time. 


This  condition  already  defines  the  form  of  the  func- 
tion f(l,  m,  (po*  g)  ® great  extent.  In  the  first  place, 

it  indicates  the  necessity  for  the  elimination  of  the  quan- 
tity ro  from  the  number  of  our  terms t otherwise,  none  of 
their  functional  dependence  can  eliminate  the  dimension  of 
force  or  mass  (depending  on  the  adopted  system),  which  are 
included  in  the  value  of  m but  are  excluded  from  other 
parameters.  Secondly,  the  values  1 and  g must  be  included 
in  the  right  side  of  a completely  defined  relation  contain- 


ing the  dimensions  of  time,  that  is 


Thus,  we  can  write  that 


(1.17) 


[17 
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Now,  using  only  the  most  general  concepts  about  the 
values  which  define  the  phenomenon  and  the  abovb  formulated 
general  condition  of  the  dimensional  homogeneity'of  both 
parts  of  any  equality  that  expresses  the  correlation  among 
the  physical  quantities,  w©  are  able  to  make  the" following 
important  conclusions  from  this  analyzed  example « 

1 . The  period  of  oscillations  of  a xoathematical  pen-- 
dulum  is  independent  of  its  mass. 

2.  Bie  period  of  oscillations  of  a mathematical  pen- 
dulum is  directly  proportional  to  the  square  root  of  its 
length  and  inversely  proportional  to  the  sqxxare  root  of 
its  gravitational  acceleration. 

It  can  happen  that  on  one  side  of  the  equality  sign 
which  indicates  the  interrelationship  among  physical  quan- 
tities there  will  be  a dimensionless  quantity;  it  is  ob- 
vious that  in  this  case  the  other  side  of  the  equality  sign 
must  also  be  dimensionless.  Wiis  type  of  expression  is 
usually  more  convenient  for  the  analysis  of  any  phenomenon. 

It  is  not  difficult  to  prove  that  any  physical  corre- 
lation among  the  dimensional  quantities  can  be  reduced  to 
a dimensionless  correlation  of  various  combinations  of 
these  quantities. 

Let  some  value  a depend  on  n values 

fl  *■  /(©!«  ♦ t e«»  ©*■»  • * * • ®*)*  (l « 18 ) 

Among  (a^.  a2,  Sn)  there  can  exist  constants  and 

variables,  dimensional  and  dimensionless  values.  Suppose 
in  the  case  under  consideration  the  values  a^,  a2»  •••. 

have  independent  dimensions,  i.e.,  that  they  form  such  a 
group  of  values,  from  which  it  is  impossible  to  obtain  a 
dimensionless  value.  (Length,  velocity,  end  density  will 
be  independent  values;  the  length  and  the  volume  are  the 
dependent  values,  because  the  relationship  of  the  volume 
to  the  length  cubed  is  a dimensionless  quantity. ) 

Ve  define  aj^,  a2»  aj^  as  the  basic  values. 

If  we  assume  them  to  be  primary  unit  quantities,  that 
is,  if  we  consider  them  to  be  basic  dimensionless  values, 
then  according  to  the  above  discusBion  all  of  the  derived 
quantities  a,  ....  the  dimensions  of  which  are 

expressed  through  the  basic  values,  will  also  become  di- 
mensionless, i.e.,  they  will  convert  into  dimensionless 
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combinations  which  we  can  call  respectively  tr,  Tf2» 

• . • » tTn-k*  "*■ 

Our  correlation  will  become  as  follows i 

C = f (1,  1,  . . . , I>  *|<  • • • t *»_*)•  (l  • 19  ) 

Let  us  clarify  this  by  an  example.  Suppose  there  ex- 
ists a correlation  which  defines  a velocity  at  a point  in 
space  with  a steady-state  fluid  flow  around  the  body.  Bie 
velocity  or  its  projection  v^.  for  example,  will  be  a func- 
tion of  the  dimensions  and  the  shape  of  the  body,  the  pro- 

jections of  velocity  Vx,  Vy  and  of  the  advancing  stream, 

and  the  coordinates  x,  y and-z  of  a point  in  space 

0*  “ / (/|,  /»•  • • • , !/>  2,  V.  ^ 2Q  J 

Here  Ij^ , I2  ► . • . # In  are  the  linear  quantities  which 

characterize  the  dimensions  and  the  position  of  the  body 
in  relation  to  the  coordinate  axes. 

Let  us  consider  the  length  of  the  body  Ij^  and  the  ve- 
locity projection  Vx  as  the  principal  quantities  equal  to 

unity,  i.e.„  we  increaso  the  units  of  measurement  corre- 
spondingly by  Ij  and  Vx  times,  where  all  the  rest  of  the 

linear  and  velocity  dimensions  will  simply  be  the  independ- 
ent quantities  showing  by  how  many  times  a certain  value 
is  greater  or  smaller  than  the  principal  corresponding 
value.  Ihe  correlation  of  (1.20)  will  become 


Thus,  any  relation  (equality)  among  the  dimensional 
quantities  can  be  expressed  in  a series  of  dimensionless 
combinations  of  these  quantities.  Pte  number  of  variables 
in  this  case  decreases  by  the  number  of  values  whXch  have 
had  independent  dimensions . i.e.,  by  the  number  of  princi- 
pal  values.  This  decrease  in  the  number  of  variables  sub- 
stantially simplifies  the  analysis.  Pie  result  (1.19)  ie 
known  as  the  tr-theorem, 

La  the  transition  to  the  dimeneionless  form  we  can 
select  any  values  with  independent  dimensions  as  the  prin- 
cipal quantities.  Thus,  in  the  above  example,  instead  of 
and  Vx  we  could  have  adopted,  say,  I2  and  V^.  The 
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dimeneionlGsc  combinations  will  also  change  in  ^uch  cases. 


3jet  us  show  what  type  of  form  will  be  obtained  for  a 
general  case  for  dimensionless  combinations  iti  Trj^#_***»  “iTn-k* 

’(fe  start  by  writing  the  dimensions  for  our  values 

[a]  = la{\\  IaJ'» la*]'*; 

K41]  “ K]^*«  • • • » [fl*]*’*; 

ia,]\  ....  Ifl*]\ 


Since  we  have  adopted  the  values  a^ , a2 » • • • 1 ajj  as 

our  units,  i.e.,  we  have  increased  the  units  of  measurement 
of  these  dimensions  correspondingly  by  a^^,  a2>  •••,  aj^, 

the  numerical  values  of  the  derived  quantities  will  decrease 
in  accordance  with  the  dimensional  -formula,  i.e.,  they  will 
be 

a 

1C  •—  ^ p 

ajiojt  . . . flj* 


_ "*+i 

^ afuj^  . . . a^*  ’ 


"•-k 


On 


fljiaj*  . . . aj* 


(1.21) 


Let  us  cite  several  examples  which  will  illustrate 
some  techniques  and  the  effectiveness  of  the  dimensional 
analysis  method. 

V 


Suppose  we  are  interested  in  the  problem  of  drag  of  a 
small  body  moving  slowly  through  a viscous  fluid.  Since 
the  forces  of  inertia  (forces  of  mass ) decrease  proportion- 
ally to  the  cube  of  the  linear  dimensions,  while  the  fric- 
tion forces  (surface  forces ) are  proportional  to  the  square 
of  the  linear  dimensions,  we  should  expect  that  for  suffi- 
ciently small  bodies  the  inertia  forces  can  be  made  as 
small  as  we  wish  iii  comparison  to  forces  of  a viscous  na- 
ture; then  the  density  of  the  fluid  as  such  will  not  be 
one  of  the  defining  parameters  and  the  resistive  force  X 
will  only  depend  on  the  linear  values  of  Ij,  I2,  ln« 

which  determine  the  dimensions,  shape  and  position  of  the 
body,  the  velocities  of  its  motion  v and  the  coefficient 
of  dynamic  viscosity  ^ j 


X 0.  1^).  (1.22) 


Let  us  write  the  dimensions  for  our  values 
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{t>l  - Lr~\ 

i^]^KL-^.  — 

Let  us  compose  from  X and  from  our  other  values  a di- 
mensionless combination.  For  the  composition  of  such  a 
combination  there  exist  various  techniques.  We  can  look 
for  this  combination  in  the  form  of 

(1.23) 

Considering  the  dimensions  of  the  values  that  enter 
into  the  right  side  of  the  equality  we  can  write  the  di- 
mensions of  A in  the  following  formi 


{A] « 


Since  we  want  A to  be  a dimensionless  combination,  it 
then  follows  that  we  should  equate  the  power  exponents  of 
K,  L and  T to  zero.  Ihis  condition  provides  us  with  three 
equations  for  the  determination  of  a • ^ and  y » 


1 + 1 = 0; 
a + P — 2i  = 0; 
f P *=  0. 


(1.24) 


We  immediately  obtain  from  the  first  equation  y *=  -li 
substituting  this  result  in  the  last  equation  we  obtain 
p = -1  and  finally,  from  the  second  equation,  we  determine 
a = -1. 


Thus,  expression  (1.22)  will  have  the  final  form 


A - 


X 


(1.25) 


We  can  approach  this  problem  in  another  way.  In  the 
combination  of  type  (1.22),  besides  the  quantity  which  we 
wish  to  reduce  to  the  dimensionless  state  there  can  enter, 
as  cofactors  with  different  powers,  as  many  values  included 
in  the  function  as  there  are  basic  units  of  measurement. 
These  values  must  have  independent  dimensions. 

We  must  obtain  a dimensionless  combination  in  which 
the  force  X is  present.  In  order  to  exclude  the  dimension 
of  tile  force  K,  this  combination  must  include  the  relation 

However,  the  dimension  of  this  relationship  is 
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and,  therefore,  in  order  to  exclude  the  time  we  must  in- 
clude into  the  denominator  the  velocity i the  obtained  com- 


bination will  have  the  dimension  of '.length  and  then 


X 

livti 


will  be  the  dimensionless  value . It  can  only  depend  on 
the  same  values  as  the  resistance  itself 


— 3—^/1  (^1,  /»•  • * • » ®»  1^)*  (1,26) 


However,  in  the  right-hand  part  there  must  now  be  a 
function  of  dimensionless  combinations  consisting  only  of 
the  above-listed  values. 

Obviously,  the  value  |i  cannot  enter  into  these  combi- 
nations, since  it  contains  the  dimension  K,  which  does  not 
exist  in  the  other  values j we  must  eliminate  the  velocity 
V,  which  contains  T,  for  the  same  reasons.  From  the  re- 
maining n linear  dimensions  we  can  compose  n-1  dimension- 
less combinations,  relating  all  dimensions,  for  example, 
to  ll- 

Finally  we  obtain 


X 

ho/, 


(1.27) 


The  number  of  parameters  has  been  decreased  by  three, 
i.e.,  by  the  nxamber  of  values  with  independent  dimensions. 

For  all  similar  bodies  the  arguments  of  the  function 
fl  and,  consequently,  the  fxinction  itself  will  be  constant. 

Thus,  for  the  bodies  of  a given  form 

X « Cpvli,  (1.28) 

where  C = const,  i.e.,  the  resistance  becomes  proportional 
to  viscosity,  velocity,  and  to  the  linear  dimensions  in 
the  first  power.  If  the  body  represents  a sphere  with  ra- 
dius r,  then  according  to  the  exact  calculation 

X enpvr,  (1.29) 

i.©.,  the  constant  becomes  equal  to  6n. 

IS2  could  have  approached  the  solution  to  this  problem 
in  a different  way,  repeating  in  this  case  the  general 
discussion  about  the  possibility  of  assigning  unit  values 
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with  independent  dimensions.  Let  us  select  as  the  princi- 
pal values  the  length  l^,  the  velocity  v and  the  dynamic 

coefficient  of  viscosity  p,.  . ' 

Ih  such  a case,  the  value  of  force  will  be  a 'derived 
value.  Using  Newton’s  law  of  friction  we  have 


where  T is  the  frictional  stress,  i.e.,  the  frictional  force 
per  unit  area. 

We  will  find* 


*For  dimensional  analysis  we  can  assume  that  the  di- 
mension dv/dy  is  [v]/L. 


i.e., 


X = |iS 


do 


IX]»X=I|iJMI.. 


(1.30) 


Let  us  increase  the  unit  of  measurement  of  length  by 
Iq  times,  the  velocity  by  vq  and  the  viscosity  by  jiq  times. 

As  the  result,  all  the  values  will  decrease  in  correspond-  [2J 
ence  to  the  dimensional  formulaj  taking  into  account  (1.30)i 
we  can  write  (1.22)  in  the  new  dimensional  units* 


X t(h  ft  S,JL\ 

4 4'  «•* 


(1.31) 


Assuming  now  that 

0,'^v, 

and  (1.31)  will  become 

't'’*’*)’ 


thus  we  arrive  an  an  expression  identical  with  (1.2?). 
We  could  have  directly  adopted 
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Ij  = 1,  V « 1 and  n = 1 

and  on  the  basis  of  (1.30)  and  (1.22)  written  (1.32)  di- 
rectly. 

Let  us  now  omit  the  restriction  with  respected  the 
smallness  of  the  inertia  forces  as  compared  to  the  fric- 
tional forces,  i.e.,  we  will  analyze  the  problem  of  the 
motion  of  a body  in  an  infinite,  viscous,  incompressible 
fluid  without  any  restrictions.  Dien,  into  the  numbers  of 
arguments  of  the  function  (1.22)  we  must  introduce  density 

p 

■X  «=  /(/i.  i»,  . . . , 0,  |i.  fi).  (1.33) 

Analyzing  the  same  dimensionless  combination  for  the 

force 

— — - = 1%,  « . • , I/,,  V,  ti,  p),  (1.3^) 


we  observe  that  on  the  right  side,  besides  the  dimension- 
less quantities  of  the  ^ form,  a combination  must  appear 

that  is  related  to  |a  and  p,  ([p]  = KL"^t2){  in  order  to 

eliminate  the  dimensions  of  the  force  from  this  combina- 
tion, it  has  to  be  in  the  form  of  |i/p.  Die  dimension  of 

this  relationship  is  Dierefore,  is  a dimen- 


sionless quantity.  Diking  into  account  that  = pv,  where 
V is  the  kinematic  coefficient  of  viscosity,  we  can  write 


Is. 

H lx  ‘ ' ’ * ' * 


vl. 


here  Re  = 


is  the  so-called  Reynolds  number.  For  all 


similar  budies  the  ratios  will  be  constants  and 


X = avlif(Re).  (1.35) 

We  would  obtain  analogous  results  by  proceeding  from 
the  definition  ii-l,v  = l,}is:i.  in  this  system  p 

would  have  been  transformed  into  Re. 
liistead  of  (1.35)  w can  write 
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r>^,*.,.r>..  v.,.,,^.v.T— ■•-,%■-*»•.> >-.'-.t»(.-r./»'«i>».,^'-,'vr..VB'»'^-’’*v*«»««»<‘'f*^i^l+Hr>‘'«''‘'-'’f» 


X-pv-^/(Re)  = («*/?^-f<j*/?f(Re).  - (1.36) 

The  same  result  would  have  been  obtained  if -we.  had 
adopted  the  units  l^,  v and  p instead  of  li,  v and  \^, 

For  a nonviscous  (ideal)  fluid  the  second  choice  of 
units  would  have  been  the  only  one,  but  the  absence  of  vis- 
cosity would  not  have  provided  the  possibility  to  form  the 
combination  for  Re,  and  instead  of  (I.36)  we  would  have 
had  for  similar  bodies 


X = Cipv^l^, 


(1.37) 


where 


Cl  = const. 

In  a general  case  (when  both  u and  p play  a role)  both 
forms  (1.35)  and  (I.36)  are  equivalent.  The  rationality 
of  the  practical  use  of  either  system  is  related  to  the 
intensity  of  the  dependences  f(Re)  and  P(Re). 

It  is  always  advantageous  to  have  the  weak  dependence 
that  approaches  the  constant  along  the  substantial  inter- 
val. For  that  reason,  the  form  (1*35)  is  preferred  for 
small  values  of  Re,  while  (I.36)  is  for  large  values  of  Re 
(with  V -♦  00  Re  -♦  0 we  arrive  at  (1.28),  while  the  form 
(1.37)  responds  to  large  values  of  Re,  because  v -*  0 cor- 
responds to  Re  -••  00) . It  is  evident  from  the  given  example 
that  by  selecting  different  dimensionless  combinations  (or, 
which  is  the  same,  different  units  of  dimensions)  we  can 
obtain  different  forms  of  dependences  between  dimensionless 
values;  however  I 

1 ) the  nature  of  the  interrelationship  is  presex^ed 
(the  dimensionless  force — the  coefficient  of  resistance — 
is  a function  of  the  Reynolds  number); 

2)  the  different  forms  can  be  transformed  from  one 
into  another  (as  was  done,  for  example,  in  obtaining  (1.36) 
from  (1.35). 

Using  the  methods  of  dimensional  analysis  and  some 
physical  concepts,  we  have  established  that  for  bodies 
with  small  dimensions  (small  Re)  the  drag  in  high-viscosity 
liquids  is  proportional  to  the  dynamic  coefficient  of  vis- 
cosity, velocity  and  the  linear  dimensions  of  the  body. 

For  the  case  with  low  viscosity  it  has  been  found  that  the 
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drag  is  proportional  to  the  density,  to  the  square  of  thp 
velocity,  and  to  the  square  of  the  linear  dimension. 

It  was  found  for  a general  case  that  the  drag  coeffi- 
cient for  tho  given  body*  is  a function  of  the  I^ynolds 
number.  ■ . ^ . 


♦Among  the  parameters  1^  there  exist  ones  that  define 
not  only  the  shape,  but  the  orientation  of  the  body. 


All  these  results  were  found  without  any  analysis  or 
solutions  of  hydrodynamic  equations. 

Uie  combination  of  the  theory  of  dimensional  analysis  [Zk 
with  the  additional  physical  and  mathematical  considera- 
tions increases  its  effectiveness. 

Let  us  analyze  the  question  of  drag  X and  lifting 
force  Y of  a rectangular  wing  with  a symmetrical  profile. 

Ihe  problem  in  regard  to  the  lifting  force  acting  on  the 
body  (wing)  in  a viscous  incompressible  fluid  actually 
does  not  differ  from  that  of  the  previously  analyzed  prob- 
lem. Using  the  formulas  derived  for  the  motion  with  large 
values  of  Re,  we  can  write  the  expressions  for  dimension- 
less forces  (force  coefficients)  in  the  following  form» 


Let  us  select  out  of  parameters  li  the  principal  ones, 

like  I the  chord  of  the  wing  Ij  = b,  span  1 and  angle  of 

incidence  a.  For  the  time  being  we  will  omit  the  remaining 
parametBrs,  which  describe  the  shape  of  the  profile,  con- 
sidering that  the  dimensionless  combinations  for  similar 
wings  are  constant.  Ihen 


Y 

fC^ 

X 


(1.39) 
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Multiplying  both  expressions  by  2^  and  denoting  ^ = X 

(span-chord  ratio  of  the  wing)  and  lb  = s (area 'bf  the  wing), 
we  obtain 


Cy 


- Fi  (X,  a,  Re); 


Cy 


F,  (X,  a.  Re). 


(1.40) 


In  the  futiire  we  will  consider  the  dependence  on  Re 
as  insignificant I this  is  especially  true  for  Cy  within 

the  limits  of  the  critical  angles  of  incidence.  Then,  eli- 
minating Re  and  expanding  Fi  and  F2  with  respect  to  powers 
of  the  small  angle  a,  we  obtain 

O')  + (X)  a -f  Ci  (X)  a*  -j-  Oj  (X)  a*  + . . . ; 

C,  = 60  (X)  + b,  (X)  a + b,  (X)  a*  + b,  (X)  4 • • • 

Due  to  the  symmetry  the  value  of  the  lifting  force 
must  change  for  every  change  in  sign  of  ai  the  drag,  in 
contrast,  is  an  even  function  of  a.  At  this  point,  elimi- 
nating terms  of  too  small  as  compared  to  those  being 
considered,  we  obtain 


C,  = aj(X)a;  (1.4l) 

Cj,«6,(X)-|-  fr,(X)o*. 


For  the  span-chord  ratio  X > 2 formulas  (l,4l)  are  in 
good  agreement  with  experimental  results.  Excluding  a 
from  these  formulas  we  obtain 

C,»6.(X)  + -^c;. 
fl|{X) 

i.e. , within  the  precision  of  the  coefficients  which  depend 
on  X,  it  becomes  the  well-known  wing  theory  formula 


(1.42) 


in  which  the  first  term  is  called  the  profile  coefficient 
and  the  second  is  known  as  the  induced  drag  coefficient. 

VIherein  lies  the  essence  of  the  fact  that  by  adopting 
the  methods  of  dimensional  analysis  we  can  establish  a re- 
lationship among  values,  without  writing  equations  of 
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motion,  without  looking  into  the  essence  of  the  problem, 
and  limiting  the  analysis  to  the  listing  of  the"  factors 
which  define  the  phenomenon  under  consideration?- 

This  question  is  often  raised  by  individuals  -who  use 
the  theory  of  dimensional  analysis  and  similitude. 

The  answer  to  this  question  is  explained  by  the  fact 
that  the  formulas  of  dimensional  analysis  were  obtained 
from  basic  laws  of  nature  or  from  determinations.  For  ex- 
ample, the  relationship  of  the  dimensions  of  force,  mass 
and  acceleration  has  been  established  on  the  basis  of 
Newton's  second  law.  The  dimensional  formula  for  the  coef- 
ficient of  friction  was  obtained  from  Newton's  law  of  fric- 
tion. The  dimension  of  the  heat  conductivity  coefficient 
was  a consequence  of  Fourier '-s  law,  the  dimension  of  the 
modulus  of  elasticity,  of  Hooke's  law,  etc. 


Earlier,  we  analyzed  the  problem  of  a body  moving 
slowly  through  a viscous,  incompressible  fluid  in  which 
the  inertia  forces  could  be  ignored  and  it  seemed  like 
without  a thorough  study  of  the  essence  of  the  problem, 
just  utilizing  the  necessary  expressions  for  the  dimensional 
values,  we  established  that  the  drag  on  the  body  is  pro- 
portional to  the  coefficient  of  viscosity,  to  the  linear 
dimensions  and  to  the  velocity.  However,  using  the  dimen- 
sional formula  for  the  coefficient  of  viscosity  ji,  which 
we  have  obtained  from  Newton’s  law  of  friction,  and  oper- 
ating with  the  dimensional  formula  for  ji,  we  have  basically 
operated  with  this  law,  and  the  result  obtained  is  but  a 
different  form  of  it.  Actually,  according  to  Newton's  law 


all  stresses  are  proportional  to  or  in  similar  systems 
are  proportional  to  fi,  vq  and  j,  where  vq  and  1 are  the 


given  velocity  and  the  given  linear  measurement  respective- 
ly. Also,  because  the  acting  force  is  proportional  to  the 
product  of  the  stress  times  the  area,  which  in  turn  is  pro- 
portional to  the  square  of  the  linear  dimension,  we  can 
write  X f uvqI. 
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1.4.  The  Relationship  Between  Diinensional  Analysis  and 
SimilituSe 


Let  us  define  the  conditions  of  similitude  for  two 
phenomena.  Let  us  consider  phenomena  similar  if  they  ful- 
fill the  two  following  conditions i 

1 ) for  every  i)eriod  of  time  of  one  phenomenon  there 
exists  a similar  i>eriod  of  time  for  the  second  phenomenon, 
and  for  all  the  corresponding  points  in  space  the  scale 
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'‘vrcc- 


I' 

I 


•v  A constancy  for  each  quantity  (force,  length,  viscosity, 

etc. ) which  is  part  of  the  analyzed  phenomena  will  remain. 
Generally  speaking,  the  scales  are  different  for  different 
^ values.  These  periods  of  time  will  be  called  conforming j 
by  conforming  points  of  space  we  mean  the  points,  whose  co- 
ordinates satisfy  the  laws  of  geometrical  similitude  for 
our  phenomena; 

2)  the  scale  of  intervals  between  any  conforming  pe- 
riods of  time  is  unchanged. 

Thus,  all  the  numerical  values  of  any  quantity  in  one 
phenomenon  can  be  derived  from  the  corresponding  values  of 
the  second  phenomenon  simply  by  multiplying  them  by  the 
constant  coefficient  for  each  of  them — the  so-called  scale 
ratios . 

We  can  analyze,  then,  our  two  similar  phenomena  as 
being  the  result  of  the  application  of  two  systems  of  units 
of  measurement  to  the  same  phenomenon,  since  the  numerical 
values  of  each  type  of  values,  which  define  the  phenomenon 
when  the  system  of  units  is  changed,  must  be  multiplied  by 
some  constant  coefficient,  i.e.,  by  the  same  scale  ratio 
which  we  utilized  in  analysis  of  similar  phenomena. 

Thus,  the  change  of  the  scale  ratio  of  the  phenomenon 
and  the  change  of  the  system  of  \inits  of  measurement  are 
equivalent. 

The  dimensional  formula  can  now  be  analyzed  as  a con- 
dition of  interrelationship  which  exists  between  the  scales 
of  dimensional  values  for  the  two  similar  phenomena.  As 
has  already  been  noted  repeatedly,  the  dimensionless  values 
will,  in  similar  cases,  be  simply  constant.  Let  us  analyze 
these  problems  in  more  detail.  Suppose  there  are  two  simi- 
lar processes.  We  will  designate  the  values  relative  to 
one  of  them  by  the  index  H (nature),  and  of  the  other  by 
the  index  M (model).  Let  us  designate  by  the  letter  k 
with  an  appropriate  index  a scale  ratio  of  some  quantity. 
For  example,  the  scale  ratio  of  length 


of  velocity 


of  density 


ia 

N 
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etc. 


3h  accordance  with  the  definition  of  similijude  the 
scale  ratios  k are  constant  at  all  of  the  corresponding 
points  in  space  for  the  respective  moments  of  time^.  Not 
all  scale  ratios  are  imrestricted*  Some  of  them' are  inter- 
related. 

For  example,  in  the  process  of  the  "natural"  case  some 
particle  passes  the  segment  ti\  in  a time  , and  conse- 
quently will  be  moving  with  the  velocity 


V, 


A corresponding  particle  in  the  process  of  the  "model" 
case  passes  the  segment  within  the  time  At^  and  will 

have  the  velocity 


i/„  = 


According  to  definition  the  scale  ratio  of  velocities 
will  Uf. 


However,  the  ratio  of  any  length  and  of  any  time  in- 
tervals for  similar  cases  is  the  constant  value  and  equal 
to  ki  and  k-ti  respect'vely,  while  the  limit  of  the  constant 

value  is  the  value  itself^  5hus 

kv=-klltt^.  (1*^3) 

Comparing  this  formula  to  the  dimensional  formula  for 
velocity 

[v]  = LT-l , 

we  see  that  they  are  identical  if  we  take  into  account 
that  the  role  of  the  units  of  measurement  is  assumed  by 
the  scale  values. 


It  becomes  evident,  rrom  fxirther  similar  discussions,  £28 
that  we  can  find  formulas  with  interrelated  scale  ratios 
for  various  values  and  that  these  interrelated  formulas 
will  be  identical  to  the  corresponding  dimensional  'formulas . 

Die  scale  ratios  of  those  valxies,  through  which  othe.’  scale 
ratios  are  expressed,  are,  analogous  to  the  principal  dimen- 
sions, and  the  scale  ratios  of  these  "othrr"  values  will 
respond  to  the  derived  values.  The  relationship  of  the 
scale  ratios,  just  as  with  dimensional  relationships,  is 
found  either  from  the  determination  of  the  values  or  from 
physical  laws.  As  an  exercise,  let  us  find  several  rela- 
tionships among  scale  ratios.  Bie  relationship  between 
the  scale  ratios  of  inertia  forces  and  between  the  scale 
ratios  of  the  velocity  and  density  we  can  find  from  Newton's 
law.  For  simplicity,  let  us  analyze  one  projection  of  the 
inertia  forces  only,  for  example,  its  projection  on  the 
normal  to  the  trajectory.  As  is  Imown,  this  projection  is 
in  the  form  of 


where  Am  is  the  mass  of  our  particle  or  body  and  r is  the 
radius  of  trajectory  curvature.  Obviously 

= if.  = 

Because  Am  = pAV,  where  ftV  is  the  volume  of  the  par- 
ticle, we  have 


(1.44) 


since  the  relationship  between  the  volumes  of  similar  ele- 
ments is  proportional  to  the  cube  of  the  linear  scale  fac- 
tors. 


Let  us  recall  that  the  dimension  of  force  [see  (1.37)1 
is  expressed  through  the  dimensions  of  length,  density  and 
velocity  by  an  analogous  formula 


Let  us  now  find  the  relation  Bmong  the  scale  ratios 
of  forces  of  viscous  friction  and  the  scale  ratios  of 
length,  velocity  and  the  coefficient  of  viscosity.  Writing 
Newton's  law  for  viscous  friction  force  F 


26 


and  proceeding  in  a similar  manner  as  previously,  we  find 

kp  «= 

or , considering  that  pv  = n , — 

kp  = kpkvkikv  (1*^5) 

Die  scale  ratio  for  gravitational  force  G will  be  de- 
rived from  the  condition 

and  will  be 

(1*^) 

hi  similar  systems  the  scale  ratios  of  similar  values 
must  be  constant.  Consequently,  if  forces  of  a different 
nature  are  acting  in  similar  phenomena,  the  scale  ratios 
of  these  forces  must  be  identical.  It  follows  from  this 
condition  that 


kR  = Uq  = kpj 


substituting  instead  of  kp,  kp  and  kQ  their  expressions 
(1.45)  and  (1.46),  we  find  that 


“l^v  “ 

(1.4?) 

kikg  = k^. 

(1.48) 

If  in  any  obtained  scale  ratio  we  will  revert  back  to 
the  initial  designations  and  arrange  all  terms  with  sub- 
script II  on  one  side  of  the  equation  and  terms  with  sub- 
script H on  the^'other  side,  we  obtain  an  equation  that 
states  the  following*  for  similar  phenomena  the  dimension- 
less quantities  are  constant.  This  condition  has  been  al- 
ready noted  from  other  consideraticns. 

Ifit  us  perform  the  indicated  operation,  for  example, 
on  (1.44),  (1.4?)  and  (1.48 )i 


(1.51) 


tS(  ^ Pm 

VtjL  VbJu 

QSie  dinensionlesB  quantities  which  appear  in  equality 
(1.^9)  are  known  as  Newton  numbers  Nw,  those  in  equality 

SI.50)  are  known  as  Reynolds  numbers  Rei  and  in  equality 
1.51)  as  Rroude  numbers  Er.  Equations  (1.49)f  (1.5C)  and 
1.51)  indicate  that  in  the  event  of  similarity  the  dimen- 
sionless combinations  Nw,  Re  and  Er  for  a model  and  an  ac- 
tual case  are  the  same* 

If  we  had  analyzed  the  forces  of  some  other  phenomenon, 
then  according  to  the  above  discussion  we  would  have  ob- 
tained relationships  like  (1.49),  (1 . 50 ) and  (1.51)*  For 
example,  consideration  of  the  surface  forces  which  are  re- 
presented by  the  coefficient  a would  lead  us  to 


•m  _ 


(1.52) 


Let  us  emphasize  once  again  that  all  of  these  condi- 
tions of  similitude  represent  dimensionless  combinations 
which  define  the  process  being  considered  and  can  be  foxmd 
from  the  dimensional  theory.  In  the  previous  paragraph  we 
encountered  two  such  combinations,  the  Newton  and  Reynolds 
numbers,  where  a detailed  outline  was  presented  for  their 
derivation  using  the  dimensional  theory. 

let  us  analyze  a case  when  it  is  not  possible  to  main- 
tain equality  between  the  essential  dimensionless  quanti' 
ties  (conditions  of  similitude ) for  the  phenomenon  under 
consideration  for  the  modal  and  the  real  Q^atural]  case. 

For  example,  let  be  one  of  those  combinations,  and 

tTin  ^ obvious  that  under  these  conditions  the 

similitude  will  be  violated  to  a greater  degree,  the  more 
essential  are  the  values  in  our  phenomenon  which  define 
tT^,  and  the  greater  is  the  difference  between  itin  and 

The  violation  of  similitude  will  lead  to  errors  in  deter- 
mining the  desired  real  quantities  which  were  determined 
on  the  basis  of  model  testing.  The  combination  of  errors 
of  this  type  is  known  as  the  scale  effect.  In  practical 
cases  it  becomes  very  important  to  estimate  the  order  of 
the  scale  effect,  and  if  it  is  significant,  to  find  a method 
of  Introducing  the  appropriate  corrections,  or  else  to  ar- 
range the  experiment  In  a way  that  will  minimize  the  scale 
effect. 
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As  was  noted  in  the  introduction,  one  of  the  ways  to 
solve  this  problem  is  to  break  up  the  complicated  phenome- 
non under  consideration  into  a series  of  less  complicated 
systems,  which  can  be  subjected  to  modelization  more  easily 
or  can  be  analyzed  with  the  aid  of  some  other  methods. 

Let  us  discuss  some  concepts  which  in  a number  of 
cases  allow  us  to  estimate  the  magnitude  of  the  scale  ef- 
fect and  to  simplify  analysis.  For  better  clarity  we  will 
adopt  concepts  which  are  applicable  to  the  following,  fre- 
quently encountered  case.  I^t  it  be  assumed  that  some  de- 
sired dimensionless  va3.ue  A (for  example,  the  depth  of  a 
cavity  behind  a planing  boat , relative  to  its  depth,  or  the 
drag  coefficient  of  a vessel)  depends  primarily  on  dimen- 
sionless combinations  which  describe  geometric  similitude 
and  on  the  Froude  number,  as  -well  as  on  the  viscosity  and 
the  surface  tension,  i.e.,  depending  also  on  the  Reynolds 
and  Weber  numbers » 

FnRe.  We].  (1.53) 

Here  1,  li,  ...,  In  are  linear  dimensions  which  define 

the  shape  and  the  location  of  the  elements  of  an  object  for 
our  problem  (the  dimensions  of  our  vessel,  its  immersion, 
etc. 

Fr^-^,  Re=-^,  We=-^  are  correspondingly  the  Froude, 

Reynolds  and  Weber  numbers, 

where  v - characteristic  velocity j 

g - acceleration  of  the  force  of  gravity; 
p - density  of  the  medium; 

V - its  kinematic  coefficient  of  viscosity; 
a - coefficient  of  surface  tension. 

Since  experiments  with  the  model  system  and  the  proto- 
type are  very  often  conducted  with  the  same  set  of  values 
p,  V,  g,  and  0,  the  Froude  number  is  the  only  similarity 
that  is  satisfied,  while  it  is  not  possible  to  retain  the 
similarities  of  the  Re  and  We  numbers.  As  a result,  the 
scale  effect  emerges,  i.e.,  the  value  A,^,  which  was  deter- 
mined from  model  experiments,  is  different  from  the  value 
An  of  the  corresponding  prototype.  If  the  influence  of  v 

and  a could  be  neglected,  then  there  would  be  no  scale  ef- 
fect. 


' i 
i 


Rewriting  (1.53)  in  a somewhat  different  form 


where 


..  --(1.5^) 
(1.55) 


The  new  parameters  K and  Tl  were  formed  in  such  a way 
that  the  velocity  was  excluded  and  the  values  v and  a have 
entered  into  the  numerator.  In  order  to  simplify  fvirther 
calculations  the  degree  of  the  dimensionless  arrangement 
is  selected  in  such  a way  that  the  linear  dimension  1 in- 
cluded into  the  denominator  will  be  in  the  first  power. 


In  the  future  we  will  assume  that  the  geometric  si- 
militude based  on  the  Froude  number  is  valid,  i.e.,  we  will 

ll  Ij. 

assume  the  values-^,  ^ and  Fr  to  be  constant,  then 

A=F(K,  TT).  (1.56) 


If  V = a = 0,  then  K = TT  = 0.  Expanding  F(K,  If)  into 
an  exponential  series  of  small  values  of  K and  TT 


44(K.n)-/[(0.  0)  + n.^(0.  0)+ 

vK  011 


(1.57) 


limiting  to  small  values  of  the  first  order,  we  can  desig- 
nate 

AA  » A {K.  Tl)-A  (0,  0)  « 0)  (0.  0) « 

vK  dll 

- <«■ »)  + -JH-  »)]  - T-  • 58 ) 


If  V,  p,  g and  o are  known,  derivatives 


•—(0,0}  and 


id 

an 


(0.0)  are  finite,  and  the  range  of  K and  TT  values  permits 


us  to  be  confined  to  the  linear  approximation,  then  with 
the  known  constant  C tdie  scale  effect  will  be  defined  as 
a difference 


[ 


(1.59) 
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For  the  calculation  of  C it  is  necessary  to  perform 
two  experiments  with  models  which  have  specific  dimensions 
li4^  and  1||2*  As  the  result  of  these  experiment^  it  was 

•found  that 


Ai  = A (0,  0)  + AAi; 

A*  = A (0,  0)  + AA|. 


(1.60) 


Replacing  A^  aiid  A2  with  their  values  from  formula 
(1 • 58 ) f we  find  from  (1 . 60 ) 


C 


At- At 

(t-v) 


(1.61) 


Substituting  C into  (1.59)*  we  determine  the  correc- 
tion specified  by  the  scale  effect.  Assuming  Ijyj^  > l^jg  we 

find  the  desired  value  of  A^  by  formula 


A.= A,  + f AA  (g  ~ AA  (UJ  = A,  + (A,  ~ A J ^ ^ ^ 


We  can  assume  that  the  expansion  of  the  series  is  not 
done  in  the  region  of  K = 0 and  Tl  = 0*  but  in  the  region 
corresponding  to  real*  values  of  K and  TT. 


♦K  = 0 holds  for  two  types  of  flow,  the  flow  of  an 
ideal  fluid,  defined  by  the  condition  v = 0,  and  turbulent 
flow  with  very  large  values  of  Re  (Re-^oo).  Obviously, 
for  our  problem  we  have  to  adopt  the  latter.  The  expansion 
in  the  region  of  and  eliminates  the  necessity  for 

analysis  of  limiting  cases. 


Expanding  A(K,  TT)  into  a series  of  differences 


(1.63) 


we  again  arrive  at  equations  (1.59),  (l.6l)  and  (1.62). 
The  suggested  assumption  for  •^e  scale  effect  and  for  the 
value  of  A for  the  real  case,  based  on  data  from  tests  of 
two  models*,  will  produce  correct  results  if  within  the 
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♦If  we  perform  experiments  with  a greater  number  of 
models,  we  will  be '.able  to  find  the  coefficient^  which  will 
be  related  to  terms  of  the  expansion  of  the  form_of , (1.58). 


range  of  differences  1m2“^H  crisis  phenomena  occxir  and 

there  are  no  basic  changes  in  ~ and  . 

dK 


Let  us  note  that  for  cases  similar  to  the  one  analyzed 
it  is  advisable  to  choose  a system  of  parameters  of  the 
K and  TT  type,  instead  of  Re  and  We,  because  the  effect  of 
constants  p,  v,  a and  g can  be  replaced  only  by  the  effect 
of  one  linear  dimension  1 , i . e . , instead  of  (1.5^)  we  can 
write 


f. 


This  type  of  reduction  in  the  number  of  terms  (in 
some  problems  1 can  represent  not  just  two  but  a larger 
number  of  parameters)  is  convenient  during  the  processing 
and  analysis  of  experimental  dataj  in  particular,  depend- 
ence A(l\  based  on  the  results  of  experiments  (with  given 

• • . . Fr,  p,  >,  g,  o),  allows  us  to  directly  evaluate  the 

order  of  magnitude  of  the  scale  effect  while  preserving 
the  constancy  of  those  values.  In  order  to  achieve  this, 
a graph  - Ai  - Ai+i  depending  on  1 is  plotted  using 


graph  «(1),  which  has  been  plotted  within  the  range  of 
Ijij^-lUg.  Wie  abscissa  AA^  is  equal  to  the  abscissa  of  the 

median  of  the  interval  being  considered.  AA(1)  is  extra- 
polated in  the  region  1^^  - 1^^  so  that  AA  0 with  -»(». 

Along  this  curve  we  find  values  of  AA(l|<)j  the  scale  effect 


will  equal  AA(l^j^)  - AA(1h)  < AA(l|4j^). 
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1.5«  Utilization  of  Concepts  of  the  Theory  of  Dimensional 
Analysis  for  the  Die ore ti cal  Solution  of  Rroblems 

Up  to  now,  we  have  basically  related  the  theory  of 
dimensional  analysis  to  questions  of  similitude  and  model- 
ing, i.e.,  to  experimental  methods  of  analysis.  The  uti- 
lization of  concepts  of  dimensional  analysis  made  it  pos- 
sible particularly  to  reduce  the  number  of  parameters,  and 
hence  to  reduce  the  course  of  experiments.  The  reduction 
in  the  number  of  parameters  also  simplifies  substantially 
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the  theoretical  solutions  of  many  problems.  Jfeny  examples 
of  the  utilization  of  the  theory  of  dimensional^  analysis 
with  this  pxirpose  can  be  given  [15t  33]*  As  an'  illustra- 
tion, we  will  present  a solution  of  a two-dimensional,  uni- 
directional, unsteady  flow  of  a viscous  fluid  along  the  x 
axis  in  the  xoy  plane.  For  this  case  v = v(y,  t).-  Die 
equatiora  of  motion  in  this  case  will  bo  in  the  form 


dv 


(1.6JI) 


Ihe  initial  conditions  can  be  written  as  follows  t 

v(y,  0)^.Fly).  (I.65) 

We  assxane  initially  that  F(y)  is  different  from  zero 
in  the  vicinity  of  y = 0 only,  while 


I F(tf)dy^Q.  (1.66) 


It  is  evident  that  in  this  formulation 

/)“Q/(y, /,  >).  (1.67) 

This  equality  is  valid  with  any  system  of  dimensional 
units.  Adopting  as  our  units  of  measurement  v and  t and 
designating  with  an  upper  line  the  numerical  values  in 
this  new  system,  we  can  rewrite  (1.6?)  as  follows  1 


e = Q/(?.  J.  1). 


(1.67*) 


The  relationship  of  the  numerical  values  in  the  old 
and  the  new  systems  is  derived  from  their  dimensions.  los- 
ing one  of  the  methods  given  in  Section  I.3  we  find 


Substituting  these  values  into  (1.67'),  end  talcing 
into  consideration  (I.67),  we  obtain 

/(tf.  <.'*)  = U l]-  (1.63) 


]h  the  future,  let  us  adopt  the  following  value  as 
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our  argument 


i-4.  ■ (1.69) 

Bien,  taking  into  consideration  (1.6?)  fi^nd  .<1^68),  we 
can  write 

viy,  (1.70) 

r vi 

Substituting  this  equation  into  (1.64),  aJter  simple 
transformations  we  obtain 

~ Y m + 25f ' (?)!  = 2 [F  (i)  + 2ir(l)\.  (1*71) 

Thus,  utilization  of  the  methods  of  the  theory  of  di- 
mensions made  it  possible  to  replace  the  equation  in  terms 
of  partial  derivatives  (1.64)  with  a simple  differential 
equation  which  can  be  easily  integrated. 

Dividing  (1.71)  by  we  obtain 

•~[vTf+4vTr]-0. 

from  whence 

VT(f  + 4f')  = const. 

Since  with  4=0  and  limited  values  of  F and  F'  the 
left  part  becomes  zero,  hence  const  = 0 and  consequently 

f(e)  + 4f'(J)-0; 

integi'ating  this  equation,  we  obtain 

Returning  to  the  values  v,  y,  t and  v,  we  obtain 

To  determine  A we  set  up  the  following  expression 
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A*«'W- 


f-  ■ 


r.to,  0*--^  f,-**. 


.00 

J 

^-00 


CD  . ^ . 

Since  it  is  knovm  that  J e^du^yicl  then,  assuming 


we  find 

2V^t 


j v(y,  t)dy‘=^2AQ  yH. 


Specifically,  this  is  also  valid  with  t = 0 and  ac- 
cording to  condition  (1.65)  the  right  side  is  equal  to  Q 


and  therefore  A 


1 


JVi' 
v(y.  t) 


Thus,. 


^JL 


Q . 4*/ 


2/^1 


(1.72) 


Subdividing  the  axis  oy  into  siaall  intervals  and  ana- 
lyzing the  interval  ii<y<%]+d%  we  will  assume  that  v(y,  0)  = 
= 0 outside  of  the  segment  and  «{y,  O)-f(il)  in  the 

segment  n<y<t\+d^,  then  by  formula  (1.66)  we  will  find  Q 
in  the  form 


f F{ll)dy^r('*d(t>i. 

4 


Since  equation  (1.64)  is  linear  and  the  sum  of  its 
solutions  is  also  a solution,  then,  by  obtaining  from  for- 
mula (1.72)  (subst- iuting  y - 7)  for  y for  the  element  dTj) 
the  value 


we  will  find  an  expression  for  the  velocity  which  will 
satisfy  equation  (1.64)  and  the  initial  condition  of  (1.65) 
in  the  form  of 


As  another  example,  let  ue  analyze  the  problem  of 
steady-state  motion  of  a body  at  the  free  surface  of  an 
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ideal,  heavy,  incompressible  fluid.  The  velocity  potential 
of  such  a flow  will  be  satisfied  by  the  laplace^  equation, 
while  there  will  be  a condition  of  constant  pressure  at 
the  free  surface  of  the  body  and  at  infinity  .in  liddition 
to  the  usual  boundary  conditions.  _ 

Analyzing  the  converted  motion  and  adopting  Bemouli's 
equation  to  the  line  of  flow  which  coincides  with  the  free 
surface,  we  can  write 

where  po  and  vq  are  the  pressure  and  velocity  at  infinity, 
while  T)j^  is  the  localized  elevation  of  the  free  sxirface 
above  the  level  of  undisturbed  fluid. 

If  the  disturbances  are  small,  the  square  values  of 
the  small  produced  velocities  v^^,  Vy2  and  v^^  can  be  neg- 
lected, and  then  remembering  that  p^  = po,  we  will  obtain 


Differentiating  this  equality  with  respect  to  x and 


taking  into  account  that  in  the  line  of  flow 
we  obtain 


_ P|)  ^^11 

dx  v» 


„ dVi  , „dv„  » 


(1.73) 


Adopting  some  characteristic  dimension  of  the  body  1 
(length  of  a ship,  chord  of  a wing)  as  a unit,  we  can  con- 
vert relationship  (1.73)  to  a dimensionless  form 


where 


*>-  H-  ^ 
ai  Ft* 


0. 


Vg 


(1.74) 


If  we  are  dealing  with  the  condition  of  small  Froude 
numbers  Pr -*•  0,  then  for  fulfillment  of  condition  (1.74) 
it  is  necessary  that  at  the  free  surface  Vy->0,  i.e., 

transferring  the  boundary  conditions  to  the  undisturbed 
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surface,  we  will  find  that  it  can  be  replaced  by  a solid 
wall}  therefore,  our  problem  will  become  equival-ent  to  the 
problem  of  infinite  fluid  flow  around  the  body  imder  con- 
sideration and  the  mirror  image  of  that  body.  Specifically, 
the  flow  around  a ship  can  be  studied  by  means  of -experi- 
ments with  its  model  placed  in  a wind  tunnel,  while  the  de- 
sign of  the  submerged  hydrofoil,  which  is  moving  in  the 
range  of  small  FToude  values  near  the  free  surface,  will 
be  developed  by  the  biplanar  theory,  where  the  upper  wing 
represents  the  mirror  image  of  the  lower  and  which  is  mov- 
ing in  an  infinite  fluid. 

In  general,  if  we  substitute  for  the  flow  arotmd  a body 
the  properties  of  vortices  and  sources,  then,  as  follows 
from  bomdary  conditions  with  0,  we  can  obtain  the  in- 

fluence of  the  free  surface  by  placing  at  the  points  of  the 
mirror  reflection  the  properties  of  the  same  particular 
values  and  by  analyzing  the  flow  of  this  arrangement  as  an 
infinite  flow.  In  the  case  of  the  reflected  sources,  the 
signs  remain  the  same,  while  in  the  case  of  the  vortices 
the  signs  should  be  reversed. 

If  the  Froude  numbers  are  large  fr-^cc,  then  according 
to  (1.74)  and  because  far  upstream  from  the  body 

ox 

Vx  0,  then  in  general  on  the  free  surface  v^  ^ 0.  Ohis 

bo\mdary  condition  indicates  that  the  mirror  reflected 
sources*  must  have  opposite  sign,  while  vortices  the  same 
sign. 


*In  reality,  the  problem  of  fluid  flow  around  a body 
is  more  complicated,  since  the  properties  introduced  to 
fulfill  the  conditions  on  the  free  surface  disturb  to  some 
extent  the  boundary  conditions  on  the  surface  of  the  body. 


CHAPTER  II.  SOME  APPLICATIONS  OF  THE  THEORY 
OF  DIMENSIONAL  ANALYSIS  AND  SIMILITUDE 
PROBLEMS  OF  WATER- DISPLACING  VESSEIS 

2.1.  Determination  of  Relationships  Among  the  Elea^nts 
of  Two-Dimensional  Gravity  Waves 

Let  us  analyze  the  problem  of  a relationship  among 
the  length  1,  velocity  v and  the  period  T f or  two-dimen- 
sional t steady-state  waves  on  the  surface  of  an  ideal  in- 
compressible fluid  with  infinite  depth. 

Among  the  values  of  1,  v and  T there  exists » based  on 
their  definition,  an  equation  of  relationship 

V = ^,  (2.1) 

which  allows  us  to  find  one  of  these  values  when  the  other 
two  are  known.  Let  us  try,  applying  the  method  of  dimen- 
sional analysis,  to  establish  the  relationship  of  interde- 
pendence among  1 and  v,  for  example,  and  consequently  to 
enable  us  to  obtain  with  one  of  our  values  known  the  other 
two. 


Let  us  establish  on  what  the  velocity  of  wave  propa- 
gation may  depend.  Obviously,  this  velocity  can  depend  on 
the  wave  dimensions — length  1 and  height  h — and  on  the  con-  (j 
stants  which  determine  the  proi)erti9s  of  the  medium  and 
the  field  of  external  forces*,  i.o.,  on  the  density  p 


♦Capillary  and  viscosity  forces  are  being  ignored 

here. 


end  gravitational  acceleration  g 

V = F(l,  h,  p,  g).  (2.2) 

Using  one  of  the  approaches  shown  in  Sect.  1.3  we  can 
write  a dimensionless  relationship  corresponding  to  equa- 
tion (2.2),  for  example 


(2.3) 

It  is  evident  that  the  velocity  of  wave  propagation 
cannot  depend  on  p,  since  it  is  not  possible  to  form  a di- 
mensionless equation  into  which  the  density  would  enter. 
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We  had  a aimilar  case  in  regard  to  mass  in  the  pendulxun 
example  in  Sect.  1,3,  According  to  (2,3) 

(2.4) 

i.e.,  the  velocity  of  tvfo-dimensional  gravity  wave  propa- 
gation, with  the  imposed  limits,  is  proportional  to  the 
square  root  of  the  wave  length  and  the  gravitational  ac- 
celeration. The  coefficient  of  proportionality  depends  on 
the  ratio  of  the  height  of  the  wave  to  its  length  only. 

In  further  discussion  we  will  limit  ourselves  to  the 
linear  representation  of  the  problem,  which  is  usually  ap- 
plied to  the  wave  theory. 

In  the  linear  representation,  the  velocity  and  all 
the  characteristic  horizontal  dimensions  are  independent 
of  the  wave  height,  and  therefore 

0 = const  (2*5) 

The  value  of  the  constant  caimot  be  determined  from 
the  dimensional  theory;  in  the  wave  theory  it  can  be  proven 
that 

const  c-tL-, 

thus,  the  relationship  of  the  velocity  and  wave  length  ie 
given  by  formula 


We  can  state  some  simple  concepts  which  would  clarify 
the  applied  independence  of  the  length  and  velocity  of 
waves  from  their  height.  Since  the  laplace  equation  is 
linear,  with  the  linear  boundary  conditions  on  the  free 
surface  the  sum  of  the  particular  solutions  will  also  be 
a solution. 

Adding  the  solutions  which  contain  similar  wave  forms,  [39 
we  probably  will  obtain  a wave  of  the  same  length,  propa- 
gating with  the  same  velocity,  but  with  ordinates  arbitrai- 
ily  stretched  in  the  vertical  direction. 

2.2.  Waves  Produced  Bv  Ships  [62  t 

IXiring  the  motion  of  a ship  the  two  following  wave 
systems  are  formed t one  in  the  region  of  the  bow  and  the 
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Fig,  1.  Wave  system  near  a moving  ship. 


other  in  the  region  of  the  stem.  Each  wave  system  con- 
sists of  transverse  and  divergent  waves i the  latter  propa- 
gate along  rays  which  emanate  from  the  place  of  their  ori- 
gin (bow  and  stem)  and  which  form  an  angle  a = ^^0°  with 
the  diametral  plane  of  the  ship's  hull.  Bie  wave  crests 
themselves  form  an  angle  on  the  order  of  2a  with  the  same 
plane  (Hg.  1 ). 

A wave  system  that  resembles  a ship's  wave  system  was 
theoretically  developed  and  calculated  by  Thompson,  based 
on  the  representation  of  the  ship's  end  conditions  as  point 
sources  of  distxirbancos. 


!lhe  elements  of  circular  waves  formed  by  an  initial 
pulse  acting  at  a point  are  found  from  Laplace's  equation 


+ J__!l 

' d/*  f 9r 


0. 


the  solution  of  which  must  satisfy  the  boundary  conditions 
of  the  undisturbed  state  at  infinity  as  well  as  the  con- 
stancy of  pressures  at  the  free  surface  with  the  initial 
condition  of  no  disturbance  anywhere,  except  for  a small 
region  near  the  origin  of  coordinates.  Ihe  solution  of 
this  problem,  which  is  derived  from  the  wave  theory,  can 
be  found  in  the  courses  of  Kochin,  Kibel*  and  Rose  [l5] 
and  Ravlenko  [23]* 

Let  U8  show  how  to  arrive  at  the  ship's  wave  system 
without  solving  Laplace's  equation,  but  by  using  concepts 
of  the  theory  of  dimensional  analysis  instead. 
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Let  us  assume  a disturbance  created  by  a point>type 

fulse  on  the  surface.  Ptom  the  condition  of  axial  symmetry 
t follows  that  circular  waves  would  form  which 'will  move 
out  from  the  center  to  the  periphery.  Let  us  establish 
the  dependence  of  the  radius  of  any  crest  or  trough  on 
time  t.  Ihking  into  consideration  the  concepts  discussed 
in  Sect.  2.1,  we  can  write  that 

r = F(t,  g). 

Ihe  radius  does  not  depend  on  the  meignitude  of  the 
pulse,  or  in  other  words,  on  the  magnitude  of  the  disturb- 
ance, in  the  linear  presentation.  This  was  explained  in 
the  previous  example,  ^e  dimensionless  combination  is 
made  up  from  these  variables, 


c=  C sn  const,  (2.7) 

£<* 

since  it  is  not  possible  to  form  a dimensionless  parameter 
from  the  values  of  t and  g under  the  function  sign.  Erom 
equation  (2.?)  it  follows  that 

r = kj^t^,  (2.8) 

i.e.,  the  distance  of  a specific  point  under  consideration 
(the  crest  of  a wave,  for  example)  from  the  origin  of  the 
coordinate  system  varies  in  dixect  proportion  to  the  square 
of  time,  A system  of  spreading  circular  waves  will  be 
formed  from  the  action  of  a point  source  (a  stone  thrown 
into  the  water).  ®ie  various  values  of  the  constant  will 
correspond  to  its  various  crests 

ki  = Cg.  (2,9) 

Substituting  a point  force  of  disturbances  for  the  end 
a ship,  we  can  imagine  the  wave  system  as  a superimposed 
system  of  circular  waves,  formed  by  a pulse  moving  with 
the  same  velocity  v as  the  ship. 

For  visualization  it  is  advantageous  to  initially  re- 
place the  continuous  motion  with  intermittent  motion  of 
the  finite  pressure  pulse 

'"I'**' 


by  an  amount  Ax  and  increments  of  time  that  follow  one  af 
ter  another  through  small  intervals  T»  whereupon 


f- 


•■o. 
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In  Fig.  2 a series  of  sequential  locations  of  a pulse 
and  of  the  corresponding  positions  of  the  crests  of  one  of 
the  circular  waves  is  shown  whose  radius,  according  to 
(2.8),  varies  proportionfO.lv  to  the  square  of  time. 


Fig.  2,  Diagram  of  the  wave  foi\'.a- 
tion  produced  by  a moving  pressure 
pulse.  Ihe  wave  is  an  envelope 
of  a system  of  circular  waves. 


The  equation  of  the  circle  (of  the  crest)  whose  center 
is  xq  = vt  from  the  source  of  the  disturbance  will  be 


(Pig,  2) 
where 


(2.10) 

(2.11) 


By  increasing  the  number  of  intervals  Infinitely  and 
correspondingly  decreasing  their  magnitudes,  and  thus  de- 
creasing the  magnitude  of  the  pulse,  we  also  decrease  the 
wave  heights,  which  will  remain  finite  only  in  the  region 
ef  their  repeated  application,  i.e.,  along  'U^e  contour  of 
the  envelope  of  our  group  of  circles. 

In  order  to  determine  the  envelope  we  take  the  deriv- 
ative of  equation  (2,10)  with  respect  to  parameter  xq 

-2(£-jE,)-4fc*3  (2.12) 


kz 


[^1 


and,  solving  simultaneously  (2.10)  and  (2.12),  obtain  the 
equation  of  the  envelope  in  parametric  formi 


x^x,(l^2kxly, 


(2.13)  [^2 


Our  curve  will  lie  within  an  angle  whose  tangent  cor- 
responds to  the  maximun)  of  the  expression 


4(*4)* 


1 — 2*4 


The  maximum  value  (tg*)mM  = ±-2i7|= 


The  corresponding  angle  Umax  = ±19®28'.  Figure  3 

shows  a wave  system  produced  by  a moving  pressure  pulse; 

each  curvilinear  triangle  can 
be  calculated  from  formulas 
(2.13);  it  corresponds  to  its 
value  k,  i.e.,  to  the  differ- 
ent crests  which  are  formed 
from  the  action  of  the  point 
pulse. 


Fig.  3*  Wave  system  pro- 
duced by  a moving  pres- 
sure pulse. 


The  sides  of  the  curvi- 
linear triangles  correspond  to 
the  divergent  ship  waves,  while 
the  base  corresponds  to  trans- 
verse ship  waves. 


Comparison  of  Fig,  3 with 
Fig.  1 indicates  a great  sim- 
ilarity between  actual  and 
theoretical  wave  profiles. 


If  we  apply  the  assumption  that  these  transverse  waves 
have  the  length  of  the  correspondmg  plane  waves  propagat- 
ing with  the  velocity  of  the  ship  v,  we  will  able  to  deter- 
mine the  constant  in  formula  (2.8), 


In  an  actual  case,  e-:;uating  the  value  y to  aero  in 
the  second  formula  (2.13),  we  will  find  that  the  position 
of  the  transverse  crest  at  vhe  point  of  its  intersection 
with  the  diametral  plane  will  be  determined  by  the  coordi- 
nate 

“"Tk' 
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Taking  formulas  (2.9)  and  (2.11)  into  consideration, 
we  find 

\ ,(2.14) 

Bae  wave  length  1 will  be  four^d  from  the  difference 
of  two  adjacent  values  of  xi  that  correspond  to  the  two 

values  of  constant  C. 

Let  us  designate 

(2.15) 

Dien,  designating  the  adjacent  values  of  m by  primes 
m'  and  m",  we  will  find  from  (2. Ik)  and  (2.15) 

(2*16) 


On  the  other  hand,  the  length  of  two-dimensional  waves 
propagating  with  velocity  v will  be 


/ 


ss 


■y. 


(2.17) 


Combining  formulas  (2.l6)  and  (2.17),  wc  obtain 


i . e . , 


m'— (2.18) 
m-2«s  + S,  (2.19) 


where  n is  any  whole  number,  while  6 defines  the  phase  of 
the  initial  disturbance. 


At  this  time,  considering  (2.15),  we  cari  finalize  the 
formula  for  wave  propagation  from  a point  source  in  the 
form 


r 


(2.20) 


Let  us  compare  these  results  with  the  solution  of  the 
hydrodynamic  problem  of  waves  formed  by  a point  pulse. 

Biis  solution  produces  an  equation  of  a free  surface  in 
the  form 


— "IV 1 0 «in  cos  I + e/)  dt] , 


where 


cr  = gk. 

An  approximate  integration  of  this  equation  leads  us 
to  the  formula  - 


ir 


Ihis  result  is  valid  for  large  values  of  !Ilhe 

locations  of  crests  and  troughs  can  be  found  as  a result 
of  finding  the  limits  of  the  ^ values  and  leads  us  to  the 
following  expressions 


(2.21) 


where  mi  is  the  root  of  the  equation 

* 

t«m  = — — , 

whereby  the  roots  alternately  correspond  to  a crest  and  a 
trough. 
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The  interval  between  the  roots,  corresponding  to  the 
crests  (or  the  troughs),  happens  to  be  somewhat  smaller 
than  Ztr  initially,  then  in  the  region  of  large  values  of 
mi  it  approaches  2tT,  when  the  result  of  the  approximated 

integration  is  valid. 

For  large  values  of  mi  the  following  approximation 
is  valid  I 


i.e.,  according  to  (2.21) 


Zs<2a  I) 


(2.22) 


The  same  result  can  be  obtained  from  (2.20)  if  we  as- 
Btime  6 = IT. 


Thus,  the  solution  (2.20),  which  was  found  with  the 
theory  of  dimeneions  and  some  other  simple  concepts,  hap- 
pened to  be  similar  to  expression  (2.22),  which  was  ob- 
tained from  the  linearised  hydrodynamic  problem.  Besides, 
the  difficulty  of  computations  in  this  solution  made  it 
necessary  to  employ  methods  of  approximated  integration, 
as  a result  of  which  the  small  values  of  roots  mi  contained 
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errors}  the  large  values  of  mi  are  in  agreement  with  the 

given  simple  solution,  where  the  methods  of  dimensional 
analysis  and  certain  physical  considerations  W62%  used. 

In  the  examples  given  above,  and  also  in  examples  of 
Sect.  1.3 1 the  effectiveness  of  the  dimensional  theory  and 
the  possibilities  of  obtaining  with  it  a number  of  impor- 
tant results  which  clearly  establish  the  dependencies  among 
the  values  under  consideration  have  been  illustrated. 

Ihese  results  are  accomplished  with  an  extremely  simple 
mathematical  technique;  however,  for  their  derivation  ad- 
ditional physical  or  mathematical  concepts  in  regard  to 
the  analyzed  phenomena  are  necessary.  They  include,  in  ad- 
dition to  the  selected  specific  parameters  which  define 
the  problem,  the  concepts  of  linearization,  symmetry,  etc. 

If  only  the  determining  parameters  are  known  and  their 
number  is  greater  than  the  number  of  principal  dimensional 
imits,  the  dimensional  analysis  theory  does  not  allow  us 
to  establish  a clear  dependence  among  these  parameters. 
However,  it  will  always  provide  an  opportunity  to  decrease 
the  number  of  variables,  and  it  also  helps  in  rational  pre- 
paration of  a scientific  experiment  and  its  correct  simula- 
tion. Below,  we  will  examine  several  similar  examples. 

2. 3*  The  Resistance  of  Water  to  Ship  Motion,  and  Ship 
Propellers 

In  Sect.  1.3  we  have  already  analyzed  the  drag  X on  a 
body  in  an  infinite,  viscous,  incompressible  fluid,  and 
have  established  that  for  all  geometrically  similai  bodies 

X = pv2l2f  (Re).  (2.23) 

For  a vessel  moving  along  the  free  surface,  it  is  also 
necessary  to  consider  the  weight  which  is  related  to  the 
wave  processes  and  is  determiiied  by  the  gravitational  ac- 
celeration g.  The  value  g must  be  introduced  into  the 
terms  of  the  function  which  is  in  the  right  part  of  (1.33 )» 
The  appearance  of  the  new  term  will  force  an  introduction 
of  a new  dimensionless  combination  which  can  be  found  by 
one  of  the  methods  described  in  Cai.  I.  It  is  easy  to  see 
that  such  a combination  can  be  chosen  in  the  form  of  the 
already  known  Rroude  number 


Instead  of  (2.23)  we  must  now  write 
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Xr:pv2l2f(Re,  Er).  (2.24) 

Let  us  note  that  neither  (2.23)  nor  (2.24)  jillow  us 
to  establish  the  relationship  between  drag,  length  1 and 
velocity  v,  and  even  though  the  first  co-factor  ot'the 
right  part  of  the  equation  shows  proportionality  between 
the  drag  and  the  squares  of  the  velocities  and  linear  di- 
mension, this  proportionality  is  valid  only  if  Fr  = const 
and  Re  = const  are  preserved.  In  general,  without  this  re- 
striction, formulas  (2.23)  and  (2.24)  do  not  indicate  any 
specific  relationship  between  X,  1 and  v because  1 and  v 
enter  into  the  terms  of  function  f. 

However,  formula  (2.24)  indicates  that  instead- of 'five 
terms  (p,  v,  Ij  v,  g)  on  which  the  drag  depends,  for  geo- 
metrically similar  vessels  it  is  necessary  to  find  a func- 
tion of  only  two  terms  Re  and  Fr,  and  if  this  function  is 
known,  then  by  (2.24)  the  value  X can  be  determined. 


Specifically,  if  we  build  a model  geometrically  similar 
to  the  prototype  and  test  it  for  arbitrary  values  of  v,  but 
keep  Pr  and  Re  the  same  as  for  the  prototype,  then  the 
function  f can  be  foimd  from  the  obtained  measurements 
with  a formula  which  is  obvious  from  (2.24) i 


and,  consequently, 


f(Re.  Fr)  « 


9 


X. 


(2.25) 

(2.26) 


Here,  as  was  done  previously,  we  denote  by  subscripts 
M and  H the  correspondi^  values  for  the  model  and  the  real 
ship,  respectively. 

It  should  be  noted  that  in  literature  and  even  in  the 
specific  books  about  the  dimensional  theory  we  can  encounter 
statements  that  some  of  the  criteria  of  similitude  are  "in- 
compatible. " Specifically,  this  is  stated  with  respect  to 
the  Reynolds  and  Froude  numbers.  For  example,  in  the  book 
by  L.  M.  Nogid  [2i],  on  p.  18  it  is  stated^  ?'...It  may, 


♦Baphasis  ours  (L.  E.  ). 


however,  turn  out  that  some  of  the  found  criteria  are  in- 
compatible, and  due  to  this  it  is  not  possible  to  satisfy 
all  values  of  tr  in 
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IT  = idem. 
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"In  such  instances  it  is  not  possible  to  simulate  the 
•phenomenon  to  full  extend  ^eeifically,  for  example,  as 
will  be  shown  below,  the  wave  drag  and  the  skin-rriction 
drag  exerted  on  a ship  can  be  defined  by  phenomena  that  are 
incompatible  with  the  criteria  of  similitude  for  the  model. 
Therefore,  two  noted  components  of  the  total  drag  cannot 
be  determined  together  experimentally. " 

Actually,  the  claim  of  incompatibility  of  similitude 
criteria,  or  in  other  words  of  dimensionless  combinations, 
is  in  principle  wrong.  Since  these  criteria  (combinations) 
are  independent,  their  compatibility  can  always  be  assured 
by  means  of  proper  selection  of  variables  and  formulation 
of  the  experiment. 

The  other  px'oblem  that  arises  in  this  respect  is  the 
difficulty  of  fulfilling  the  requirements  for  a given  ex- 
periment, high  cost,  or  sometimes  it  may  even  be  dangerous, 
etc.  Let  us  analyze  this  in  more  detail  based  on  a pre- 
viously given  example  of  "compatibility"  of  quantities 


and 


Usually,  accepting  this  as  unalterable  fact,  we  can 
consider  tlu^'t  for  a model  and  a prototype  v and  g are  con- 
stant and  we  can  say  that  it  is  not  possible  to  make,  at 
the  same  time,  the  velocity  inversely  proportional  to  the 
length  of  the  model  (the  condition  for  Re  = const)  and  di- 
rectly proportional  to  the  square  root  of  this  length  (the 
condition  for  Rr  = const). 

The  second  condition  is  incompatible  with  the  first. 
The  essence  of  "compatibility"  is  contained  not  in  the  di- 
mensionless criteria,  but  rather  in  the  pos'tulation  of  the 
condition  that  v = const  and  g » const  for  the  model  and 
the  prototype . 

The  theory  of  dimensional  analysis  indicates  the  con- 
crete ways  by  which  the  similitude  should  be  achieved! 
specifically,  it  indicates  the  necessity  to  adopt  fluids 
with  lower  viscosity*  for  models  that  are  smaller  than  •the 
prototype . 


♦Let  us  note  that  the  constancy  of  acceleration  is  not 
obligatory,  and  in  a number  of  analyses  (in  the  'case  of 
centrifugal  machinery,  for  example)  g is  varied. 


Of  course,  in  this  respect  we  encounter  serious  tech- 
nical difficulties,  but  the  presence  of  these  difficulties 
does  not  provide  us  with  the  basis  to  claim  incompatibil- 
ity of  the  criteria. 

Let  us  see  whether  the  Eroude  criterion  really  does 
disrupt  satisfaction  of  similitude  by  using  Re. 

If,  for  example,  the  model  of  some  ship  iriiich  has  a 
speed  of  12  knots  is  made  to  a scale  of  1 t20  of  the  pro- 
totype, then  to  preserve  the  constancy  of  the  Re  number 
for  the  same  meditim  (water),  it  becomes  necessary  to  con- 
duct the  experiments  at  a speed  v = 24’0  knots,  whereupon 
the  forces  acting  on  the  model  would  be  equal  to  the  forces 
acting  on  the  prototype. 

In  order  to  eliminate  the  phenomenon  of  cavitation  at 
such  high  speeds,  it  would  be  necessary  to  increase  the 
pressure  in  the  room  where  the  experiment  is  conducted  to 
several  tens  of  atmospheres.* 


♦Actually,  in  order  to  maintain  the  same  number  for 
the  cavitation  (see  Itelow)  it  would  be  necessary  to  have 
'-400  atm.  pressure. 


We  used  an  example  of  a low-speed  ship,  but  if,  how- 
ever, we  consider  a high-speed  ship,  say  a destroyer  with 
a speed  of  40  knots,  then  it  would  be  necessary  to  produce 
a velocity  of  800  knots  for  the  same  scale  of  model,  and 
the  pressure  would  have  to  be  brought  up  to  400  atmospheres. 


Ihus,  even  in  the  absence  of  the  requirement  to  main- 
tain the  Eroude  number,  the  technical  difficulties  for  a- 
chieving  similitude  with  respect  to  Re  are  probably  insur- 
moiintablei  in  any  case,  these  difficulties  are  no  less 
than  those  that  are  related  to  conducting  the  experiments 
in  a different  medium. 

If  we  combine  the  possibilities  in  principle  with 
technical  difficulties,  then  we  should  insist  that  Reynolds* 
criterion  is  in  itself  incompatible  with  the  requirements 
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of  similitude. 


Thus,  all  the  criteria  of  similitude  (indeEpndent  di- 
mensionless combinations)  are  compatible,  and  the  problem 
of  the  analyst  narrows  down  to  the  selection  and--^e  organ- 
ization of  such  an  experiment  which  can  preserve  the  equal- 
ity of  the  dimensionless  parameters  for  both  the  model  and 
the  prototype. 

In  our  case,  we  should  select  velocities  in  agreement 
with  Eroude's  law,  and  the  viscosity  should  be  based  on 
the  condition  that  will  keep  the  Reynolds  number  constant. 

Ihen,  by  formulas  (1.4?)  and  (1.48)  ky  = k]J^  (we  have  as- 
sumed that  kg  = 1). 

Thus,  the  viscosity  would  have  to  be  varied  according 
to  the  linear  scale  of  three  halves.  For  commonly  employed 
scales  we  need  a fluid  20-200  times  less  viscous  than  water. 

IMfortunately,  water  is  a fluid  with  low  viscosity; 
therefore,  it  is  difficult  to  find  a mediiim  with  lower  vis- 
cosity. We  can,  however,  indicate  a group  of  esters  or 
pentane,  whose  kinematic  viscosity  is  one-fifth  that  of 
water.  As  is  known,  liquid  helium  has  infinitely  small 
viscosity  at  temperatures  approaching  absolute  zero. 

It  is  possible  that  progress  in  modem  chemistry  will 
develop  a more  convenient  fluid  with  the  required  viscosity 
for  hydrodyneunic  analysis. 

Of  course,  in  any  preparation  of  an  experiment  it 
should  be  considered  to  what  degree  any  complication  that 
guaranties  similitude  of  various  factors  is  necessary. 

Questions  as  to  whether  certain  complications  of  an 
experiment  are  worthwhile  have  to  be  resolved  individually 
for  the  specific  problems;  however,  the  questions  of  worth- 
iness and  fundamental  possibilities  should  not  be  mixed 
up.  It  seems  to  us  that  in  the  case  under  consideration 
the  use  of  models  of  hydrodynamic  phenomena  in  fluids  with 
low  viscosity  is  sufficiently  urgent  and  is  unjustly  ig- 
nored. 

In  addition  to  the  above,  let  us  note  that  some  ex- 
periments which  seemed  to  be  very  complex  and  impossible 
to  fulfill  at  a certain  stage  of  technical  development 
later  on  became  well  developed.  Without  going  into  any 
remote  regions  of  applications,  we  can  indicate  the  use 
of  wind  tunnels  with  variable  density,  in  which  in  accordance 
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with  Maxwell's  paradox  regarding  the  independence  of 
from  experiments  are  conducted  under  pressures  up  to  20 
atm  in  order  to  decrease  the  correspondi^  values  of  the 
. coefficient  of  viscosity.  In  these  wind  tunnels"^  by  reduc- 

ing V significantly  high  Reynolds  numbers  are  obta^ed  at 
relatively  low  velocities..  The  following  example  ^f  model- 
ing of  screw  propellers  provides  another  case  of  surmount- 

I ing  similar  difficulties. 

I 

At  the  present  time,  when  there  is  still  no  possibil- 
! ity  of  maintaining  the  same  Reynolds  values  for  the  models 

of  ships  and  the  prototypes,  the  determination  of  the  total 
drag  becomes  a problem  in  two  parts , namely  i skin  friction 
drag,  which  is  dependent  on  the  Reynolds  number j and  resid- 
j ual  dr^,  which  is  independent  of  the  Reynolds  number, 

since  it  includes  wave  drag  and  pressure  drag.  Although 
the  pressure  drag  is  specified  by  viscosity,  its  values 
are  assumed,  starting  with  certain  values  of  Re„p,  to  be 

self-similar,  i.e.,  the  pressure  drag  coefficient  is  as- 
, sumed  to  be  independent  of  Re  values.  A geometrically  sim- 

j ilar  (in  outer  outline)  model  is  tested  with  Froude  num- 

bers which  are  equal  to  the  prototype}  from  the  measured 
I total  drag  we  subtract  the  stirface  friction  drag,  which 

1 is  determined  as  the  friction  drag  of  a flat  plate,  the 

I wetted  area  and  length  of  which  are  equal  to  the  corre- 

! sponding  area  and  length  of  the  model.  The  residual  drag 

that  is  obtained  is  recomputed  with  respect  to  Froude 's 
law  of  similitude  (since  according  to  the  statement  above 
it  is  assumed  to  be  independent  of  Re).  To  the  ship's  re- 
sidual drag  that  has  been  found  in  this  manner  we  add  its 
surface  friction  drag,  which  was  determined  just  as  for 
the  model,  but  with  real-case  Reynolds  numbers. 

Vfe  have  presented  here  only  the  principal  scheme. 

The  problem  of  determining  the  drag  of  a ship  by  analyzing 
its  model  is  widely  described  in  literature,  handbooks, 
and  textbooks  (see  [8,  9I  for  example).  Let  us  also  note 
that  the  detailed  analysis  of  this  problem  depends  on  the 
consideration  of  a whole  series  of  additional  conditions, 
of  vdiich  we  will  indicate  only  a fewi  the  surface  drag  of 
the  model  and  of  the  prototype  are  somewhat  different  from 
the  "equivalent"  flat  plate.  In  order  to  determine  the  sur- 
face friction  drag  of  a model,  it  is  necessary  to  create 
a turbulent  state  of  flow  in  the  boundary  layer  (for  small 
models  this  can  be  achieved  by  placing  a special  turbulence 
attachment  at  the  bow).  It  is  necessary  to  introduce  cor- 
rections which  take  into  account  the  effect  of  the  surface 
roughness  of  the  real  ship  on  its  drag.  Even  in  the  event 
of  the  use  of  large  models,  for  which  Reynolds  numbers 
correspond  to  the  supercritical  state  of  flow  around  the 
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hullf  characteristics  of  flow  for  relatively  small  parts — 
like  protruding  parts — will  remain  subcritical.'  This  con- 
dition can  lead  to  noticeable  errors  in  the  presented  meth- 
ods of  re computation.  Ih  a number  of  cases,  more  accurate 
results  can  be  obtained  when  a model  without  any- protruding 
small  parte  is  tested,  later  adding  their  drag,  which  has 
been  previously  determined  from  tests  with  the  same  or  sim- 
ilar materials  and  with  high  Reynolds  numbers.  Certainly, 
here  too,  errors  due  to  the  failure  to  consider  the  mutual 
action  of  the  hull  and  protruding  parts  can  arise. 

It  becomes  evident  from  the  given  examples  that  in 
order  to  obtain  results  which  closely  duplicate  the  actual 
conditions,  we  knowingly  make  pronounced  deviations,  even 
in  geometric  similarity  (roughness,  positioning  of  turbu- 
lence attachments,  removal  of  protruding  parts  from  the 
model ) . 

Let  us  now  examine  the  modeling  of  screw  propellers 
and  the  factors  that  may  have  an  effect  on  the  thrust  P 
and  the  moment  M of  a submerged  screw  propeller.  Obviously, 

P and  M will  depend  on  the  diameter  of  the  propeller  D,  its 
pitch  H,  disc  relationship  number  of  blades  z,  and  a 
number  of  linear  dimensions  li In.  which  determine 

the  geometry  of  the  propeller;  further,  we  must  list  the 
following  kinematic  characteristics!  forward  velocity  v 
and  propeller  rpm  n. 

For  given  geometry  and  kinematics  the  thrust  and  the 
moment  will  be  determined  by  the  properties  of  the  medium 
— its  density  p and  viscosity  v. 

If  we  examine  the  operating  conditions  in  the  absence 
of  cavitation,  the  amount  of  external  static  pressure  will 
not  be  a determining  factor;  static  pressure  produces  a 
resultant  equal  to  aero  and  therefore  its  changes  cannot 
reflect  on  the  characteristics  of  the  propeller.  The 
weight  of  the  fluid,  i.e.,  the  value  g,  also  has  virtually 
no  effect  if  the  propeller  is  submerged  to  a sufficient 
depth  below  the  free  surface. 

In  a general  case,  when  cavitation  may  be  present, 
the  amoxmt  of  static  pressure  po  plays  a significant  role, 
since  by  changing  the  pressure  and  keeping  all  other  con- 
ditions the  same,  we  can  either  induce  or  eliminate  cavi- 
tation, i.e.,  make  the  conditions  for  separation  of  the 
continuity  of  fluid  either  easier  or  more  difficult.  Since 
the  conditions  that  establish  the  existence  of  sufficiently  [50 
deep  cavities  are  determined  by  the  difference  between  the 
external  pressure  and  the  pressure  of  saturated  vapors  p^, 
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"then  instead  of  the  outer  pressure  Pq  and  pressure  p^,  we 

can  introduce  the  following  difference  into  the"  parameters 
which  determine  the  performance  of  the  screw  propeller i 

PO  - Pd*  - 

Taking  cavitation  into  account,  it  is  necessary  to 
reintroduce  the  weight  of  the  fluid,  in  addition  to  the 
pressxxre  difference  Pq  - p^j,  because  for  a given  pressure 

at  some  level,  for  example  at  the  level  of  the  propeller 
axis,  the  weight  determines  the  pressure  at  various  points 
of  the  propeller's  disc.  ®ius,  we  have  enumerated  the 
main  factors  and  consciously  avoided  a number  of  secondary 
ones,  such  as  the  presence  of  diluted  air  in  the  water,  its 
contamination,  etc. 

In  accordance  with  the  above  discussion,  we  can  write 
P-=f,(D.  ».  *,  /, /,.  t».  n,  p.  V,  pt  — p^,  g);  (2.27) 

M . f,(D.  H,  0.  2,  /, /„  t),  n,  p,  V,  pt—p^,  g). 


Let  us  emphasize  that  in  order  to  adopt  the  methods 
of  dimensional  analysis,  it  was  necessary  to  form  expres- 
sions (2.27)  as  the  initial  condition,  and  this,  in  turn, 
required  definite  physical  representations  in  regard  to 
the  phenomenon  under  consideration. 

Let  us  write  expressions  (2.27)  in  a dimensionless 
form,  taking  D,  n and  p as  principal  values.*  Ihe  dimen- 


*It  is  recommended  to  the  reader,  as  an  exercise,  to 
take  other  groups  for  principal  values,  for  example  D,  n, 

Po  - Pd  or  V,  p,  g or  V,  g,  Pq  - etc.,  and  with  the 

derived  expressions  to  again  come  up  with  (2.33)  or  (2.34). 


sione  of  all  other  values  are  expressed  through  [D],  [n] 
and  £p3  by  the  following  formulas  (see  Ch.  l)i 

(PI « IpI  (n’J  Ip,  - p^l « (;.]  In*)  |D»1; 

|t>|  (2.28) 

I'l  (0»J(«J; 

Making  D,  n and  p equal  to  ttnity,  i.e.,  increasing 
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their  units  of  measurement  by  D,  n and  p times,. we  will 
decrease  the  numbers  which  measure  other  values  in  accord- 
ance with  their  dimensional  formulas,  and  as  a risult,  in- 
stead of  (2,2?)  we  obtain 


p 

fn*D* 


JV 

D • 


•'  P»  — P4  i \ . 
HO*  ’ p«>D»  * / ’ 


M 


h'  * 


(2.29) 


•h*  * ‘ i)«»  j * 


For  all  geometrically  similar  propellers  only  the  last 
four  terms  will  remain  and  formulas  (2.29)  will  be  as  fol- 
lows t 


^ -fl 

f.— 

> 

P%~P4 

g ' 

[nD  * 

* 

fM»D*  ’ 

n*D  j 

M j i 

V 

Pt  — P4 

g ' 

lab  ’ 

fiPD*  ' 

(2.30) 


The  so-called  coafficients  of  thrust  and  moment  k2 
stand  on  the  lefti 


(2.31) 


Ihs  temna  of  the  function  are i 

1 )  advance  ratio  of  the  propeller 

(2.32) 


2)  a value  inverse  to  the  Reynolds  number,  which  has 
been  determined  by  the  circumferential  velocity  at  the 
ends  of  the  propeller  blades  u and  the  diameter  of  the 
propeller, 

'9  « « C 

fcS  .——.I  C±1  — ^ \ 

^DD  uD  Re* 

V H 

i 

3)  cavitation  number  Hy,  defined  by  the  same  velocity. 
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'+)  a value  inverse  lo  the  square  of  the  JToude  number, 
defined  by  the  diameter  of  the  propeller  and  velocity,  and 


t gP  _ tjD^ 

m*D  “ m»D*  «*  “ Fr*  * 

Die  last  three  terms  contain  the  still  constant  mul- 
tipliers, which  we  will  drop  later  on,  and  we  will  write 
(2.30)  as  follows  I 


Re.,  V FO-  (2.33) 

Distead  of  (2.33)  we  can  write 

ikjs  a>|(X,  Re,  «,  Fr); 

Re,  «.  Fr),  (2.3^) 


where  Re,  X and  fr  arf  defined  by  the  axial  velocity  v. 
Actually,  for  example 


nnP* 


ss^  r 


nP  vD 

V '• 
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Since  k already  enters  into  the  number  of  terms  and 
the  terms  f3  and  f^  are  replaced  by  and  §2,  we  can  ob- 
viously replace  (2.33)  with  (2.3^)* 

If  the  Re  numbers  are  not  too  small,  specifically 

Rc>  io*i^. 

then  the  influence  of  the  Re  number  can  be  disregarded,  and 

*1  * 0 . «.  Fr); 

*,  Fr). 


In  the  absence  of  cavitation  and  with  sufficient  depth 
of  submergence  of  the  propeller,  according  to  the  abo^e 
discussion,  the  terms  a and  FT  are  dropped  simultaneously 
from  the  number  of  expressions  and  we  ai'rive  at  the  follow- 
ing conclusion,  that  the  coefficients  of  the  thrust  and 

moment  k2  are  functions  of  the  advance  ratio  X only. 
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pertain  to  the  efficiency 
expressed  by  k2  and  k. 


the  absence  of  cavitation  the  dependencies  k^CX), 

kaCX)  and  T)(X)  can  be  obtained  experimentally  by  testing 

geometrically  similar  models  of  a propeller  with  independent 
values  of  velocity  and  revolutions,  but  maintaining  the  re- 
quired X values.  These  tests  are  usually  performed  in 
test  basins.  The  propeller  and  the  measuring  apparatus 
are  placed  on  a tow-cart i by  varying  the  speed  of  the  tow- 
cart  and  the  niimber  of  propeller  rpm,  different  values  of 
advance  ratio  ave  obtained.  Ebcperiments  in  air  can  be  sub- 
stituted for  experiments  in  water.  The  problem  for  deter- 
mining propeller  properties  becomes  considerably  more  com- 
plex If  cavitation  is  taken  into  consideration. 

Since  the  pressure  po  is  basically  the  atmospheric 

pressure,  which,  like  pd,  remains  the  same  for  actual  and 

simulated  conditions,  it  follows  from  the  equality  of  the 
cavitationar  numbers  that  water  testing  of  the  model  should 
be  performea  at  natural  forward  velocities  and  this,  in 
turn,  requires  (in  order  to  satisfy  X = const)  that  the 
number  of  revolutions  of  the  model  should  exceed  the  num- 
ber of  revolutions  in  reality  by  as  many  times  as  the  modal 
is  smaller  than  the  real  propeller.  In  addition,  from  the 
conditions  of  maintaining  constancy  of  the  Broude  number, 
forward  velocities  of  the  model  must  be  smaller  than  natural 
by  the  square  root  of  the  scale  of  the  model.  Again,  we 
are  met  by  “incompatibility"  in  the  requirements  of  simil- 
itudes however,  Just  as  in  the  example  analyzed  above, 
this  incompatibility  refers  not  to  the  criteria  of  the  si- 
militude, but  rather  to  the  arbitrarily  established  condi- 
tion of  constancy  of  external  pressure  and  pressure  of 
saturated  vapor  for  the  model  and  the  real  case.  If  we 
neglect  this  constancy,  then  the  requirements  of  similitude 
are  satisfied. 

Of  course,  variation  of  pressures  po  and  p^j  is  linked 

to  sunnounting  teennieal  difficulties.  Practically,  this 
is  resolved  through  the  installation  of  special  cavita- 
tion tunnels  in  whicn  the  static  pressure  as  well  as  the 
saturated  vapor  pressure  (by  heating  the  water)  can  be 
varied  within  a wide  range. 


All  these  conclusions  also 
of  the  propeller  since  it  is 

^ ki2r. 
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It  is  not  possible  to  obtain  small  cavitation  numbers 
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Fig.  4.  Hiotograph 
of  a propeller  4.n  a 
cavitation  tunnel 
with,  the  free  stream 
siirrounded  by  rare- 
fied gas. 


Fig.  5«  Example  of  the  dependence  of  the 
coefficient  of  screw  propeller  thrust 
on  the  advance  ratio  X and  the  cavitation 
number  X.  Tests  in  a cavitation  tunnel 
with  a free  stream. 

o - without  cavitation}  e - x = 3; 
»-x=2!e-x=l;/-x=0.7}  ii-x  = 

= 0.5;  a - X = o.3j  a - X = 0.2}  n - X = 0 

in  ordinary  cavitation  tunnels,  due  to  the  beginning  of 
cavitation  on  tunnel  and  pump  surfaces.  These  difficulties 
can  be  surmounted  by  way  of  special  design  of  the  tx.mnel8 
with  a free  stream  of  water  surrounded  by  rarefied  gas. 

Figure  4 is  a photograph  of  a propoller  test  in  this  type 
of  tunnel.  Kie  txmnel  was  built  at  TsAGI  in  194?  [51 3* 

In  this  tunnel  cavitation  numbers  of  K = 0 could  be  reached. 
Figure  5 shows  an  example  of  the  dependence  of  the  coeffi- 
cient of  thrust  kj^  on  the  advance  ratio  X and  the  cavita- 
tion number  X. 

Relatively  small  dimensions  of  working  cross  sections  [55 
(the  biggest  tunnel  at  the  Ikiiversity  of  Pennsylvania  has 
a working  cross  section  diameter  of  1.2  m)  make  experiment- 
ation with  ship  models  fitted  with  screw  propellers  more 
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difficult,  although  the  presence  of  the  hull  of  the  ship 
can  have  a significant  effect  on  the  characteristics  of  a 
cavitational  propeller.  In  order  to  obtain  the  jiecessary 
experimental  data  and  in  order  to  eliminate  the  influence 
of  the  walls  of  the  tunnel,  at  the  present  time,- according 
to  information  in  available  literature,  hermetically  tight 
model  testing  basins  with  variable  pressures  are  being 
built c 

Analysis  of  screw  propollers  under  conditions  of  highly 
developed  cavitation  with  small  values  of  advance  ratio  X 
and  cavitation  number  X can  also  be  performed,  by  the  method 
of  induced  cavitation  developed  by  the  author  £50]  at 
TsAGI,  whereby  the  cavity  is  formed  by  feeding  air  or  some 
other  gas  into  the  region  of  rarefaction.  In  this  method, 
in  the  formula  for  the  cavitation  number  the  role  of  pres- 
sure of  saturated  vapors  P(j  is  played  by  pj^,  the  gas  pres- 
sure in  the  cavity.  By  regulating  and  measuring  p^,  it  is 

possible  to  obtain  very  small  cavitation  numbers  at  rela- 
tively low  velocities.  Experiments  of  this  type  can  be 
performed  in  ordinary  model  testing  basins.  Especially 
developed  proced\ires  and  apparatuses  make  it  possible  to 
supply  air  and  make  dependable  pressure  measurements  in 
cavities  rotating  together  with  propeller  blades  [5l]* 

Bie  design  scheme  of  such  a system  is  shown  in  Fig.  6{ 

Fig.  7 is  a photograph  of  a propeller  for  one  of  the  con- 
ditions with  a well  developed  cavity. 

2 . ^ . Concerning  Modeling  of  Rolling  and  Pitching  and 
the  Maneuverability  of  Ships 

In  contrast  to  the  previously  analyzed  problems  with 
respect  to  modeling  for  analysis  of  ship  drag  and  screw 
propeller  characteristics,  for  analysis  of  rolling  and 
pitching  and  of  the  maneuverability  of  ships  the  motion  of 
the  object  under  study  is  not  defined  by  the  given  kinematic 
conditions  (speed,  number  of  revolutions).  This  motion  is 
stipulated  by  hydrodynamic  forces,  as  well  as  the  inertia 
forces  of  the  body  itself.  Ilherefore,  in  addition  to  the 
geometric  dimensions  of  the  body,  the  properties  of  the 
medium  and  the  field  of  external  forces,  the  defining  para- 
meters will  include  values  which  characterize  the  inez'tia 
properties  of  the  object,  namely i its  mass,  moments  of 
inertia  relative  to  respective  axes,  coordinates  of  the 
center  of  gravity,  etc.  The  so-called  dynamically  similar 
model,  i.e.,  a model  which,  besides  being  geometrically 
similar  to  the  prototype  also  has  similar  characteristics 
of  mass  distribution,  would  be  required  for  the  experiments. 
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Pig.  6.  Design  scheme  of  a device  for  test 
ing  screw  propellers  with  an  air  supply  to 
form  conditions  of  artificial  cavitation. 

1.  blade j 2.  channel  for  air  supply j 3. 
pipe  for  pressure  measurements  in  the  cav- 
ity) 4.  tubular  shaft)  5*  air  supply  col- 
lector) 6.  collector  for  pressure  measure- 
ment in  the  cavity)  ?.  stuffing  box  seal) 

8.  device  for  sealing  the  air  intake  for 
pressure  meiisurements ) 9*  propeller  cone) 
10,  11.  pipes  leading  to  the  manometer  and 
the  air  blower. 


Pig.  7«  Photograph  of  a propeller 
with  the  condition  X = O.63,  x = 

= 0.065  in  tests  with  an  air  supply 
in  a test  basin. 


It  has  already  been  mentioned  above  that  due  to  vari- 
ous considerations  it  becomes  necessary  to  study  schematized 
phenomena.  In  the  problems  under  consideration  jwith  respect 
to  the  rolling  or  the  maneuverability  of  a ship  in -swells, 
a number  of  simplifications  must  be  made.  Let  us, note  some 
of  them  I the  actual  ship  moves  under  conditions  of  irreg- 
ular three-dimensional  seas  and  contains  all  degrees  of 
freedom!  its  speed  is  determined  by  the  operation  of  screw 
propellers  whose  revolutions  in  turn  depend  not  only  on 
the  speed,  but  on  oscillations  of  the  ship,  shift  of  the 
rudder  and  the  angle  of  drift.  Die  dependence  of  revolu- 
tions on  loads  on  the  propeller  is  determined  by  a machine 
located  on  the  ship,  which  is  not  identical  to  the  motor, 
and  which  usually  puts  the  self-propelled  model  into  mo- 
tion— the  form  of  testing  closest  to  reality  and  differing 
from  it,  besides  the  already. noted  condition,  primarily  by 
the  Reynolds  numbers  and  errors  in  simulating  the  given 
irregular  waves.  Listead  of  experiments  with  self-propel- 
led ships  on  irregular  seas,  quite  often  the  beliavior  of 
a model  is  studied  on  regular  two-dimensional  waves  created 
by  a wave-producing  mechanism.  In  a number  of  cases  further 
simplifications  are  made,  as  for  example,  examining  the 
rolling  of  the  ship’s  model  moving  at  a constant  speed, 
equal  to  the  speed  of  the  tow  cart,  or  even  the  rolling  of 
the  ship's  model  with  a limited  freedom  of  all  horizontal 
displacement.  And  finally,  in  isolated  cases,  only  two  or 
even  one  degree  of  freedom  is  retained. 

Naturally,  all  of  the  listed  deviations  from  similitude 
lead  to  errors  in  the  evaluation  of  the  ship's  behavior. 

Die  magnitude  of  these  errors  may  be  determined  as  a result 
of  the  motion  analysis  of  a specific  model,  since  the  er- 
rors will  particularly  depend  on  the  distribution  of  mass, 
the  coordinates  of  the  towing  point  or  the  suspension  of 
the  model  and  on  the  hull  lines. 

For  simulation  of  the  problems  under  analysis  from 
the  formal  point  of  view,  in  addition  to  geometric  simil- 
arity of  model  and  wave  motion  and  to  equality  of  the 
Rroude,  Reynolds  and  Weber  numbers  for  the  model  and  the 
full-size  ship,  it  is  also  necessary,  as  was  mentioned  be- 
fore, to  preserve  the  dimensionless  values  for  mass,  mo- 
ments of  inertia  and  coordinates  of  the  center  of  gravity. 
Without  carrying  out  the  computations  here,  which  are  iden- 
tical to  those  used  in  previous  problems,  let  us  indicate 
that  the  expressions  for  the  dimensionless  mass  m and  the 

dimensionless  moment  of  inertia  T with  respect  to  some 
axis  or  a point  are  usually  written  as  follows i 
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m^-fL  and 

fp  pH 

where  m.  I - mass  and  moment  of  inertia: 
density  of  the  fluid: 
typical  dimension. 


f: 


(2.35) 


Let  us  indicate  that  due  to  the  additional  parts  of 
the  assembly  iinder  conditions  of  the  simulation  experiment, 
the  mass  in  horizontal  motion  could  differ  from  the  mass 
in  vertical  motion  (see  Fig.  8).  Uhls  also  contributes  to 


deviations  from  similarity. 


Fig.  8.  Schematic  diagram 
of  a towing  attachment 
where  the  mass  differs  for 
horizontal  and  vertical 
motion 


Bie  study  of  rolling  and  pitching  and  maneuverability 
of  a ship  is  in  some  cases  performed  analytically,  with 
the  aid  of  the  coefficients  found  during  experimentation 
with  a model  on  calm  water,  coefficients  which  characterize 
the  rotary  derivatives,  added  inertia  and  damping.  It 
should  be  noted  that  in  contrast  to  the  motion  of  a body 
in  an  infinite  ideal  fluid,  such  quantities  as,  for  example, 
coefficients  of  the  added  inertia,  are  defined  not  just  by 
the  shape  of  the  body  alone,  but  rather  they  depend  on  the 
type  and  on  the  history  of  motion,  primarily  on  the  dimen- 
sionless frequency  of  oscillations  and  the  decrement  of 
damping.  Ihis,  in  turn,  is  related  to  the  influence  of 
weight  and  viscosity.  Lata  on  the  influence  of  weight  on 
the  added  inertia  of  the  system  can  be  found  in  [38,  37]* 

Ihe  effect  of  viscosity  is  especially  pronounced  with 
smaller  models,  and  for  these  cases  an  estimate  of  the  de- 
gree of  the  scale  effect  should  be  performed,  dependent  on 
the  difference  of  the  Reynolds  numbers  between  the  full 
size  and  the  model.  Some  elements  of  such  an  estimate, 
based  on  the  calculations  of  a problem  [4l]  concerning  the 
rotary  oscillations  of  a cylinder  in  a viscous  fluid,  can 
be  cited  here.  Ihis  problem  corresponds  to  the  case  of 
transverse  rolling  of  the  cylindricid  hull  of  a submariiie. 
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and  to  a certain  degree  is  close  to  the  problem  of  trans- 
verse rolling  of  a half-cylinder  with  frianes  in  calm  water. 
It  should  be  mentioned,  however,  that  the  previously  indi- 
cated solution  is  based  on  the  common  theory  of 'viscous 
fluid  without  considering  the  effects  of  turbulenpe* 

For  exponentially  decreasing  or  increasing  rotary  os- 
cillations of  a cylinder  in  a viscous  fluid  the  moment  of 
drag  forces  can  be  expressed  in  the  form 

(2.36) 

where  6)  is  the  angular  velocity  and  N is  the  coefficient 
of  energy  dissipation  of  the  fluid  that  surrounds  the  cy- 
linder. 

If  we  consider  the  rotary  oscillations  of  a cylinder 
in  a viscous  fluid,  we  can  express  them  in  an  equation  in 
the  form 


(2.37) 

where  I is  the  moment  of  inertia  of  the  cylinder  itself 
and  M is  the  moment  of  the  external  forces  from  which  the 

moment  Mx  is  removed.  Bie  coefficient  Ij^  with  ^ in  the 
expression  will  play  the  role  of  added  moment  of  iner- 
tia. The  magnitude  of  the  added  moment  of  inertia  I^  will 

depend  on  the  pELrameters  of  motion,  in  this  case,  on  the 
value  of  X and  to,  which  define  angular  oscillations  of  a 
cylinder  by  the  following  lawi 

? = (u»/  + <»)•  (2.38) 

Coefficient  N wi3.1  also  depend  on  X and  u). 

Utilizing  the  theory  of  dimensions  and  the  theoretical 
solution  [41],  we  will  produce  here  general  relationships 
for  the  determination  of  Ij  and  N in  a two-dimensional 

problem.  The  terms  on  which  these  values  may  depend  will 
be  as  follows  I the  radius  of  the  cylinder  a,  the  density 
of  the  fluid  pi  and  the  coefficient  of  kinematic  viscosity 

V,  and  also  the  parameters  which  define  the  character  of 
the  motion,  u and  X. 


/i  - (a.  p.  y,  »,  X);  (2.39) 

iV  - f,(a,  p,  ».  •,  X), 
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Qci  the  basis  of  the  ir-theorem,  the  relationships  be- 
tween dimensional  values  can  be  replaced  by  the  relation- 
ships between  the  independent  dimensionless  groups  composed 
of  these  values.  Using  one  of  the  repeatedly  adx>pted  meth- 
ods we  can  write  these  relationships  in  the  form* 


♦Die  values  and  N are  taken  per  unit  of  cylinder 
length. 


(2.40) 


Let  us  note  that  p cannot  enter  into  the  dimensionless 
group  of  the  right  side,  becuase  the  remaining  four  terms 
have  the  dimensions  of  kinematic  values.  The  terms  of  the 
right  side  represent  the  decrement  of  damping 

X = ~ (2.41) 


and  the  unique  Reynolds  number  analogous,  for  example,  to 
that  which  is  introduced  in  the  analysis  of  the  similitude 
of  screw  propellers 


= (2.42) 

The  definite  form  of  the  functions  7I(Re,,x)  and  W(R^,x) 

can  be  established  on  the  basis  of  the  solution  [41]  ac- 
cording to  which,  after  some  uncomplicated  transformations, 
we  obtain 


7, «/,(Re,.  x)  == « 2 (VT+x*  + z) : (2.43) 

f/  *=  fi(Re..  x)** 

- • [s  + (/Vi  + x'-i  + i V"Ki+x*+x)]  • 

In  the  case  of  harmonic  oscillations 

7,««V^2Re,;  (2.44) 
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Die  dependences  of  and  2lN  on  Itey  and  X are  given 
in  Pig.  9 and  10.  ^ 

Formulas  (2.43)  and  the  computed  graphs  bas'ed  ;on  them 
(Figures  9 and  10)  have  been  obtained  for  large  Fejmolds 
values  Re^j  by  means  of  a series  expansion.  Ihe  remaining 

members  of  the  series,  to  which  the  error  of  (2.43)  is  pro- 
portional, have  the  order  of  ~ ^ Biese  con- 

ditions are  usually  satisfied  for  the  cases  of  the  rolling 
of  a ship  and  its  models. 


the  added  dimensionlesB 
moment  of  inertia  Ii  for 

rotary  oscillation  of  a 
round  cylinder  in  a vie- 
couB  fluid  on  the  decre- 
ment of  damping  X 

the  Reynolds  number  »»  a — . 
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Pig.  10.  Qraph  for  deter- 
mining the  dependence  of 
the  dimensionless  coeffi- 
cient _of  the  moment  of 
drag  2N  for  oscillation  of 
a cylinder  in  a viscous 
fluid  on  the  decrement  of 
damping  X 

nolds  number  a?  = — . 
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CHAPTER  III . APPLICATION  CF  THE  THEORY  OF  DIMENSIONAL 
ANALYSIS  IN  STUDYING  PLANING  SHIPS 

3»1*  Steady- State  Planing  of  Flat  and  Profiled  Bottoms 

Planing  vessels  have  a rather  small  draft  y (Fig.  11 ) 
and  they  seem  to  glide  along  the  water  siorface.  Ihe  bot- 
tom of  the  vessel,  which  is  oriented  at  some  small  angle  a 
to  the  velocity  vector  during  the  process  of  its  motion, 
continuously  ejects  fluid  masses  downward.  Ihe  reaction 
of  ejected  particles  creates  the  lifting  force,  which  bas- 
ically balances  the  weight  of  the  vessel.  Hydrostatic 
forces,  which  are  the  main  forces  for  the  support  of  ordi- 
nary water-displacing  ships,  play  only  a secondary  role  in 
the  case  of  planing  objects. . In  analyzing  the  lifting 
forces  of  the  planing  bottom  the  fluid  can  be  considered 
as  ideal,  since  according  to  what  has  been  said,  the  lift- 
ing force  is  the  result  of  the  normal  pressure  exerted  by 
the  bottom  on  tho  water  surface.  The  friction  drag  forces 
are  lower  by  one  order  than  the  weight  of  the  ship. 


0 


a planing  vessel  and  the  hydrodynamic  forces 
acting  on  the  vessel. 


During  planing  only  the  bottom  is  in  contact  with 
water.  The  boards  and  transom  (the  stem  cut  of  the  ship) 
remain  in  the  air.  The  bottom,  in  a first  approximation, 
can  be  considered  as  a flat  plate.  The  circumstances  that 
distinguish  the  actual  shape  of  the  bottom  from  a flat 
plate  will  be  analyzed  further  on. 

Let  us  analyze,  keeping  the  previous  comments  in  mind, 
the  relationships  which  exist  for  steady-stats  motion  be- 
tween the  coordinates  which  determine  the  position  of  the 
bottom  with  respect  to  water  and  the  forces  which  act  lat- 
erally from  the  latter.  Let  us  select  for  such  coordinates 
the  angle  of  attack  a and  the  wetted  length*  1 (see  Fig. 


I 
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♦Because  of  the  backwater  that  emerges  in -front  of  a 
planing  plate,  the  wetted  length  1 is  always  greater  than 
the  length  li  = y/sin  a,  which  is  formed  at  the iLntersec- 

tion  of  the  plate  and  the  undisturbed  water  surface. 


11).  It  is  obvious  that  for  a single-value  definition  of 
these  relationships  we  must  also  have  the  width  of  the  bot- 
tom B,  speed  of  motion  v,  density  of  the  medium  p and  ac- 
celeration of  the  force  of  gravity  g.  Bie  forces  acting 
on  the  bottom — on  the  plate — can  be  reduced  to  a normal 
force  N and  a moment  M with  respect,  for  example,  to  the 
edge  of  the  stem  or  with  respect  to  the  force  N and  the 
coordinate  d of  the  intersection  of  its  line  of  action 
With  the  plate. 

In  the  future,  for  simplicity,  we  will  analyze  only 
force  N.  Hence,  we  can  write 


N = Fi(B,  1,  a,  g,  p).  (3.1) 


Selecting  B,  v and  p as  the  dimensional  units,  instead 
of  (3.1)  we  obtain  the  following  dimensionless  relation- 
ship! 


N 

ita* 


(3.2) 
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In  stu(^ing  planing  it  is  customary  to  refer  to  the 
value  X s i/B  as  the  wetted  elongation  (although  in  wing 
theory  the  wetted  elongation  is  known  as  the  reciprocal 

value ) , and  instead  of  the  parameter  gB/v2  the  Rroude  num- 
ber is  introduced. 

Via 

Let  us  substitute  the  normal  force  by  its  vertical 
projection,  i.e.,  by  the  lifting  force  I or  by  the  load  on 
the  water  6 (among  the  small  angles  of  attack  a character- 
istic for  planing  vessels  we  can  consider  N end  let 

us  define 


(3.3) 
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Ihen*,  instead  of  (3.2)  we  can  write 


♦Introduction  of  the  coefficient  of  lifting- force  in 

the  form  2Y/qv2b2  instead  of  the  coefficient  Cy  accepted 

in  aerodynamics  is  specified  by  the  condition  that  the  wet 
ted  surface  of  a planing  plate,  in  contrast  to  the  area  of 
a wing,  is  not  fixed. 


Cb  = f (a,  X,  Ft). 


(3.4) 


Expanding  f(a,  X,  Er)  by  powers  of  a and  talcing  into 
account  that  with  finite  X and  sero  angle  of  attack  the 
lifting  force,  and  thus  also  Cg,  are  equal  to  zero,  we  ob- 
tain, discarding  terms  containing  a to  the  second  or  greater 
power , 

Cg  = ai(X,  Er )a.  (3*5) 

Experimental  research  has  made  it  possible  to  estab- 
lish the  relationship 


= ai(X,  fr). 


(3.6) 


ISlBSi 


Fig.  12.  Dependence  of 

Cfi  on  elongation  X = 4 
a ® 
and  the  Froude  number 


Fr— 5- 


Figure  12  gives  the  graph  of  -~(X,  Erj  obtained  in 
[42 , 43] . The  dependence  •^{  X ) with  Ei*  -*  00  ie  shown  on 
the  same  graph* 


Sjl 


0,7«X 
1 + 1.4X 


(3.7) 


I 


I 


Biie  relation  ffas  suggested  by  L.  I.  Sedov  -[E?,  35] 
based  on  the  thorough  analogy  established  by  him  between 
the  planing  plate  and  the  wing.  It  should  be  noted  that 
in  contemporary  literature  (for  example,  [9])f  instead  of 
the  relations  presented  in  Fig.  12  curves  are  given  which 
were  obtained  on  the  basis  of  the  old  experimental  works 
by  Zottorf  [Si].  Ihese  curves  produce  erroneous  values  of 
Cg/a  in  the  region  of  small  values  of  X,  and  specifically 
they  contradict  the  theoretical  solution  of  L.  I.  Sedov 
[28]  for  the  two-dimensional  problem.  According  to  this 
solution,  in  the  region  of  X -»  0 with  large  values  of  Fr 


2.Fr.‘ 


(3.8) 


i.e.,  the  value  Cb/u  must  decrease  with  a decrease  in  the 

Rroude  number  and  will  not  remain  constant  as  follows  from 
the  above-mentioned  experiments  of  Zottorf. 


Repeating  computations  similar  to  those  mentioned 
above  with  respect  to  the  moment  of  hydrodynamic  forces, 
we  would  obtain  analogous  results  with  respect  to  the  co- 
efficient of  the  moment 


r 


A(X,  Fr). 


(3.9) 


However,  it  is  more  convenient  to  represent  the  moment 
by  the  force  R already  known  to  us  and  by  the  indicated 
coordiriate  point  d of  the  intersection  of  its  line  of  ac- 
tion with  the  bottom.  In  Pig.  13  the  dependence  S'  = 

= ^(X,  Fr)  is  presented.  Since  = l|j,  then  in  accordance 

with  formulae  (3*3).  (3.6)  and  (3*9)  the  value  d does  not 
depend  on  angle  a. 

Application  of  the  theory  of  dimensions  in  conjunction 
with  analysis  of  the  physical  processes  and  conditions 
characteristic  to  the  planing  phenomenon  made  it  possible 
to  narrow  the  problem  of  determining  the  lifting  force  and 
the  moment  of  the  planing  bottom  to  an  analysis  of  the  in- 
fluence of  two  variables— X and  Fr — only,  and  for  large 
Proude  numbers  to  only  the  influence  of  X.  Ihis  has  im- 
mensely simplified  and  decreased  the  volume  of  experimental 
analyses  and  has  led  to  relationships  which  are  simple  and 
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Fig.  13-  DepeTidence  of 
the  dimensionless  coor- 
dinate d of  the  center 
of  pressure  of  a plan- 
ing plate  on  the  span- 

chord  ratio  1 ^ aiid 

on  the  Rroude  number 

Fr— 

VgB 

convenient  for  practical  utilization.  Specifically,  the 

introduction  of  the  coefficient  C»-2A/ot>*B*  shows  that  for 

large  Froude  numbers  the  analysis  of  planing  under  condi- 
tions of  high  speeds  can  be  replaced  with  experiments  at 
moderate  speeds  easily  attainable  in  test  basins,  but  with 
a smaller  load  or  a larger  width. 

Let  us  note  that  for  planing,  of  all  the  geometric  val- 
ues only  the  angle  of  attack  and  the  width  of  the  bottom 
are  usually  assigned.  Bie  wetted  length  is  a value  to  be 
found  for  the  given  speed  and  weight.  Instead  of  the  angle 
of  attack  an  external  moment  may  be  assigned. 

For  large  span-chord  ratios  in  expression  (3*5)  it  is 
insufficient  to  be  limited  by  the  first  term  and  it  should 
be  written 


Cg  ==  0, (K  Fr)3  + a,(i.  Fr)?*  + . • ^ (3.5') 

Let  us  proceed  to  analysis  of  the  drag  X during  plan- 
ing. One  of  the  components  of  the  drag  Xi  will  be  the  pro- 
jection of  the  normal  force  analyzed  above  on  the  direction 
of  motion.  For  small  angles  of  attack 


(3.10) 

Another  component,  not  considered  until  now,  will  be 
the  drag  force  of  friction  T between  the  water  and  the 
bottom.  Ihis  force  is  projected  almost  entirely  on  the 
direction  of  motion  and  it  ts  of  the  same  order  as  the 
force  X.  Ihus,  for  small  values  of  a 


X = Id  + T. 


(3.11) 


In  practical  applications  an  eAuensive  role  ie  played 
by  the  quality  K of  the  planing  bottom  or  its  reciprocal 
value  t»  called  the  coefficient  of  planing  and  equal  to  the  [65 
ratio  of  the  drag  to  the  lifting  force.*  Taking  (3 •11)  in- 


♦This  coefficient  is  also  introduced  for  ordinary 
ships  I it  is  called  specific  drag  and  is  usually  expressed 
not  by  a dimensionless  value,  but  by  a value  whose  dimen- 
sions are  kilograms  per  ton  of  water  displacement. 


to  account,  we  can  write  that 

• (5.12) 

Let  us  express  the  friction  force  T by  the  usual 
formula  for  the  friction  of  flat  plates 

r»C(Re)p-^B/.  (3.13) 

The  coefficient  of  surface  friction  { is  b.  function 
of  the  Reynolds  number 


Re, 


» B 


Re,l 


(3.1^) 


and  can  be  found*,  for  example,  from  the  graphs  of  Rrandtl 


♦For  small  angles  of  attack  the  friction  forces  of 
the  planing  plate  approach  the  values  of  the  friction  forces 
of  the  plates  which  are  towed  along  their  flat  face. 


and  Schlichting.  Substituting  in  (3.12)  the  value  of  Y 
from  formula  (3*3)  snd  f from  formula  {3* 13)*  and  taking 
(3*5)  into  account,  we  will  find 


I 


9 -f' 


« 


C(Rc)t 

f"r)' 


(3.15) 


The  angle  of  attack  , corresponding  to  the  maximum 
quality  or  to  the  minimum  value  of  Ciaiji.  can  be  found  from 

(3.15)  by  the  usual  rules  for  findii^  the  ext;.eQale  of  the 
function 


V iHO-.Fr)  ' 


*iu ' 


:2a.. 


(3.16) 

(3.17) 


The  existence  of  the  optimal  angle  of  attack  can  easily 
be  clarified  ’ y considerations  that  are  given  for  a certain 
velocity  region  and  the  weight  of  the  ship.  In  an  ideal 
fluid  (with  T = 0)  the  drag  force  is  the  projection  of  the 
normal  force  on  the  direction  of  motion.  For  the  assigned 
value  of  lifting  force,  which  is  equal  to  the  weight,  this 
projection  will  become  smaller  for  decreasing  angles  of  at- 
tack. The  most  advantageous  angle  is  a = 0°.  However,  de- 
crease of  the  angle  of  attack  for  the  given  width,  lifting 
force  and  speed  (that  is , with  Cb  = const ) must  be  compen- 
sated by  an  increase  of  the  wetted  length  [see  formula 

(3.7)  and  Fig.  IS]  e'  therefore,  of  friction  forces. 

Ihus,  with  small  ang  the  drag  increases  due  to  friction, 

while  with  large  angles  due  to  the  projection  of  the  normal 

pressures.  In  Fig.  is  presenter  the  nature  of  variation 
of  both  terms  of  formula  (3.15)  aiii  - their  Siam  vcith  varying  [6 
angles  of  attack  a.  Die  problem  of  the  most  advantageous 
relations  during  planing  was  thoroughly  emalyzed  in  the 
work  of  L.  I.  Sedov  [29 J.  For  large  Froude  numbers,  by 
replacing  ai  with  its  value  from  formula  (3*7)  we  obtain 

instead  of  (3.I6) 


“i. 


1 + 1.41, 

— — S*  • 

0,7« 


(3.18) 


Formulas  (3.16)  and  (3*18)  indicate  that  with  X = 

= const  the  most  advantageous  angle  of  attack  decreases 
with  an  increase  in  the  Reynolds  number  as  VJ*. 


Fig.  1^.  Dependence  of  spe- 
cific drag  from  normal  forces 
(dotted  line ) and  frictioii 
forces  (dash-dot  line ) on  the 
angle  of  attack  a (solid  line 
is  combined  specific  drag  (,). 


a 


For  full-size  objects  with  displacements  of  several 
tens  of  tons  the  magnitude  of  the  Reynolds  niunbers  is  within 

the  range  of  Re  ^ lo7-lo8.  Corresponding  to  the  average 

Reynolds  number  of  Re  - 5*107  is  the  value  4 = 10"3, 

Assuming  the  span-chord  ratio  X = 2 we  obtain  by  (3* 18) 

a,,  = 0.06  = 3-5°. 

3h  simulation  with  respect  to  the  .'Froude  number  the 
Reynolds  numbers  vary  as  the  length  scale  in  3/2  power  and 
therefore  for  the  model  made  to  the  scale  of  = 

= 10-1, 

Re„  « Re^?'*  «5  • 10^  lO"®’'*  sss  1,6- 10*;  c;=  4- 10“*. 

and  the  most  advantageous  angle  of  attack  will  be  = 4.8°. 

Ihus,  the  given  example  indicates  that  the  optimal  angle 
determined  from  experimental  results  will  differ  signifi- 
cantly from  angles  for  the  real  object.  This  difference 
is  explained  by  the  effect  of  the  size  factor,  i.e.,  the 
equality  of  Reynolds  niunbers  for  the  model  and  the  proto- 
type is  not  satisfied. 

Ihe  influence  of  the  scale  effect  on  the  drag,  or, 
what  is  the  same  thing,  on  the  value  t,  will  be  different 
for  different  planing  objects.  From  formula  (3*15)  it  fol- 
lows that  C for  large  angles  of  attack  a is  determined 

basically  by  the  first  term,  which  does  not  produce  the 
scale  effectj  conversely,  with  small  angles  the  main 

part  of  t is  made  up  of  the  member  which  contains  the  co- 
efficient oi  friction,  which  depends  on  the  Reynolds  num- 
ber. For  a = the  terms  of  formula  (3*15)  are  equal. 

According  to  the  material  presented  above,  the  hydro- 
dynamic  lifting  force  and  the  moment  can  be  calculated  from 
the  model  to  the  full  size  virtually  without  taking  scale  [6' 
effect  into  account.  In  addition,  starting  with  suffi- 
ciently large  Rroude  numbers  ft*  > 5-6  and  with  not  too 
large  X (X  < 1),  we  can  also  avoid  modeling  by  the  Ftoude 
method,  maintaining  only  the  similarity  of  the  angle  of 
attack  and  the  value  Cb* 

The  requirements  of  seaworthiness  (i.e.,  decrease  of 
impacts  and  overloads  in  motion  through  waves)  dictate  a 
bottom  design  for  a planing  craft  with  a wedge-shaped  keel 
(Pig.  15a).  The  bigger  the  deadrise,  the  smaller  become 
impacts  and  overloads  for  motion  on  the  wave.  However, 
enlargement  of  the  deadrise  leads  to  substantial  Increase 
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Pig.  15*  Cross  sections  of  the  bottom 
shapes  of  planing  boats  and  hydroplanes i 
a)  flat  deadrise  bottom;  b,  c)  bottoms 
with  folds  at  the  bilges. 

of  the  wetted  surface  and  drag.  A compromise  is  reached 
by  the  special  shaping*  of  frames  with  variable  deadrise,  in- 


*niis  shaping  also  has  the  goal  of  reducing  spray 
formation. 


creasing  toward  the  bow.  In  Figures  15b  and  15c  typical 
cross-sectional  bottom  shapes  for  planing  boats  and  hydro- 
planes are  shown.  Ihe  variation  of  deadrise  along  the 
length  provides  for  acceptable  hydrodynamic  properties  for 
motion  over  calm  water  and  small  disturbances.  When  en- 
counterin,-:  ./{Tge  waves,  the  bow  portions  of  the  hull,  with 
very  pronuU  ;Qd  deadrise,  enter  the  water  first,  reducing 
the  impact.  When  moving  on  calm  water  these  portions  re- 
main in  the  air. 

Bie  hydrodynamic  force  characteristics  of  low  deadrise 
bottoms  differ  only  slightly  from  those  of  a flat  plate. 

Ihe  results  of  systematic  analysis  of  various  types  of  pro- 
files are  presented  in  D5]*  It  is  evident  that  into  the 
right  side  of  relation  (3*1)  for  the  shaped  bottom  there 
will  additionally  enter  a number  of  values  which  describe 
the  geometric  shape,  specifically  the  angle  of  the  trans- 
verse deadrise  p.  For  similar  shapes  the  dimensionless  re- 
lationships of  the  form  of  (3.2)  or  (3.4)  will  remain  the 
same  as  those  for  a flat  bottom. 

As  was  shown  for  the  first  time  by  L.  1;  Sedov  and 
A.  N.  Vladimirov  pi],  very  interesting  and  effective  re- 
sults can  be  obtained  with  the  aid  of  the  dimensional  the- 
ory for  the  flat  deadrise  bottom,  planing  on  a partial 
width,  i.e.,  in  the  regimes  of  motion  shown  in  Fig.  l6. 

In  this  case,  for  geometrically  similar*  bottoms  it  is  not  [68 


*Die  shape  of  the  flat  deadrise  bottom  is  defined  by 


its  angle  of  transverse  deadrise  p and  the  angle  between 
the  line  of  the  keel  and  the  plane  of  the  transom. 


possible  to  indicate  a ch^acteristic  dimension r and  there- 
fore draft  y,  wetted  width  Bcm#  length  1 and  coordinate  of 

the  center  of  pressure  d are  defined  by  single-valued  terms 

If.  P-  (3«19) 

Due  to  the  considerations  mentioned  above,  the  effect 
of  viscosity  forces  on  y,  Bcjj.  1 and  d is  negligible  and 

will  be  pronounced  only  during  determination  of  the  drag 
through  the  use  of  the  coefficient  of  friction. 

In  the  dimensionless  form  the  relations  among  the  men- 
tioned linear  values  with  the  parameters  of  (3.19)  will  be 
in  the  form  (for  example,  for  1) 


Fig.  l6.  Schematic  presentation  of 
planing  of  a flat  deadrise  bottom  on 
a partial  width. 

The  second  term  of  the  function  (3  '0)  can  be  consi 
dered  as  the  Froude  number  with  respect  ^o  load 


Ffi 


(3-21) 


7‘^ 


I ;■ 


I 

t. 


If  the  influence  of  gravity  is  unimportanti  then  ac- 
cording to  relationship  (3*20) 

.^.(3.22) 


Similar  relations,  evidently,  can  also  be  witter,  for 
the  values  of  Bqjj,  y and  d.  Rrom  (3*22)  it  follows  that 

it  is  sufficient  to  find  the  value  1 for  any  one  of  the 
values  p,  V and  A with  several  a in  order  to  be  able  to 
compute  1 for  any  regime  of  motion. 

Experiments  po]  indicate  that  in  the  analyzed  problem 
the  gravity  is  unimportant  for  Fr^  >2.5  (Fig*  17)*  From 


Fig.  17*  Ihe  dependence  of  elongation 
Um- ~ Of  the  wetted  surface  on  the  number 


and  the  angle  of  attack  a. 


Fig.  17 1 formula  (3*22)  and  the  similar  relations  for  Bcjj 

and  y,  it  follows  that  for  a fixed  a and  R*  > 2.5»  the 
shapes  of  wetted  surfaces  for  all  value**  of  p,  v and  A will 
be  similar.  The  same  result  could  have  been  obtained  di- 
rectly if  instead  of  the  system  (3*19)  we  would  have  se- 
lected a system  of  determining  pcirameters,  for  example. 
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like  the  following  i 


1.  a,  V,  g,  pt 


(3.23) 


by  taking  1,  v and  p as  the  units  of  ineas\u:ement  and  neg- 
lecting the  effect  of  g,  we  would  have  obtained -the  follow- 
ing relationship  for  the  wetted  width 


Then  we  would  be  able  to  write  for  the  lifting  force 
y,  which  is  equal  to  the  load  on  the  water  A»  the  follow- 
ing» 

(3.25) 


which  is  formula  (3*22)  transformed. 

3.2,  Stability  in  Planing 

For  planing  objects  there  exist  unstable  conditions, 
i.e.,  such  conditions  under  which,  regardless  of  the  ab- 
sence of  any  visible  form  of  external  disturbances,  spon- 
taneous vertical  and  angular  oscillations  occur  in  the  lon- 
gitudinal plane  of  the  vessel.  Figure  18  is  a recording 
of  the  development  of  angular  and  vertical  oscillations  of 
a planing  vessel  on  a movie  film  moving  with  a constant 
velocity.  Lights  attached  to  the  model  were  photographed. 

A stroboscope  disc  was  placed  in  front  of  the  lens.  The 
interval  between  the  points  was  0.02  sec.  The  probability 
of  occurence  and  the  intensity  cf  oscillations  increases 
with  the  increase  of  velocity.  Actually,  it  was  instabil- 
ity that  accounted  for  the  majority  of  sportsmen's  lives 
lost  during  their  attempts  to  break  speed  records  on  water. 


rig.  18.  Recording  on  constantly 
moving  tape  of  the  development  of 
angular  and  vertical  oscillations  of 
a planing  vessel.  Interval  between 
points  0.2  sec. 


If  a model  of  a planing  vessel  is  tested  at  various 


76 


speeds  and  with  two  degrees  of  freedom — siirfacing  and  trim 
— and  if  for  each  velocity  (by  assigning  proper  moments ) 
different  trim  angles  are  provided,  then  the  joiht  effect 
of  all  experimental  conditions  can  be  presented  as  a field 
of  points  within  the  coordinates  a and  v.  If  on'  this  dia- 
gram the  points  that  correspond  to  the  conditions  of  devel 
oping  oscillations  are  darkened,  then  the  picture  that  is 
schematically  shown  in  Fig.  19  will  be  obtained. 


L_  1 I I J ■ 1 . 

■6  i ♦ t i » tfv,  m/sec 

Fig.  19*  Zones  of  stable  and 
unstable  regions  of  a planing 
vessel  of  constant  weight  and 
different  trim  angles  a. 

Points  corresponding  to  .the 
unstable  region  are  darkened. 

Unstable  regions  are  cross- 
hatched. 

Ihe  lines  separating  the  regions  of  stable  and  un-  [7 

stable  motion  are  known  as  the  stability  boundaries.  Ihere 
are  three  such  boundaries  in  Fig.  19*  Oie  first  boundary 
1 is  characterized  by  conditions  of  emergence  of  vertical 
oscillations.  Ihese  oscillations  also  occur  with  one  de-  [7 
gree  of  freedom  (along  the  vertical).  !Ihe  second  2 and 
third  3 boundaries  are  related  to  the  appearance  of  combined 
angular  and  vertical  oscillations.  The  presented  diagram 
is  typical}  the  location  of  boundaries  is  determined  in 
each  individual  case  by  the  geometric  and  dynamic  charac- 
teristics of  the  vessel.  For  every  planing  object  of  a 
given  weight  and  alignment  there  corresponds  a dependence 
of  the  trim  angle  on  travel  speed.  In  order  to  provide 
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stability  it  is  necessary  that  this  curve,  up  to  the  design 
velocity,  pass  within  the  stability  region  without  inter- 
secting its  boxmdaries.  ^ 

The  stability  of  planing  remained  an  imsolvgd  .problem 
for  a long  time.  Die  understanding  and  development  of  de- 
sign methods  were  primarily  achieved  as  a result  of  the 
theoretical  and  experimental  work  performed  by  TsAGI  in 
the  period  1938'! 9^3*  Ihese  studies,  which  were  done  under 
the  supervision  of  L.  I.  Sedov,  were  to  a great  extent  based 
on  the  dimensional  theory.  Si  the  general  case,  when  ana- 
lyzing the  stability  of  a planing  vessel,  in  addition  to 
the  values  analyzed  above,  which  define  the  conditions  of 
equilibrium,  it  is  necessary  to  consider  the  value  and  the 
distribution  of  masses,  which  can  be  represented  by  a total 
mass*  of  the  object  m,  by  the  moment  of  inertia  I relative 


♦The  mass  m and  the  load  A are  usually  related  by  the 
expression  A = mg,  but  in  a number  of  cases  they  could  and 
should  be  considered  as  independent  values.  As  examples 
we  can  cite  the  aerodynamic  unloading  of  hydroplanes  or 
the  unloading  by  the  block  and  pulley  during  experiments 
in  a test  basin. 


to  the  transverse  axis  passing  through  the  center  of  grav- 
ity, and  by  the  coordinates  of  the  center  of  gravity  Xr 
and  Yx- 

The  conditions  which  characterize  the  boundary  of  the 
stable  region  may  be  written  in  the  form  of  the  relation- 
ship 

f(B,  0.  , /,.  A,  I,  m,  V,  p.  g)  = 0.  (3.26) 

in  which  the  values  x-j*  and  yy  are  included  in  the  value  1^, 

and  the  dimensions  and  position  of  the  plate  are  defined 
by  its  width  B,  angle  of  attack  a and  the  load  on  the  water 
A.  The  viscosity  is  not  taken  into  account  due  to  the 
considerations  listed  in  Section  3.1. 

With  the  aid  of  the  usual  techniques  we  can  convert 
to  the  dimensionless  form  and  instead  of  (3.26)  obtain 

'(“•i (3-27) 

Let  us  note  that  in  a number  of  cases  it  is  convenient 
to  utilize  the  coefficient 
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(3.28) 


For  all  geometrically  similar  hulls  with  a 'geometri- 
cally similar  location  of  the  center  of  gravity,  expression 
(3.27)  is  simplified,  and  solved  with  respect  to  a taking 
into  account  the  substitution  of  for  Ft*,  it  will  take 
the  form 

• “JS*) ' (3.29 ) 

Expanding  (3*29)  into  an  exponential  series  of  Cg  we 
obtain 

*«p  ^ ^ + • • • t (3.30) 

where  the  coefficients  ...  are  functions  of  m = 

= m/pB3,  T = 3/pB5,  and  of  the  geometric  characteristics 

of  the  hull.  In  Fig.  20  the  dependence  a(CB,  ) is  shown, 

which  was  obtained  in  [45]  for  a flat  plate  with  m & i and 
1=4. 


Fig.  20.  lypical  stabil- 
ity zones  of  a flat  plan- 
ing plate  in  the  coordi- 
nates a and  Cg.  Unstable 

regions  are  dashed. 

1.  = 0.931  2.  = 

= 0.555j  3.  = 0.37i 

4.  = 0.185. 


As  follows  from  theoretical  analysis  and  Fig.  20,  in 
the  region  C3  < 0.05  it  is  sufficient  to  be  limited  to  the 

first  two  terms  of  the  expansion  and  regard  Aq  = 0.  Ihus, 

the  proportionality  between  aj^p  and  Cg  is  valid  for  all 

the  boundaries.  Writing  that  for  each  boundary 
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(i  = 1,  2t  3)i  we  will  note  that  the  value  % for-=the  flat 
plate  does  not  depend  on  m and  T,  and  for  >0,5  can  he 
approximately  assumed  as  R '^0.35. 

The  value  R2  depends  only  on  1,  This  dependence  is 
illustrated  in  Mg.  21.  Ihe  value  R3  depends  substantially 
on  C|  and  m.  Bie  influence  of  T is  relatively  weak.  ®ie 
value  R3  can  be  determined  by  formula 

(3.32) 


where  R3j^  = 1.13  is  the  value  of  R3  with  = 0.37i  = 

= 1.08  and  = 4.1;  ^3^,  4>2  and  93  are  shown  on  Mg.  22. 


*»;5i 

u 
u 

t%. 

V 
0 

Mg,  21.  The  dependence  of  the  coeffi- 
cient R2  and  the  dimenelonless  oscilla- 
tion frequency  W2  on  the  dimensionless 
moment  of  inertia  T. 


To  each  boundary  (on  the  rectilinear  portion)  there 
corresponds  a dimensionless  oscillation  frequency 


(3.33) 


Bie  frequency  iCi  depends  only  on  m,  S2  on  T.  The 
frequency  W3  is  affected  by  m and  T»  but  is  not  aiffected 


by  C^.  A typical  character  of  the  ft'equency  variation  for 
increasing  inertia  is  presented  in  the  example  for. the  re- 
lationship (Pig*  21). 


Pig.  22.  The  functions  ; 

. V«./ 

fi[~|  for  the  design  of  the  third 

boundary  of  stability. 

• - C^i  • - Ii  0 - m. 

All  of  the  material  presented  has  dealt  with  flat 
plates.  The  transverse  profile  of  the  bottom  was  analysed 
in  [31 ] and  [48].  In  the  first  approximation  the  shaped 
bottom  can  be  substituted  by  the  flat  keel  as  presented 
schejoatically  by  the  dotted  line  in  Fig.  15*  The  effect 
of  the  deadrise  is  pronounced  primarily  in  the  first  bound- 
ary, which  in  the  coordinates  aicp  and  Cg  is  displaced  equi- 

distantly  upwards  to  an  angle  approximately  equal  to  half 
the  angle  of  the  cross-sectional  deadrise  ^.  In  other 
words,  in  the  formula  (3*30) 

Ao  = |.  (3.34) 


The  transverse  shaping  is  not  reflected  in  the  second 
boundary.  Its  influence  on  the  third  boundary  has  not  been 
sufficiently  studied. 

Let  us  analyze  in  greater  detail  the  mechanism  and 
the  conditions  of  oscillation  formation  in  transition 
across  the  first  boundary.  As  has  already  been  stated,  the 
instability  in  this  region  originates  with  preservation  of 
one  degree  of  freedom — the  freedom  of  vertical  displacement. 
As  will  be  shown  below,  we  are  dealing  here  with  the  case 
of  static  instability  stipulated  by  deformation  of  the 
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fluid  surface  I which  is  characteristic  for  planing.  The 
planing  bottom  seems  to  be  pushing  the  water  in  front  of 
Itself  j it  creates  a ’'backwater,"  the  hydraulic*  head,  which 
protrudes  above  the  undisturbed  level.  The  emerging  local 
rise  in  turn  lifts  the  planing  bottom,  and  as  a result  it 
can  happen  that  the  draft  will  become  negative,  i.e.,  even 
the  lowest  point  on  the  bottom  will  be  above  the  undisturbed 
water  surface.  This  condition  is  shown  schematically  in 

Fig.  23. 


Pig.  23.  Schematic  presenta- 
tion of  the  condition  of 
planing  where  the  trailing 
j edge  of  the  plate  is  located 
above  the  undisturbed  water 
level. 


In  the  two-dimensional  problem  of  planing  along  the 
surface  of  a weightless  fluid,  the  uplift  of  the  trailing 
edge  above  the  water  surface  approaches  infinity}  if,  how- 
ever, we  take  the  weight  of  the  fluid  into  consideration, 
the  uplift  becomes  finite.  As  has  been  shown  for  the  first 
time  in  [42]  and  [43] • the  conditions  of  motion  with  nega- 
tive draft  are  also  true  for  real  cases  with  finite  span- 
chord  ratios.  We  will  show  that  the  presence  of  the  con- 
dition of  negative  draft  determines  the  emergence  of  static 
instability  145]. 

Actually,  if  in  the  case  of  planing  of  a plate  at  a 
constant  speed  v and  constant  angle  of  attack  a its  load 
is  decreased  down  to  the  value  A = 0,  then  the  wetted  elon- 
gation will  tend  to  approach  zero,  and  the  graph  of  the 
dependence  of  the  lifting  force  on  the  draft  will  consecu- 
tively pass  through  the  points  0^(A  > 0^  y > 0)i  OgCA  >0, 

y = 0)}  03(6  >0,  y < 0);  04(A  =0,  y = 0),  and  will  have 

the  characteristics  shown  in  Pig.  24.  At  the  point  where 
the  tangent  to  the  curve  A(y)  becomes  vertical,  3A/5y 
changes  from  to  -<»  and  static  instability  occurs.  'Die 
condition  of  motion  and  all  of  the  characteristics  (draft, 
wetted  length,  etc.  ) are  defined  for  the  two-dimensional 
problem  by  values  a,  A,  p,  v and  g.  Ihe  condition  on  the 
stability  boundary  can  be  expressed  as  follows t 

F(a,  A,  p,  0.  g)«=0.  (3.35) 

Bie  number  of  parameters  can  be  further  reduced  if  we 
consider  the  dependence  between  L and  a mentioned  above  for 
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Fig.  2k.  The  dependence  of  the 
lifting  force  Y = d of  a ^planing 
plate  on  the  draft  y of  its 
trailing  edge  (stabilized  motion 
with  a constant  angle  of  attack 
a and  velocity  v). 


I 

1 


small  angles  of  attack  and  replace  these  two  values  with 
their  ratio.  Then,  instead  of  (3.35)  we  will  obtain 


or  in  a dimensionless  form 


(3.36) 


(3*37) 


i.e, , on  the  boundary  of  the  stability  region 


(3.38) 


from  which  we  find 


(3.39) 


Ihe  solution  of  the  problem  concerning  planing  of  a 
flat  plate  along  the  surface  of  a heavy  fluid  was  obtained 
by  Yu.  S.  Chaplygin  [4o]  using  a method  developed  by  1^  I. 
Sedov  [26].  Let  us  utilize  this  solution  to  find  Cj.  In 

order  to  achieve  this,  it  is  necessary  to  have  the  relation 
between  the  draft,  on  the  one  hand,  and  the  lifting  force 
or  the  load  on  water,  on  the  other.  For  small  angles  of 
attack  the  draft,  the  vertical  velocities  and  the  lifting 
force  are  proportional  to  the  angle  of  attack,  hence 
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It  is  not  difficult  tc  find  the  value  of  the  Eroude 
number  F^a  for  which  dt/dy  experiences  a discontinuity 
[45].  Rfom  (3.4l)  we  obtain 


(3.^2) 


Relation  (3.4l)  was  determined  in  [40]  and  is  shovna 
in  Fig.  25.  The  denominator  of  (3.42)  becomes  aero  with 
Ft’A  = = 1.7,  and  consequently,  in  accordance  with  (309) 


•*p 


(3.43) 


When  a > ajjp  the  planing  of  a flat  plate  of  infinite 
length  becomes  imstable. 


Hg.  25-  Dependence  of  the  dimen- 
sionless immersion  ^ ■ - on 

9/  j 


the  Eroude  number  Ft*«= 


VW- 


V 

fer  a flat  plate  of  infinite  span. 


8- 


Returning  to  the  more  general  case  of  a planing  plate 
with  \ / 0,  let  us  note  that  finiteness  of  the  span  removes 
the  area  of  emergence  of  instability  to  quite  large  Proude 
numbers,  where  their  influence  becomes  of  secondary  import- 
ance, while  the  influence  of  the  span-chord  ratio,. iwhich 
naturally  was  not  present  in  the  two-dimensional  ease,  be- 
comes most  important.  Comparing  formulas  (3*30)*  (3.31) 
and  (3*^3) I we  see  that  for  small  Froude  numbers  and  a 

span-chord  ratio  X = ^ -♦  0 the  main  role  is  played  by  the 
third  term  of  the  expansion  and  aj^p  is  inversely  propor- 
tional to  the  sq’-are  of  tha  velocity  [formula  (3.31  )]• 

As  has  already  been  noted  in  Sect.  3*1 ♦ the  absence 
of  a typical  linear  dimension  is  valid  for  planing  of  flat  • 
deadriae  plates  on  partial  width,  The  stability  for  this 
case  was  analyzed  by  L.  I.  Sedov  and  A.  N.  Vladimirov  [3l3.  [?6 

For  one  degree  of  freedom  the  determining  parameters  will 
be 

a,  P,  A • m,  p,  V,  g, 
and  for  the  boundary  of  stability  we  obtain 

Experiments  did  not  indicate  any  significant  influence 
of  the  parameter  ^ on  ajjp,  and  hence 

Ihis  relationship  is  supported  well  by  experiments 

D2]. 

3 • 3 • Conceding  the  Scale  Effect  of  Ifeves  and  Spray 
Formed  by  Planing  Bod ies^ 

The  reasons  which  may  cause  changes  in  the  shapes  of 
waves  and  spray  under  actital  conditions  of  towing  the  model 
should  be  broken  down  into  twc  categories.  To  the  first 
belong  all  types  of  external  effects,  such  as  wind,  waves, 
etc. ; and  to  the  second  belongs  everything  that  is  under- 
stood to  be  associated  with  the  scale  effect.  Let  us  ana- 
lyze here  the  magnitude  and  the  direction  of  the  errors 
which  occur  in  the  process  of  recalculating  the  wave  and 
spray  values  from  the  model  to  full  size  under  identical 
external  conditions.  The  formulation  of  the  scale  effect 
problem  in  modeling  in  accordance  with  Froude ’o  law  of 
similitude  implies  allowance  for  the  effect  of  viscosity 
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and  surface  tension,  i.e.,  exactly  those  forces  which  are 
usually  ignored  in  the  calculation  of  problems -which  deal 
with  planing,  waves  and  streams.  Examining  thejpattem  of 
the  flow  around  the  hull  of  a planing  craft,  we  see  that 
from  the  entire  variety  of  wave  and  stream  patterns  we  can 
select  the  following  three  main  types  i 

a)  thin  streams  that  swing  off  the  bow  of  the  model 
at  low  speed t 

b)  the  cavity  and  the  wake  formed  at  the  stem  of  the 
mcdel  by  the  convergence  of  the  Rtrean  flow  aroxnid  the 
model t 

c)  streams  and  spray  which  escape  from  the  bilges  in 
the  planing  mode. 

It  can  be  expected  that  the  role  of  the  factors  unac- 
counted for  by  similitude  on  the  basis  of  Rroude  will  be 
different  for  each  of  the  listed  phenomena,  and  hence, 
every  one  of  them  will  have  its  own  scale  effect  and  will 
demand  individual  analysis. 

In  order  to  study  the  scale  of feet  of  waves  and  spray 
during  planing,  analyses  j^443  were  performed  on  a series 
of  four  types  of  models  with  widtns  B = 600  mm,  B - 300  mm, 

B = 150  mm  and  B = 50  mm.  Ihe  models  had  bow  shapes  typical 
for  planing  craft  and  cylindrical  stem  regions  with  flat 
deadrise  cross  eect.ion  and  bent  away  bilges.  Ihe  experi- 
ments were  performed  in  a test  basin  with  rigidly  mounted 
models.  The  draft,  trim,  and  R:oude  numbers  guaranteed 
the  formation  of  the  conditions  under  which  three  of  the 
listed  types  of  waves  and  spray  are  formed.  ISie  water  sur- 
face relief  was  captured  by  the  stereophoto^aphic  tech- 
nique. This  method  turned  out  to  be  effective  for  proces- 
ses taking  place  behind  the  stem.  A number  of  technical 
difficulties  and  the  limitations  of  the  apparatus  of  those 
years  did  not  make  it  possible  to  obtain  reliable  experi- 
mental date,  for  "a”  and  "o’*  . Based  on  the  scale  effect 
of  this  type  of  stream  we  can  make  some  theoretical  deduc- 
tions. figure  26  is  an  example  of  the  breakdown  of  the 
diametrical  cross  sections  of  the  water  surface  behind  the 
stern,  while  Pig.  27  shows  photographs  ^jreduced  to  the  same 
width)  of  this  region  for  one  of  the  conditions  (Pr  = 1.22, 
a = 3°.  H/B  = 0.535). 

3h  analyaing  the  problem  under  consideration,  the  con- 
cepts layed  out  In  Sect.  1.4  can  be  fully  utilised,  consid- 
ering that  error  in  the  dimensionless  value  which  interests 
US,  for  example  the  maximum  height  h of  the  wave  crest 
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Fig.  26.  Results  of  meas\iring  the  dia- 
metrical cross  section  of  the  water 
surface  profile  behind  the  stem  for  a 
series  of  similar  models  of  a planing 

bottom  (a  = 3°.  Fr— ^-1^2).  All  values 

are  with  respect  to  the  model's  width  B. 
0 - B = 0.6  mi  0 - B = 0.3  nil  • = B = 

= 0.15  mi  - B = 0.05  m. 
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Fig.  27.  Riotographs,  reduced  to 
the  same  width,  of  the  cavity  be- 
hind the  stem  ox  the  models  shown 
in  Fig.  26 1 a)  B = 0.6  mi  b)  B = 

= 0.3  nn  c)  B = 0.15  mi  d)  B =-’ 
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related  to  the  width  of  the  model,  becomes,  for  geometri-  [' 
cally  similar  models  with  the  same  Eroude  numbers,  a func- 
tion of  the  groups  Tl  and  K,  i.e. , Ab/B  = f (TTi  K).  The 
value  Ab/B  0 with  TT  0 and  K-»  0.  Die  values'' TI  and  K 
for  the  given  properties  of  the  medium  depend  only-on  the 
typical  dimension — width  B.  From  Fig.  26  it  follows  that 
for  all  the  tested  models;  i.e.,  within  the  range  of  5’ 10“^ 

< TI  < 6*10"^  and  10“^  < K < 10"3,  the  value  Ab/B  * Oj 

therefore,  for  TT  < 6‘10"2.  cmd  K < 10"3  (B  > $0  mm)  we  can 

ignore  the  scale  effect  for  the  value  h.  Observations, 
and  particularly  analysis  of  Fig.  27,  indicate  that  cer-  [ 
tain  details  of  the  stream  flow  change  substantially  for 
smaller  models.  The  essence  of  these  changes  leads  to 
smoothing  of  the  stream  flow,  to  the  disappearance  of  the 
typical  small  details,  and  to  the  decrease  and  disappear- 
ance of  foam  and  wave  crests.  For  the  smallest  model  it 
was  not  possible  to  obtain  spray  for  any  of  the  conditions. 
Thus , in  order  to'  form  a picture  for  a typical  flow  it  is 
necessary  to  use  models  with  a width  of  B > 100-1 50  mm. 

Die  smaller  the  part  to  be  analyzed,  the  larger  the  model 
should  be. 


Let  us  now  present  the  various  considerations  entering  | 
into  the  modeling  of  the  thin,  arched  streams  that  look 
like  the  bubbles  escaping  from  the  bow  of  a ship.  Let  us 
analyze  a thin  flat  stream  ejected  at  the  angle  Pq  with 

respect  to  the  undisturbed  surface  and  let  us  assume  that 
in  addition  to  the  forces  of  gravity  and  inertia,  there 
are  forces  acting  due  to  the  surface  tension.  Let  us  as- 
sume that  the  action  of  these  forces  is  the  same  as  in  the 
undisturbed  layer  of  the  fluid  with  the  same  curvature  as 
the  stream.  Projecting  the  forces  acting  on  the  element 
of  the  fluid  on  the  tangent  and  the  internal  normal  line 
to  the  thin  stream,  we  can  write  (Pig.  28)  an  equation  for 
the  motion  of  an  element 


dm  ~ sJn  f ; 

Taking  into  consideration  that  and 


f «» 


4m  41 


(3.^) 


we  can  rewrite  these  equations  as  follows  1 
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Fig.  28.  Diagram  for  the  computation 
of  a two-dimensional  stream. 


where  4* 


Dividing  the  first  by  the  second  we  obtain 

_jodo 

k 

£> 


— tgipd?, 


(3.46) 


Integrating  (3*46)  with  the  boundary  condition  of  v 
= vq  with  ^ = fQ,  we  obtain 


Since 


coi»T 


in  ix  a rfi 

4t  41  if  ^ #r  • 

40 


(JM) 


dt 


then  substituting  into  this  equation  inet*>ad  of  its  ex- 
pression fr<»L  the  second  equation  of  (3*45).  we  obtain 


it  4*  — , if  *»— 


*«?• 


if  t ' 4f  t. 

Integrating  with  consideration  of  (3*47)  we  obtain 
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(3.48) 
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Excluding  f we  obtain  an  equation  of  a trajectory, 
i.e.,  the  equation  of  the  contours  of  the  stream  m follows i 


J*tg?c 


f** 

*(*S  — * 


(3.49) 


Ftom  (3.49)  it  follows  that  the  action  of  surface  ten 
sion  forces  is  equivalent,  in  a way,  to  decrease  in  the 
initial  velocity  of  the  ejected  stream.  Selecting  some 
typical  dimension  of  the  body  1 and  the  value  g as  the  di- 
mensional imits,  we  can  reduce  (3*46)  to  a dimensionless 
form 

i = Fr»  cos*  ?,  tig  9# — tg «?) ; 

(3.50) 


where  x,  y and  6 are  used  to  designate  p ^ and 
ax>d 


ft'om  formulas  {3*50)  it  follows  that  the  scale  effect 
is  important  for  the  case  when  the  value 

.1  #f*  *• 

» MS  — I y 

f Pit  ^ 


can  be  compared  to  unity  and  the  dimensions  of  the  stream 
flow  obtained  during  experiments  with  models  will  be  rela- 
tively smaller  than  full  sire.  In  order  to  visualise  the 
order  of  value  of  the  sc^ le  effect  we  can  consider  the 
following  example  t from  b'‘<r  of  the  model  with  a width 
of  B = 0,3  ® (the  width  B is  used  as  the  typical  dimension  £8 
1),  with  a velocity  Vq  = 2.5  m/eec,  there  originate  streams 

of  thickness  6=3  Let  us  ccxapute 


-1.6710-*; 


parameter  -i--^ss0,08. ' For  full  size  with  a width  of  = 

= 3 the  applicable  value  will  be  one  hundred  times  smal- 
ler. !Ihue,  utilizijig  formula  (3*50)  for  the  model  and  the 
prototype,  we  find  that  the  error  in  the  dimensions  of  the 
stream  flow,  for  example  in  the  height  of  the  rise,  will 
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constitute  ^ 8}f.  By  decreasing  the  size  of  the  model  this 
error  will  increase  in  inverse  proportion  to  the  square  of 
its  dimensions.  Let  us  emphasize  that  the  error  for  the 
model  and  the  prototype  in  the  same  medium  and  the  same 
gravitational  field  is  defined  by  the  linear  dimensions, 
and  specifically  by  the  width  of  the  model  and-  not  by 

the  scale,  i.e. , the  relationship  ^u/Bh*  If  in  the  given 

example  the  width  of  the  prototype  would  have  been  not  3 
but  30  meters,  i.e.,  if  the  scale  would  be  not  1 ilO  but 
111 00,  the  error  would  remain  practically  unchanged,  while 
by  maintaining  the  scale  1 ilO  the  dimensions  of  the  model 
would  be  0.1  m rather  than  0.3  m,  and  the  error  would  in- 
crease almost  tenfold.  Let  us  note  that  when  the 

t Fr« 

streams  completely  disappear,  which  is  actually  observed 
for  very  small  models.  Let  us  also  point  out  that  the  ad- 
ditional distortions  can  be  caused  by  the  effect  of  wet- 
ting, which  influences  the  angles  of  stream  escape  for 
small  models . 

Let  us  go  to  the  scale  effect  which  is  encountered  in 
determining  the  dimensions  of  rise  and  distance  of  spray 
flight  that  is  formed  during  planing.  The  spray  is  the  re^ 
suit  of  the  breaking  up  of  the  stream  flow  from  around  the 
planing  bottom.  A schematic  diagram  of  the  spray  stream 
reflected  from  the  keeled  ’ ./ttom  is  shown  in  Fig.  29. 


stream  reflected  from  a planing  bottom. 
Vq  sin  8 = uo  sin  (Jq. 


It  follows  from  Bernoulli's  equation  that  in  the  coor-  [I 
dinate  system  connected  with  a ship,  the  magnitude  of  the 
spray  stream  velocity  is  equal  to  the  velocity  of  its  mo- 
tion Vq. 

Lot  us  examine  the  flight  of  one  of  the  drops  of  the 


91 


spray  jet.  Let  the  plane  that  contains  the  vector  of  the 
initial  velocity  of  the  drop,  which  is  perpendicular  to 
the  water  surface,  form  an  angle  a with  the  diametral  plane 
of  the  ship,  and  let  the  vector  vq  itself  form  an  angle  p 

with  the  water  surface.  Dien,  the  velocity  vector*  of  the 
drop  in  the  fixed  coordinate  system  will  have  the  follow- 
ing modcuLus 

+ cosacosp)  (3*51) 


and  forms  an  angle  <po  respect  to  the  water  surface, 

an  angle  determined  by  the  following  equations 


slnp 

-f  cot* cos p) 


(3.52) 


Ihe  projection  of  this  vector  on  the  water  sxirface 
forms  an  angle  with  the  diametral  plane  of  the  ships 


tinai 


»>n  « cos  p 

V' I f ScoiacosP+cos*^ 


(3.53) 


[8 


In  the  fixed  system  of  coordinates  the  drop  flies  in 
the  vertical  plane  defined  by  the  angle  with  an  initial 

velocity  uq  and  exit  angle  experiencing  the  drag  of 

the  air  at  rest.  Ihe  longest  flight  distance  and  the  high- 
est ascent  attained  by  drops  will  be  experienced  by  the 
largest  drops,  since  the  inertia  forces  are  proportional 
to  the  cube  of  the  linear  measurements,  and  the  drag  force 
to  their  square.  Ihe  maximum  sise  of  the  drops  is  deter- 
mined by  the  condition  of  their  stability  in  the  gas  stream, 
while  the  stability  of  a drop's  shape  is  determined  by  the 
etabiliaing  forces  of  surface  tension  and  the  aerodynamic 
forces  that  act  to  disintegrate  the  drop.  According  to  ex- 
perimental data  [10,  25],  the  boundary  of  stability  can  be 
determined  from  the  expression 

(3*5^) 

where  p*  - density  of  the  gast 

Uq  - velocity  of  the  drop  with  respect  to  the  gasj 

d - diameter  of  the  dropj 
0 - coefficient  of  surface  tension. 

In  the  table  below  the  values  of  the  velocities  and 
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Table 


[€ 


d,  MM 

0.1 

0.3 

1 

3 

JO  . 

i4.m/sec 

02 

S3 

32 

17 

10r-**Re 

0.92 

8.2 

8.1 

9 

diameters  which  satisfy  relationship  (3*5^)  are  given,  as  [£ 

are  the  corresponding  Reynolds  numbers  Re«— ^ with  v = 

= 10"^  mVsec*  For  approximately  this  range  of  Reynolds 
numbers  is  formula  (3 *5^)  also  valid. 


I Prom  the  table  it  follows  that  for  all  velocities  and 

I drop  diameters  interesting  for  practical  purposes  the  Rey- 

f nolds  numbers  lie  within  the  limits  of  10^-105,  i.e. , in 

the  region  where  the  drag  coefficient  of  the  sphere  is  al- 
t most  constant  and  equal  to  -^0.5.  Ihus,  we  can  consider 

• the  drag  on  the  flying  drop  proportional  to  the  square  of 

1 the  relative  velocity,  while  the  process  of  flight  of  drops 

1 is  independent  of  the  Reynolds  number. 


Taking  as  the  units  of  measurement  the  speed  of  the 
ship  and  some  typical  dimension  1,  we  can  write  the  equa- 
tion for  the  motion  of  a drop  as  projections  on  a tangent 
and  the  interior  normal  to  the  trajectory  in  a dimension- 
less form 

^ iL^*. 

<1  Vi*  a ’ 

(3.55) 

r 

where 


tt  ■■ 


0-56) 


The  solution  of  equations  (3*55X  which  describe  the 
ballistic  trajectory  with  drag  proportional  to  the  square 
of  the  velocity,  is  well  known.  Introducing  a set  of  di- 
mensionless coordiiiates  x and  y lying  in  the  plane  of  the 
trajectory  with  the  origin  of  the  coordinate  system  at  the 
point  of  drop  ejection,  we  obtain  (see,  for  example  [36]) 


X 


iL. 

i J >(•) 

•• 


(3.57) 
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(3.58) 

-'(3.59) 

where 

(3.60) 

.+  VT+#  * 

(3.61) 

We  will  transform  function  P(S),  representing  it  in 

the  form 

(3.62) 

where 

* * • 

(3.63) 

iFr* 

and 

/(«)"^y  l+l|— »}/  1 + 

•+  Vi  +*0 

(3.6^) 

Ihen  the 
form 

formulae  (3.58).  (3-59)  and  (3.6O)  will 

take  the 

S|c«*fe  f it 

“ Fi«  J ! + ■/(*)  ' 

(3.65) 

(3.66) 

ft*  Ji  + n/w’ 

•1 

(3.67) 

In  the  absence  of  drag  from  the  medium  n = C , formulas 
(3 .65) I (3.66)  and  (3* 6?)  determine  the  flight  of  a drop 
along  the  usual  parabolic  trajectory,  and  the  corresponding 
values  X,  y and  t we  can  denote  with  a aero  subscript.  Ihe 
distortion  of  this  trajectory,  and  hence  the  scale  effect, 
are  determined  by  the  difference  in  the  value  n or,  more 
precisely,  by  the  product  nf(8),  for  the  model  and  the  full 
eiae. 


[06 
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Ihe  integrals  entering  into  (3*57)*  (3 ‘SB)  and  (3*59) 
are  given  in  the  ballistic  tables.  Calculation  of  the 
trajectory  by  these  formulas,  or  by  the  formulas  (3.65), 
(3.06)  and  (3 •67),  does  not  present  any  diff icufties . Die 

values  uq  and  <po  determined  by  formulas  (3- 51)^  and 

(3.52)  from  the  velocity  of  the  craft  or  the  model  and  from 
tb  > angles  a and  ^ that  define  the  direction  of  the  emitted 
st..  earns . 

For  better  visualization,  let  us  bring  to  a conclusion 
the  computations  for  the  maximum  rise  of  the  spray  for 
email  angles  of  e jection 

For  small  ^0 


Integration  is  performed  from  yo  "to  aero 


p»* 


! 


l+ta  («,»«} 


0-6S) 


in  the  absence  of  drag  (n  « 0) 


(3*69) 


Die  relationship  between  the  actual  maximum  height  at» 
tained  by  the  spray  to  the  same  value  in  the  absence  of  re- 
sistance of  the  medium  will  be 


where 


ISSL 


(3.70) 


»"2»^  (3-71) 

In  Fig.  30  the  dependence  of  on  6 and  \ from  for- 
mula  has  been  plotted. 


Let  us  examine  the  following  specific  example  t let  a 
craft  with  width  B * 4 m move  with  speed  Vq  = 25  m/sec, 

and  suppose  the  spray  being  emitted  at  an  angle  cfo  - 

let  us  determine  n by  formula  (3*63)  with  cemeideration  of 
formulas  (3.5^)  and  (3.56).  For  simplicity  in  formulas 
(3*51)  and  (3*52)  we  will  assume  cosa  cosB  ^ -0.5,  i>e.. 
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Pig.  30.  Dependence  of  the  ratio  of  the 
maximum  height  reached  by  apray  drops 
ymax  same  value  in  the  absence  of 

air  resistance  yomax  parameter  6. 


Uq  = 1 and  & = then 

^ » rs  f‘  ^ 


A * t 14* 


Assuming  Cx  = 0«5»  = 0.125.  p=  100,  a=  0.00?5. 

we  will  find 

A,  -■  22  and  ^ >»  2a9«  » 8.6. 

Rroffl  the  graph  in  Pig.  30  or  from  formula  (3‘?0)  we 


find 


(^l 


0.34. 


For  the  model  with  width  B ^ 0.2  m the  value  of  n will 
be  400  times  smaller,  i.e. , 

Hjj  0.055  and  6||  = 0.022. 

Ihus  for  the  model 


iteH.  - 0,99—  1. 

i.e.,  the  height  reached  by  the  spray  drops  recalculated 


[8£ 
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according  to  scale  from  the  model  to  full  size  will  be  three 
times  greater  than  the  real  one. 

Let  us  note  that  for  spray  jets  we  have  obtained  re- 
sults opposite  from  those  obtained  for  thin,  continuous, 
fluid  jetSv.  Bie  drops  which  make  up  the  spray  jets  in  the 
full  size  were  smaller  in  absolute  size  th^  those  of  the 
model j hence,  the  height  and  the  distance  of  the  jet  became 
relatively  smaller.  Bie  scale  effect  is  substantially  more 
pronounced  for  increasing  dimensions  of  the  full  size, 
while  with  respect  to  continuous  fluid  jets  and  deforma- 
tions of  the  fluid  surface  behind  the  stem,  the  scale  ef- 
fect was  basically  determined  by  the  dimensions  of  the  model 
and  virtually  did  not  depend  on  the  dimensions  for  the  real 
case. 
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CHAPTER  IV.  SIMULATION  OF  CERTAIN  PHENOMENA 
AND  PROCESSES  RELATED  TO  CAVITATION. 

4.1 , Concerning  the  Scale  Effects  in  the  Ihitla^l  Stages 
of  Cavitation  . 

Let  us  examine  the  cavitation  (formation  of  interrup- 
tions of  continuity)  caused  by  a decrease  in  pressure  in 
the  steady-state  flow  around  bodies  or  during  their  motion 
in  fluid  with  a constant  speed.  The  phenomena  of  the  for- 
mation of  cavitation  in  other  cases,  such  as  due  to  the 
influence  of  rising  temperature  (boiling)  or  due  to  the 
influence  of  changes  in  fields  of  acceleration,  will  not 
be  discussed  here.  At  the  present  time,  it  is  known  [50, 

24]  that  the  process  of  the  origination  of  cavitation  is 
related  not  only  to  local  decrease  in  pressure,  but  also 
to  such  factors  as  the  presence  of  incipient  nuclei,  which 
are  tiny  gaseous  bubbles  or  solid  particles  and  cracks 
V5  Ich  have  adsorbed  gas  on  their  surface.  "The  presence  of 
dissolved  in  the  fluid  which  precipitates  in  the  cav- 
ity near  the  incipient  nuclei  has  a very  substantial  in-  [8< 
fluence  on  the  origination  of  cavitation.  The  process  of 
growth  and  displacement  of  bubbles  along  the  surface  of 
the  object  is  also  related  to  the  phenomenon  of  wetting. 

This  brief  information  is  sufficient  for  the  formula- 
tion of  a system  of  parameters  which  determine  the  condi- 
tions of  origination  of  cavitation. 

Among  these  parameters  will  be  the  geometric  dimen- 
sions 1,  Ij^ , ....  Ij^,  which  define  the  sise,  shape  and 

position  of  the  object  or  objects,  as  well  as  the  condition 
of  their  surfaces  and  the  size  of  foreign  inclusions  in  the 
fluid,  such  as  bubbles,  particles,  etc.  Along  with  these 
linear  dimensions,  among  the  determining  parameters  will 
be  the  dimensionless  functions  which  charac- 

terize the  law  of  distribution  for  peaks  of  surface  rough- 
ness, particles,  etc.  dimensionally,  as  well  as  the  numbers 
••••  %i»  which  define  the  overall  quantity  of  parti- 
cles in  a unit  of  volume  or  the  number  of  cracks  and  rough- 
ness peaks  per  unit  area  of  surface.  In  addition,  the  fol- 
lowing values  must  obviously  be  considered!  the  velocity 
V of  the  stream  relative  to  the  bodyi  such  properties  of 
the  medium  as  its  density  p and  viscosity  p = pvi  the  sur- 
face tension  coefficients  Oj^2*  ®23  boundaries 

between  fluid  and  gas,  fluid  and  solid  object,  and  gas  and 
solid  object,  respectively.  Also,  the  pressure  po  in  the 
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incoming  stream}  the  pressure  p^  of  the  saturated!  vapors; 

the  specific  volume  occupied  by  the  dissolved  gases  6 under 
pressure  po  and  temperatxire  Tq*  diffusion  coeffi- 

cient D that  characterizes  the  rate  at  which  the.  gac  is 
escaping  from  the  solution.  Die  mass  of  gas  which'  is  es- 
caping from  the  solution  can  be  defined  by  its  volume  AVp 
for  certain  pressure  and  temperature.  Vife  will  consider 
the  temperature  equal  to  the  temperature  of  the  fluid  Tq; 

and  it  is  convenient  to  use  as  the  value  of  pressure  the 
presuure  Pq  of  the  incoming  stream.  In  accordance  with 

Bohr's  formula 

= (4.1) 

Here  D - diffusion  coefficient; 

S - surface  area  through  which  the  gas  escapes; 

Ph»  Pij  " partial  gas  pressures  in  solution  and  in  the 

space  into  which  the  gas  is  escaping  (in  the  bub- 
ble); 

At  - time  interval  of  gas  escape. 

Obviously,  the  change  in  pressure  in  the  bubble  due 
to  the  escaping  of  dissolved  gases  will  be 

(4.2) 

where  is  the  volume  of  the  bubble. 

In  selecting  the  parameters  which  define  the  system, 
it  is  important  to  consider  not  only  the  essential  values 
for  the  given  phenomenon,  but  also  to  note  and  eliminate 
those  factors  which  have  little  effect  on  the  outcome. 

This  is  often  not  done,  and  in  a number  of  works  (see,  for 
example,  [24,  39] ) various  factors  are  entered  without  suf- 
ficient analysis  into  those  which  define  the  origination 
of  cavitation,  such  factors  as  the  velocity  of  sound, 
weight,  and  values  which  define  the  thermodynamic  proces- 
ses in  the  systems  "liquid-gas " and  "liquid-wall, " etc. 

Due  to  this  fact,  new,  unsubstantiated  difficulties  arise, 
which  interfere  with  analysis  of  the  already  complicated 
phenomenon. 

Since  the  velocity  of  sound  in  water  is  approximately 
l440  meters  per  second  and  the  velocity  v of  the  motions 
being  studied  has  the  order  of  several  tens  of  meters  per 
second,  it  is  not  necessary  to  talk  about  the  negligibly 
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small  effect  of  compressibility  at  Jfeich  numbers  that  do 
not  exceed  M = 0.1.  As  far  as  the  velocity  of  ^ound  in  a 
two-phase  medium  is  concerned  # it  is  not  an  indejjendent 
value,  but  varies  at  various  poirits  of  the  stream  and  is 
determined  by  the  conditions  of  the  flow,  by  the.  content 
of  gas  in  the  fluid,  by  the  amount  of  nuclei,  etc."  In  a 
specific  case,  adoptable  to  a fluid  in  which  the  emission 
of  gas  follows  the  Henry-Dalton  law,  the  expression  for 
the  sound  velocity  depending  on  the  specific  volume  of  the 
dissolved  gases  is  given  ir.  [46,  49,  50].  !Ihus,  the  inclu- 
sion of  the  sound  velocity  among  the  dimensionless  para- 
meters which  determine  the  emergence  of  cavitation  is 
wrong  in  principle. 

For  the  same  reasons,  it  is  incorrect  to  include  among 
independent  parameters  such  parameters  as  the  specific  time 
from  which  the  Strouhal  number  is  later  formed.  The  speci- 
fic time,  which  is  understood  to  mean  the  time  required  for 
the  formation  of  the  bubble,  the  time  of  its  displacement 
into  the  various  specific  positions,  etc.,  is  not  an  inde- 
pendent value  and  is  determined  by  the  elements  listed 
above.  !Ihe  specific  time  should  be  introduced  only  for 
the  processes  with  given  kinematic  characteristics  (vibrat-. 
ing  airfoil,  revolving  propeller,  etc. ). 

The  effect  of  ^avity  can  be  ignored  for  the  type  of 
problems  ur.der  consideration,  since  the  difference  in  pres- 
sures it  causes  is  negligibly  small  in  small  gas  bubbles 
as  compared  to  all  other  pressures.  Even  with  a 1 mm  dia- 
meter the  difference  between  the  hydrostatic  pressures  (1 
mm  of  water  column)  will  be  15  times  smaller  than  the  pres- 
sure caused  by  surface  tension  fories,  which  are  usually 
ignored  for  this  size  of  bubbl''.  Ihe  gravitational  effect 
can  become  noticeable  neai"  the  fi'ee  surface,  e.g.,  in  the 
case  of  analysis  of  cavitation  for  a shallowly  submerged 
hydrofoil I however,  such  a case  does  not  belong  to  the  es- 
sence of  the  problem  being  studied. 

It  is  not  difficult  to  show  that  numerous  [39,  85] 
attempts  to  relate  the  origination  of  cavitaxion  (for  or- 
dinaiy  flow  in  cold — 20° — water)  to  different  thermody- 
namic processes  are  devoid  of  any  basis.  Ihis  has  already 
been  mentioned  by  us  in  [503i  where  H was  indicated  that, 
specifically  euch  types  of  factors  as  heat  conductivity 
of  the  walls  of  the  object,  '"ariation  in  vapor  pressure 
under  a curved  surface,  the  rate  of  evaporation,  and  the 
related  thermodynamic  processes  do  play  a certain  role. 
However,  their  consideration  is  just  as  justified  and 
fruitful  as  the  substitution  of  Einstein's  mechanics  for 
Newtonian  mechanics  in  considering  our  problem.  Depending 
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on  the  amount  of  vapor  that  will  be  taken  in  by  the  form- 
ing bubble  in  a unit  of  time,  the  pressure  in  it  will  ei- 
ther be  Pd  or  20j6  less  than  the  pressure  of  the  saturated  [91 
vapors,  and  the  cavitation  number  will  be  changed  by  an 
amount  within  the  limits  of  experimental  precis  ion  r 

In  actual  cases,  experiments  with  models  are  usually 
conducted  with  velocities  of  v 10  m/sec,  i.e.,  with  dy- 
namic velocity  heads  5000  kg/m2.  The  pressure  of 

saturated  vapors  at  T = 20° C amounts  to  pd  200  kg/m^. 

If  evaporation  would  not  have  sufficient  time  to  occur, 
then  it  would  lead  to  a change  in  the  cavitation  number  by 

the  amount  of  Ak— y-  O.O^'.  Variation  in  the  Pd  value  of 

25J5  would  produce  a change  0.01.  It  is  also  neces- 

sary to  consider  the  small  volumes  and  the  heat  capacity 
of  the  vapors  and  gases  trapped  in  bubbles  and  the  rela- 
tively large  surface  of  heat  transfer  [50]* 

Thus,  on  the  basis  of  the  material  presented  the  re- 
gime of  cavitation  emergence  can  be  written  in  the  form  of 
the  following  relation  1 

f 0.  • • * » ai.  ".  ♦ • » a^ii  • • • , P.  Vt  V,  0||, 

«»tt,  «•*  Pit  *•  ^)v  (^*3) 

Li  the  future,  due  to  the  lack  of  data,  we  will  ex- 
clude from  the  analysis  the  values  nj,  ..»,  nm,  9i,  ..., 

ipjf  and  those  li  which  define  the  cavitation  nuclei,  the 

surface  roughness,  etc.  In  analyzing  the  experiments  with 
respect  to  the  scale  effect,  it  is  necessary  to  remember 
that  these  characteristics,  as  a rule,  remain  constant  for 
various  scales  of  the  models.  For  simplicity,  we  will  re- 
tain of  all  oi  only  <^2  = it  is  evident  that  013  and 

O23  will  produce  perfectly  similar  dimensionless  relation- 
ships as  0^2'  Substituting  for  (4.3)  at  this  point  the 

analogous  relationship  composed  from  the  dimensionless 
combinations,  we  obtain 

/(-J- Re.  Wc.  i.  5}-0.  (4.4) 

Here 

K_i.  (4.5) 

t 
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let  U8  note  that  it  would  be  more  accurate  to  intro- 
duce the  two  Euler  values  and  instead  of  -the  cavita- 
te ce 

2 2 ^ ' 

tion  nianberf  however,  for  the  ease  under  considei'ation  of 
normal  temperatures,  which  correspond  to  small  values  of 
for  water,  this  refinement  is  tannecessairy.  Bius,  with 

allowance  for  the  previously  made  reservations  for  geomet- 
rically similar  systems,  it  follows  from  (4.4)  that  the 
critical  value  X^p  can  be  written  in  the  form 

(^*6) 

With  the  aid  of  special  resorbers  it  is  sometimes  pos- 
sible to  achieve  similitude  with  respect  to  6 (see  [50,  78], 

but  in  this  case , too , there-  remain  the  vailues  Re , We , D, 
which  are,  as  a rule,  different  for  the  model  and  the  pro- 
totype . 

Let  us  remember  that  the  model  and  the  prototype  are 
understood  to  be  two  systems  that  differ  by  some  kind  of 
scale « geometric,  velocity,  etc.  The  difference  in_Re 
and  We  numbers,  and  in  the  coefficient  of  diffusion  D,  as 
well  as  the  lack  of  similitude  of  dimensions  and  amount 
and  distribution  of  cavitation  nuclei,  cracks,  surface 
roughness — all  these  factors  contribute  to  the  emergence 
of  the  scale  effect,  i.e.,  an  ambiguity  in  Hkp  for  geomet- 
rically similar  objects  and  bodies  identically  oriented  in 
the  stream.  Many  works  have  been  devoted  to  the  scale  ef- 
fect of  cavitation  emergence.  Hhey  are  basically  discus- 
sed and  analyzed  in  the  monoipaph  by  A.  D.  Pemik  [24]  and 
in  the  part  of  the  book  "Cavitation"  written  by  F.  E. 
Eisenberg  and  M.  P.  Tulin  [82].  A bibliography  on  this 
problem  is  included  in  [24]  and  [82]. 

Before  proceeding  to  analysis  of  the  theoretical  and 
experimental  data,  and  before  making  any  comments  with 
respect  to  the  question  of  the  magnitude  and  characteris- 
tics of  the  scale  effect  during  the  origination  of  cavita- 
tion, we  will  clarify  what  exactly  is  understood  by  the 
origination  of  cavitation  and  how  one  can  define  such  a 
condition,  for  example,  in  testing  a series  of  geometrical- 
ly similar  models.  The  simplest  methods  of  registering 
the  beginning  of  cavitation  are  either  visual  or  sonic 
evaluation.  The  appearance  of  cavitation  is  accompanied 
by  the  formation  of  a foggy  strip  and  by  a characteristic 
sound.  The  recording  of  optical  or  acoustic  phenomena  can 
be  conducted  either  directly  or  with  the  aid  of  special 
instruments.  Regardless  of  this,  the  following  problem 
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arises.  Let  the  accuracy  of  our  apparatus  be  such  that  we 
can  distinguish  the  cavitation  region  if  its  size  reaches 
the  value  A or  its  sound  pressure  reaches  the  value  B. 

Suppose  we  have  two  models  and  suppose  model  No*.  1 is  ten 
times  larger  than  model  No.  2.  Obviously,  it  is- true  for 
both  models  that  we  will  be  able  to  detect  the  cavitation 
region  only  after  it  reaches  the  magnitude  A.  However,  on 
the  other  hand,  it  is  obvious  that  even  if  the  phenomena 
were  completely  similar  the  cavitation  area  with  the  mag- 
nitude A on  model  No.  1 would  have  to  correspond  with  the 
cavitation  area  of  size  O.IA  of  model  No.  2.  In  conform- 
ance with  the  adopted  assumptions  with  respect  to  the  ac- 
curacy of  the  apparatus,  we  are  incapable  of  registering 
this  phenomenon  and  therefore  arrive  at  a false  conclusion 
with  regard  to  the  presence  of  the  scale  effect.  Ch  the 
contrary,  if  with  the  same  cavitation  numbers  we  had  no- 
ticed with  o\ir  apparatus  emerged  cavitation  (with  an  area 
of  size  A),  then  we  can  state  that  the  scale  effect  was  not 
pronounced,  even  though,  in  reality,  the  cavitation  area  of 
model  No.  2 is  ten  times  larger  than  model  No.  1, 

Bie  considerations  presented  above  were  not  taken  into 
account. and  were  not  discussed  by  the  authors  who  analyzed 
the  scale  effect.  In  the  experimental  works  concerning 
this  problem  there  is  also  no  information  about  a number 
of  other  factors  which  could  substantially  affect  conclu- 
sions with  respect  to  the  scale  effect.  Let  us  mention 
only  a few  examples  of  undiscussed  conditions  which,  while  [93 
influencing  the  result,  are  not  connected  to  the  essence 
of  the  problem.  With  variation  of  the  velocity  in  the 
cavitation  tunnel  the  local  characteristics  of  the  flow 
and  its  degree  of  vorticity  can  vary,  and  chaise  in  the  - 
dimensions  of  the  models  changes  the  restriction  of  the 
working  cross  section  of  the  tunnel.  Sometimes  the  data 
with  respect  to  the  amount  of  dissolved  gas  are  entirely 
absent,  and  sometimes,  as  for  example  in  [76],  it  is  indi- 
cated that  this  value  varies  by  a factor  of  2.  In  most  of 
the  works  there  are  no  experimental  data  on  the  distribu- 
tion of  pressures  taken  from  test  specimens  with  tested 
Reynolds  numbers. 

All  of  this  suggests  a very  careful  approach  toward 
often  contradictory  results  in  the  conducted  experiments 
and,  therefore,  toward  their  analysis.  Li  Figures  31 t 32 
and  33 1 using  information  contained  in  [39] 1 we  have  shown 
the  influence  of  the  Reynolds  number  on  the  value  of  the 
incipient  cavitation  for  three  symmetrical  profiles  mounted 
at  a zero  angle  of  attack.  Ihe  relative  thickness  of  all 
profiles  is  12j6.  Profile  No.  1 is  the  Zhukovskii  profile  1 
profile  No.  2 has  parallel  walls,  a tip  rounded  to  a semi- 
circle, and  a pointed  taili  profile  No.  3 is  NACA- 16012 
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cipient  cavitation  Xj^p  on  the  Reynolds 

number  for  the  Zhukovskii  profile. 

A - b s=  50.8  mmj  0 - b = 101.6  mmj 
0 • b « 203.2  mm. 


Pig.  32.  Dependence  of  the  number  of 
incipient  cavitation  Hjjp  on  the  Rey- 
nolds number  for  a profile  of  constant 
thickness  with  a rounded  tip  and  a 
pointed  tail. 

C - b = 50‘6  nan?  Q - b = 101.6  mmi 
o - b = 203*2  mm. 

and  represents  a contemporary  high-speed  profile  with  the 
maximum  thickness  at  the  middle  of  the  chord. 

Along  with  experimental  research  there  have  been  at- 
tempts at  theoretical  prediction  of  the  scale  effect.  As 
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Pig*  33*  Dependence  of  the  number  of 
incipient  cavitation  Hjcp  on  the  Rey- 


nolds number  for  the  high-speed  pro- 
file NACA-16012. 

A - t '^10°C,  b = 63.5  mmj 

0 - t 270c,  b 63.5  nnn} 

0 - t 25°C,  b = 127  mm. 


has  already  been  noted,  these  observations  are  given  in 
[24]  and  [82] . At  this  point  we  will  analyze  in  greater 
detail  the  work  of  R.  Osifiima  [22],  who  discusses  the  motion 
and  the  growth  of  the  spherical  incipient  bubble  at  the 
boundary  under  the  following  conditions j 1)  pressure  dis- 
tribution is  similar  for  similar  bodies j 2)  the  law  goven^- 
ing  the  distribution  of  velocities  at  the  boundary  layer 
is  independent  of  the  Reynolds  number 1 3)  the  bubbles  move 
along  the  paths  y/6  = const?  4)  the  grovrth  of  the  incipient 
bubble  up  to  the  radius  R,  equal  to  half  the  thickness 
of  displacement,  starts  and  ends  at  corresponding  points 
of  geometrically  similar  bodies.  Ihe  condition  at  which 
R = 6*/2  is  considered  to  be  the  condition  of  the  onset  of 
cavitation.  Oshima  conducts  his  discussion  by  using  the 
known  equation  for  bubble  expansion 


f 


i 

3 


Oi* 


(4.7) 


and  the  equation  which  describes  its  motion  along  the  out- 
line of  the  body.  After  a series  of  transformations  he  ar- 
rives at  the  expression 


{- 


Rid, 


(4.8) 
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where  Xi  - the  nxunber  of  the  incipient  cavitation i 

p - pressure  coefficient* 

0 - surface  tension  coefficient*  - - 

p - density*  _ ^ 

V - velocity  of  the  incoming  stream*  - - 
R - radius  of  the  hubbies 

1 - typical  dimension  of  the  body* 

subscripts  "1"  and  "2"  designate  two  similar  bodies.  Ihe 
displacement  thickness  is  determined  by  boundary  layer 
theory. 

Let  tie  show  that  Oshima’s  results  [22],  using  his  ap- 
proximations, can  be  obtained  without  using  the  equations 
of  expansion  and  motion  of  the  bubble,  with  the  aid  of  di- 
mensional analysis  theory. 

In  reality,  the  radius  R of  the  bubble  that  is  ex- 
panding in  an  incompressible  ideal  fluid,  from  almost  the 
zero  dimension,  depends  on  the  pressure  drop  Ap  on  the  in- 
side and  on  the  outside  of  the  bubble  (the  pressure  drop 
Ap  is  determined  with  consideration  of  the  surface  tension 
forces ) , on  the  density  p of  the  fluid , and  on  the 
of  expansion,  i.e.. 


p.  /)• 

The  dimensionless  combination 


v^.9) 


R 

I 


» const, 


(4.10) 


since  it  is  not  possible  to  form  the  dimensionless  value 
from  the  terms  of  the  right  side  of  equality  (4.9)*  ll^e 
time  of  expansion  determined  with  (4.10)  must  be  equal  to 
the  time  of  displacement  of  the  bubble  along  the  contour 
of  the  body,  that  is,  in  the  region  from  the  point  where 
the  expansion  has  stated  to  the  point  at  which  the  dia- 
meter of  the  bubble  has  become  equal  to  the  displacement 
thickness.  With  Oshima's  approximations  formulated  in 
points  1-4,  this  time  of  displacement  is  directly  propor- 
tional to  the  typical  linear  dimension  of  the  object  and 
inversely  proportional  to  the  velocity  of  the  flow,  i.e., 

const (4.11) 
From  (4.10)  and  (4.11)  we  find,  excluding  t. 
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Ap  — const  . (^•12) 

I* 

On  the  other  hand, 

Ap  = p,-~pj  + -j,  (^.13) 

where  pi  is  the  pressure  exerted  by  the  ;fluid  surrounding 
the  bubble. 

Pince  the  cavitation  nxamber  is 


• 

2 

and  the  pressure  coefficient  is 


(4.14) 


2 


(4.15) 


then,  substituting  in  (4.13)  Pi-?d  formula 


Pi— p). 

we  obtain,  considering  (4.12),  the  following! 


(« -l-p^ -^)^«const,  (4.l6) 

i.e.,  an  expression  equivalent  to  (4.8). 

Even  though  the  recalculations  from  one  scale  to  an- 
other, performed  in  accordance  with  (4.8),  are  in  agree- 
ment with  experiments  [76]  for  cylinders  with  a spherical 
head  porxion,  Oshima’s  theory  is  inconclusive.  Its  weak- 
est point  is  its  completely  arbitrary,  unfounded  initial 
presumption  that  cavitation  begins  when  the  diameter  of 
the  bubble  becomes  equal  to  the  thickness  of  displacement 
of  the  boundary  layer.  Die  assumption  that  the  bubble 
moves  along  the  line  y/6  = const  is  also  quite  arbitrary. 
It  would  be  much  more  logical  to  consider  that  the  bubbles 
move  with  the  same  velocity  as  the  fluid  at  a distance 
from  the  wall  equal  to  the  radius  of  the  bubble.  Die  time 
for  displacement  of  the  bubble  along  the  contour  would  de- 
pend then  on  the  Reynold  number. 
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Returning  to  equation  (4.6),  let  us  express  some  pre- 
liminary considerations  with  respect  to  the  influence  on 
the  emergence  of  cavitation  of  the  terms  that  enter  into 
the  right  side  of  the  equation.  Let  us  first  e’xamine  the 
influence  of  the  Reynolds  numbe.  It  is  advisable  to  start 
with  the  simplest  scheme  for  the  emergence  of  cavitation, 
by  assuming  that  it  emerges  when  the  local  pressure  becomes 
equal  to  the  pressure  of  the  saturated  gases  p^j.  In  such 
a formulation  the  question  of  the  influence  of  Re  on  cavi- 
tation reduces  to  the  effect  of  Re  on  the  distribution  of 
pressures  along  the  surface  of  the  body,  i.e.,  it  reduces 
to  a problem  which  has  nothing  in  common  with  the  problem 
of  cavitation. 

As  a descriptive  example,  we  can  examine  the  emergence 
of  cavitation  on  a cylinder.  The  results  of  such  experi- 
ments are  contained  in  the  works  of  Martyrer  [77] t where  [97 
it  is  shown  that  cavitation  emerges  in  complete  agreement 
with  pressure  distribution  along  the  cylinder  for  super- 
critical Reynolds  numbers  at  Xkp  ***  2.5  (cylinder  diameter 

d = 23.7  mm ) , and  for  subcritical  Reynolds  numbers  at  X}£p  ta 

« 1.5  (d  *=  4.98  mm).  These  values  of  Xkp  are  in  agreement* 


♦The  value  pmin  * 2.5  is  greater  than  the  theoretical 
value  in  an  infinite  ideal  fluid  Rnin  = 9/4  = 2.25»  how- 
ever, we  must  also  take  into  consideration  the  influence 
of  the  walls,  which  tends  to  increase  Pmin* 


with  Pmin  for  supercrixical  and  subcritical  conditions  of 
flow  aroxind-the  cylinder. 

Although  there  is  in  the  given  example  a direct  scale 
effect,  i.e.,  the  influence  of  Re  on  Xj^p,  it  would  bu  more 

expedient  to  consider,  as  the  scale  effect  of  viscosity 
forces,  those  changes  in  which  are  directly  related  to 

the  specific  features  of  the  interaction  between  the  vis- 
cous flow  at  the  boundary  layer  and  the  expansion  of  cavi- 
tation bubbles. 

For  better  clarity  let  us  consider  the  influence  of 
Re  on  xjcp  as  scale  effect  of  the  first  typo , If  this  in- 
fluence is  determined  only  by  the  action  of  Re  on  the  dis- 
tribution of  pressures  along  the  body.  The  influence  of 


108 


Re  on  for  the  same  pressiiree  we  will  consider  to  be 
scale  effect  of  the  second  type. 

Obviously,  this  categorization  simplifies  understand- 
ing and  analysis  of  the  corresponding  experimentsl-'investi- 
gations.  Particularly,  the  scale  effect  of  the  first  type 
can  be  determined  by  wind  tunnel  tests  for  the  correspond- 
ing Reynolds  values,  and  can  be  separated  from  the  overall 
scale  effect,  thfortunately,  this  was  not  done  in  most  of 
the  above-mentioned  experimental  studies. 

To  deteriuine  the  system  of  defining  parameters  (4.6) 
it  was  sufficient  to  have  general  brief  information  with 
respect  to  the  values  which  have  an  influence  on  the  emer- 
gence of  cavitation.  In  order  to  analyze  the  influence  of 
scale  effects,  a deeper  understanding  of  the  concepts  about 
the  processes  of  the  emergence  and  development  of  cavita- 
tion is  required.  We  will  formulate  here  certain  basic 
aspects  which  arise  from  [50]  and  also  from  high-speed  pho- 
tographs made  in  a somewhat  later  period  and  T)artially  pub- 
lished in  [56]. 

proportion  to  the  pressure  drop  along  the  smooth 
and  streamlined  contour,  two  discontinuities  characteristic 
of  cavitation  appear,  the  passing  bubble  type  (Pig.  34)  and 
the  “boundary  cavity"  type,  attached  to  the  quasi-station- 
ary  cavity,  which  then  is  carried  away  by  the  flow  (Fig. 

35).  For  the  condition  of  relatively  small  degree  of  vac- 
uum, the  cavities  appear  after  a considerable  time  inter- 
val, during  which  the  continuity  of  the  fluid  remains  un- 
disturbed (Pig.  36).  Ihe  length  of  the  intervals  and  the 
life  of  the  cavity  attached  to  the  body  are  governed  by 
the  laws  of  statics.  With  an  increase  of  vacuum,  the  fre- 
quency of  appearance  of  discontinuities  increases  and  sta- 
tionary cavities  grow  in  size  and  remain  longer,  while  new 
bubble  sources  of  discontinuities  appear  before  the  previ- 
ous discontinuity  has  time  to  collapse  (Pig.  37)*  With  [9I 
further  vacu\«n  increase  in  the  area  of  reduced  pressure, 
a large  number  of  bubbles  moves  simultaneously  away  from 
successive  discontinuities,  and  finally,  with  further  vac- 
uvun  increase,  the  cavity  attached  to  the  body  remains  the 
only  one  to  be  stable,  starting  from  the  point  of  greatest 
vacuum. 

In  spite  of  the  prevailing  views  (see  [24],  for  ex- 
ample), bubble  and  quasi-stationary  types  of  cavitation 
can  occur  under  the  same  conditions  on  the  same  body.  Both 
types  of  cavitation  can  freely  replace  one  another  within 
a span  of  only  a few  hundredths  of  a second,  and  can  even 
coexist  (Pig.  37  and  38). 
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Die  emergence  of  one  or  the  other 
form  of  cavitation  in  probably  related 
to  two  factors i 1 ) the  Breakthrough 
which  the  emerging  nucleus  is  passing; 
2)  the  conditions  of  surface -wetting. 

If  the  emerging  nucleus  passes  at  a 
certain  distance  from  the  wall,  then 
the  bubble  form  of  cavitation  appears. 
If  the  emerging  nucleus  passes  in  the 
immediate  vicinity  of  the  wall,  a cav- 
ity attached  to  the  body  may  emerge. 

Die  free  boundary  of  this  cavity  is 
pulsating  and  if,  as  the  result  of 
these  pulsations,  the  boundary  in  the 
region  of  the  origin  of  cavitation  de- 
viates substantially  from  the  current 
direction,  then  the  cavity  becomes  de- 
tached id  is  carried  away  by  the  flow. 
We  can  auso  detect  intermediate  cavity 
forms,  when  the  part  of  the  cavity  lo- 
cated closest  to  the  wall  moves  more 
slowly  and  becomes  elongated  along  the 
stream  similarly  to  the  stationary 
cavity,  while  the  part  of  the  cavity 
further  removed  from  the  wall  moves 
similarly  to  the  bubble  (see  frames 
10-21  in  Pig.  37  and  100-102  in  Fig. 
38).  During  the  process  of  their  mo- 
tion the  bubble  type  cavities  expand 
on  a section  lar^r  tha.i  the  region 
P < Pd  ^see  [47]),  and  then  collapse. 

Measurements  showed  that  velocities  of 
collapse  reached  100  m/sec  and  even 
higher.  After  collapsing,  the  bubble 
regenerates  again  several  times  in  a 
disintegrated  form. 

Die  length  of  the  stationary  cav- 
ity pulsates;  hollow  vortices,  spinning 
in  the  direction  from  the  center  of 
the  stream  flow  toward  the  wall,  break 


Pig.  3^«  High-speed  photography  of  cavitation  in  a pipe 
with  constriction.  Bubble  fora.  Die  cavity  which  disap- 
pears in  frame  19  reappears  in  frames  20-23.  Slotted  pipe 
No.  3»  width  of  minimum  cross  section  4.5  mm.  (Rioto- 
graphed  0/23/4?) 
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Fig.  35*  High-speed  photography  of  cavitation  in 
a pipe  with  constriction.  Boundary  form  (cavity 
attached  to  a body).  Cycles  of  emergence  (frames 
27  and  65).  development  and  carrying  away  of  the 
cavitv.  Slotted  pipe  No.  3*  (Photographed 

5/20A7 ) 
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off  from  the  tip  of  the  cavity  and  then  are  carried  away  [lOO 
by  the  stream.  The  presence  of  the  large  projection  of 
surface  roughness,  notches,  etc.,  greatly  contributes  to 
the  emergence  and  preservation  of  attached  cavities.  After 
break- off  and  departure  of  the  attached  cavity,  a small 
nucleus,  measuring  a few  tenths  of  a millimeter,  often  re- 
mains behind  such  a projection,  out  of  which  a new  cavity 
then  develops.  The  presence  of  this  nucleus  probably  ex- 
plains the  effect  of  hys-eresis,  first  discovered  in  [50, 
p.  61],  which  should  be  absent  with  the  bubble  type 


Fig.  36.  High-Bpeed  pho- 
tography of  the  initial 
stages  of  cavitation  in  a 
pipe  with  constriction, 
niuetration  of  the  random 
nature  of  cavity  formation. 
Li  frames  1,  2,  17-28,  36- 
39  the  cavity  is  absent. 
Slotted  pipe  No.  3*  (Hxo- 
tographed  8/12/47 ) 


cavitation  which  emerges  near 
the  passing  nuclei.  The  cited 
materials  particularly  prove 
the  unfitness  of  the_  attempt 
by  Hall  and  Wislisenus  'to  ex- 
plain the  difference-  between 
the  relationships  in  Figures 
31-33  by  the  effect  of  the 
shape  of  a profile  on  the  type 
of  the  cavity  (bubble  or  at- 
tached ) . 

Now  we  can  return  to  the 
problem  of  the  scale  effect  of 
emerging  cavitation  (bubble 
type ) under  the  condition  of 
pressure  distribution  independ- 
ent from  Re.  First  of  all,  let 
us  formulate  what  type  of  con- 
ditions can  be  considered  to 
be  the  beginning  of  cavitation. 
3h  light  of  the  above  discus- 
sion it  is  rational  to  give 
the  following  definition  1 by 
beginning  of  cavitation  is  \ui- 
derstood  such  a condition  un- 
der which  the  probability  of 
the  appearance  of  bubbles-cav- 
ities  of  a particular  size  has 
the  prescribed  value.  Ihe  pro- 
bability is  determined  by  the 
ratio  of  time,  for  example, 
during  which  a certain  small 
portion  of  the  vacuum  region 
is  occupied  by  bubbles,  to  the 
time  when  it  is  free  of  them. 
Obviously,  the  size  of  the  bub- 
bles and  the  vacuxm  region 
must  be  proportional  to  the 
dimensions  of  the  body.  In 
correspondence  with  the  number 
of  passing  bubbles,  the  cavi- 
tation region  will  appear  more 
or  less  transparent,  because 
the  passing  bubbles,  refract- 
ing and  reflecting  light,  dis- 
rupt transparency. 

Ihe  degree  of  development 
of  initial  cavitation  can  be 


Fig.  37*  High-speed  photography  of  the 
developed  cavitation  condition  in  a pipe 
with  constriction.  In  frames  1,'  2,  etc. 
one  can  observe  a largo  number  of  emerg- 
ing cavities  within  short  intervals  of 
time.  In  frame  27  one  can  see  the  emer- 
gence [figure  and  text  cont.  next  page] 


[Fig-  37  cont.]  of  the  cavity  attached  to  the  wallj  in 
frames  33  and  on  we  can  observe  its  destruction  and  carry- 
ing away.  Pi'ames  44  and  45  show  the  emergence  of  cavities 
in  the  boundary  layer j frames  48-63  show  the  emergence  and 
the  growth  of  the  cavity  attached  to  the  wall.  (Photo- 
graphs taken  8/11/47) 
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Fig.  38.  High-speed  photography  of  the  de- 
veloped cavitation  condition  for  a time  in- 
terval of  ~0.03  sec.  The  figure  illustrates 
spontaneous  change  in  the  shape  of  cavities, 
their  expansion,  displacement,  destruction 
and  re-emergence.  Frames  95-102  show  the  ef- 
fect of  the  boundary  layer  on  the  velocities 
of  displacement  of  various  parts  of  the  cav- 
ity. Pipe  No.  3.  (Photographed  8/11/4?) 
[Figure  continued  on  next  page] 
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Fig.  38  (cont. ) 


defined  either  by  statistical  measurement  of  the  number  of  j 
bubbles  on  similar  areas  of  the  body  surfaces,  or  with  the 
aid  of  optical  equipment  which  is  capable  of  recording  the 
degree  of  loss  of  transparency  at  these  same  areas.  I«t 
us  note  that  the  growth  of  bubbles  for  identical  Ap  L®®® 
formula  (4.13)]  does  not  in  practice  depend  on  their  radius 
during  the  incipient  stage,  and  therefore  a difference  be- 
tween the  relative  dimensions  of  the  nuclei  for  bodies  of 
different  scales  will  destroy  similarity  only  through  var- 
iations in  the  value  of  Ap.  Let  us  now  examine  what  will 
occur  if  the  body,  the  cavitation  number,  the  flow  veloci- 
ty, etc.,  remain  constant  while  we  alternately  vary  only 
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V,  only  a and  only  D. 

Let  us  assume  for  all  of  the  above  cases  that. the  me- 
dium that  flows  around  the  body  retains  its  propertied, 
gas  content,  nianber  of  particles,  etc.  Let  us  alsjo.  assvime 
that  we  are  located  in  the  region  of  Reynolds  niimbers 
where  their  effect  on  p can  be  ignored. 

In  the  first  case,  with  a decrease  in  viscosity  the 
thickness  of  the  boundary  layer  will  also  decrease,  and 
hence  the  velocity  at  the  same  distance  from  the  wall  will 
increase.  This  increase  in  velocity  leads  to  a decrease 
in  the  time  dioring  which  the  particle  remains  in  the  region 
of  the  vacuum  and  to  a decrease  in  the  amount  (thus  also 
in  pressure)  of  dissolved  gas  separated  into  the  bubble. 
Thus,  a decrease  in  viscosity  only  hinders  formation  of 
cavities,  especially  under  the  condition  when  this  de'^nds 
primarily  on  the  amount  of  gas  dissolved  in  the  fluid.  Ob- 
viousiy,  a qualitatively  simil^  effect  will  be  produced 
by  a decrease  in  D.  A decrease  in  a,  on  the  contrary,  fa- 
cilitates the  growth  of  cavities.  Taking  formulas  (4.5) 
into  consideration,  we  can  state  that  we  have  established 
the  effect  of  parameters  Re,  We  and  D,  by  their  alternate 
change,  on  the  growth  of  bubbles. 

Let  us  now  analyze  the  case  in  which  the  velocity  of 
the  flow  varies,  while  the  body  in  the  stream,  the  fluid, 
and  X remain  constant.  This  problem  reduces  to  the  previ- 
ous problem  because  the  increase  in  velocity  is  equivalent 
to  a decrease  in  the  values  of  v,  D and  a and,  consequent- 
ly, if  cavitation  bubbles  grow  primarily  due  to  diffusion 
of  dissolved  gas,  the  size  of  the  cavitation  bubbles  will 
decrease,  i.e.,  the  cavitation  will  move  further  away.  If 
the  amount  of  dissolved  gases  is  small  and  the  principle 
role  is  played  by  surface  tension  forces,  then  the  intens- 
ity of  bubble  formation  will  increase,  i.e.,  the  cavitation 
will  emerge  earlier  (with  large  values  of)0. 

It  is  not  difficult  to  see  that  a similar  analysis 
will  lead  to  a similar  conclusion  with  respect  to  the  in- 
fluence of  the  linear  dimensions  of  similar  bodies  on  cav- 
itation. Let  us  analyze  one  more  form  of  cavitation,  which 
in  the  literature  is  often  called  "cavitation  developing 
in  the  stream  behind  a body  in  the  stream. " It  is  usually 
considered  that  this  type  of  cavitation  occurs  in  the  fluid 
flow  around  blunt  bodies  such  as  discs,  flat  plates,  cir- 
cular cylinders,  etc.,  positioned  perpendicularly  to  the 
flow.  In  the  opinion  of  most  researchei.  ^ , cavitation  of 
this  type  occurs  not  on  the  wall  surfaces,  but  in  the 
nuclei  of  the  vortices. 
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Fig.  39*  'High- 
speed photography 
of  the  three  stages 
(a,  h,  c)  of  cavi- 
tation development 
behind  a flat  plate 
with  a sharp  edge, 
positioned  perpen- 
dicularly to  flow 
in  a channel.  In 
frame  1 the  plate 
is  darkened.  A 
periodic  vortex 
formation  and  car- 
rying away  of  vor- 
tical cavities  can 
be  observed.  The 
third  stage  pre-^ 
cedes  the  formation 
of  the  common  cav- 
ity. (rhotographed 

12/25  A?) 


• .....  i 


In  reality,  as  has  been  demonstrated  by  our  analyses 
with  high-speed  photography,  cavities  in  this  case  too 
often  emerge  on  the  body  itself  at  the  boundary  between 
the  free  flow  and  the  stagnation  region.  These  cavities 
have  the  form  of  thin  lines  or  layers  which  further  turn 
into  the  relatively  large  cavities  located  inside  the  vor- 
tices' nuclei.  The  vortices  with  hollow  nuclei  are  car- 
ried away  by  the  stream,  interact  and  pulsate  (Fig.  39). 
As  the  cavitation  number  decreases,  the  dimensions  of  the 
cavities  increase.  This  type  of  cavitation  is  caused  by 
change  in  the  pressures  caused  by  viscous  stresses.  The 


Fig.  40.  Formation  of 
cavitation  daring  sep- 
aration of  the  bound- 
ary layer  in  the  dif- 
fuser region.  High- 
speed photographs  of 
cavitation  in  No.  4 
slotted  pipe.  Oie 
width  of  the  least 
cross  section  is  2.2 
mm.  ( Ihotographed 
8/25/47) 


Fig.  4l.  High-speed  photography 
showing  cavitation  near  a circu- 
lar cylinder.  The  emergence  of 
cavitation  in  the  boundary  layer 
the  development,  the  break  off, 
and  the  pulsations  in  the  nuclei 
of  vortices  are  seen.  Hhe  cyl- 
inder is  made  of  plexiglass  and 
appears  transparent  in  the  photo 
graphs.  The  black  circle  is  the 
opaque  clamping  part.  (Fhoto- 
graphed  3/25/48) 
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primary  determiniiig  parameter  is  the  Reynolds  number.  [l0£ 

Based  on  existing  experimental  data  (see  D9])i  it  can  be 
considered  that  the  cavitation  number  for  discs^that  cor- 
responds to  its  origination  will  be 

x^AOBRe***.  ■ "(if.l?) 

Similar  forms  of  cavitation  are  also  found  in  the  dif- 
fuser regions  of  the  flow  with  separation  of  the  boundary 
l^er.  Figure  40  shows  high-speed  photographs  of  cavita- 
tion in  the  diffuser,  and  Fig.  41  in  the  vortices  near  the 
cylinder . 

The  emergence  of  cavitation  in  the  nuclei  of  filaments 
trailing  off  a foil  of  finite  span  will  be  studied  in  the 
next  chapter. 

4.2.  Scale  Effects  with  Developed  Cavitation 

By  developed  cavitational  conditions  is  understood 
such  types  of  flow  around  a body  when  a single  cavity, 
bounded  by  the  free  stream  and,  as  a rule,  filled  with  gases 
or  vapors,  is  formed  behirid  the  body.  Kie  limiting  condi- 
tion for  this  type  of  flow  is  flow  with  cavitation  number 
X of  zero,  theoretically,  the  cavity  which  corresponds  to  [lO' 
the  values  of  X=  0 is  a cavity  that  extends  to  infinity 
and  is  of  infinite  width.  For  small  cavitation  numbers 
the  cavity  size  becomes  finite;  however,  it  exceeds  by 
many  times  the  size  of  the  body  forming  this  cavitation. 

Figure  42  shows  a photograph  of  developed  cavitational 
flow  behind  a disc. 

It  should  be  noted  that  the  model  of  an  ideal  incom- 
pressible fluid  has  probably  never  before  responded  so 
correctly  to  reality,  as  in  the  case  cf  developed  cavita- 
tional* *  flow.  Specific  qualities  of  the  real  fluid  are  re- 
flected only  at  the  end  of  the  cavity,  where  the  closing 
of  the  boundaries  forming  the  cavity  occurs  and  a region 
filled  with  foam  appears.  We  were  analyzing  small  cavita-  [ll 
tion  numbers,  i.e.,  large  cavities;  this  means  that  the 
region  of  the  joining  of  streams  occurs  far  beyond  the  body 
located  in  the  stream  flow  and  in  practice  does  not  reflect 
on  the  forces  acting  on  the  body  and  the  character  of  fluid 
flow  in  front  of  the  middle  of  the  cavity.  In  this  region 
neither  the  viscosity  nor  the  surface  tension  play  any  sig- 
nificant role*,  and  therefore  it  would  seem  that  the  scale 


*If  small  models  with  small  stream  velocities  are  not 

used. 


fig.  42.  Riotographs  of  cavities  behind 
a disct  a)  X = 0.065j  b)  x = 0.052j 
c)  x.=  0.025. 
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effect,  in  developed  cavitation  can  be  disregarded.  However,  { 
we  shall  soon  be  convinced  t.hat  such  is  not  the  case. 

Under  x3al  conditions  very  high  velocities  correspond 
to  low  cavitation  numbers.  Hhus,  for  example,  if  the  pres- 
sure of  an  inccning  flow  is  close  to  atmospheric  and  the 
pressure  of  the  water  vapors  at  normal  temperatures  can  be 
ignored,  then  the  value  for  the  velocity  which  corresponds 

to  the  cavitation  number  a = 0.1  will  be  v = 45  m/sec, 

ei 

2 

while  with  7*.  = O.Ol,  velocity  v = l4o  m/sec. 

As  follows  from  Sect.  2.4,  experiments  with  high  ve- 
locities under  natural  conditions  can  be  substituted  by 
tests  in  the  cavitation  tunnel  at  low  velocities  with  the 
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same  cavitation  number,  which  is  provided  by  reducing  the 
pressure  Po  of  the  incoming  flow.  However,  with  this  type 

of  simulation  we  encounter  very  extensive  influence  by  the 
walls,  since  the  cross  section  of  the  txinnel,  which  is 
rather  large  in  comparison  to  the  body  producing  the  cav- 
ity, becomes  comparable  to  the  dimensions  of  the  cavity, 
which  at  a decreased  cavitation  number,  as  has  been  men- 
tioned before,  can  exceed  the  dimensions  of  the  body  by 
many  times.  Since  in  the  vicinity  of  the  real  object  the 
flow  boundaries  are  virtually  absent,  a disruption  of  geo- 
metrical similarity  takes  place,  which  creates  the  scale 
effect. 

In  going  to  lower  velocities,  simulation  with  respect 
to  cavitation  number  requires  a simultaneous  decrease  in 
linear  dimensions  in  order  to  preserve  the  same  Rroude  num- 
ber for  the  model  and  the  prototype. 

In  analysis  of  the  initial  stage  of  cavitation  we 
established  that  it  is  not  necessary  to  observe  similitude 
with  respect  to  the  Froude  number,  since  for  small  bubbles- 
cavities,  consideration  of  hydrostatic  pressures  results 
in  negligible  corrections.  In  the  case  of  developed  cavi- 
tations, when  the  cavities  reach  very  large  size,  the  in- 
fluence of  ^avity  forces  cannot  be  ignored.  Due  to  rea- 
sons that  will  be  discussed  below,  it  is  not  always  pos- 
sible to  achieve  similitude  with  respect  to  the  Fi'oude 
number.  The  difference  between  the  Rroude  numbers  for  the 
model  and  the  prototype  also  leads  to  demonstration  of  the 
scale  effect.  It  has  already  been  mentioned  in  Sect.  2.4 
that  similitude  among  the  cavitational  flows  for  the  case 
of  developed  cavitation  can  be  achieved  if  a cavity  is 
formed  artificially  through  the  introduction  of  air  or  gas 
into  the  vacuum  region  at  the  surface  of  the  body  or  beyond 
the  body.  !R\e  cavitation  number  for  the  general  case  will 
be  as  follows! 


(4.18) 

a 

where  pj£  is  the  pressure  inside  the  cavity,  while  pQ,  as 

usual,  is  the  pressure  of  the  incoming  stream.  Keeping  in 
mind  the  previously  mentioned  need  to  take  gravity  into 
consideration,  we  will  in  the  future  designate  by  po  the 

pressure  at  the  level  of  the  body  axis.  Experiments  in 
which  small  cavitation  numbers  are  provided  by  feeding  gas 
into  the  cavity  [53,  55]  can  be  i>erformed  not  in  cavita- 
tion tunnels,  but  in  conventional  experimental  and  circula 
tion  basins,  troughs,  or  other  installations.  Ihe  basin 
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size  is  usually  so  big  that  the  influence  of  the  walls  can 
be  ignored  for  practical  purposes.  Nevertheless,  even 
this  type  of  experiment  does  not  exclude  the  in^uence  of 
the  free  surface,  because  it  is  necessary  to  fa^en  the 
towed  body  to  a holder-blade,  and  then  to  feed  ^s .along 
the  hollow  in  this  blade  into  the  cavity  and  measure  the 
pressures  in  it.  The  creation  of  very  long  blades  and  ex- 
perimentation at  relatively  large  depths  causes  definite 
difficulties  due  to  which  it  is  not  always  possible  to 
eliminate  the  influence  by  the  free  surface  on  the  charac- 
teristics being  studied.  Diis  influence  can  also  be  rele- 
gated to  the  category  of  scale  effects,  ioe.,  the  influence 
caused  by  deviations  from  similitude. 

In  analysis  of  bodies  with  developed  cavitational  flow, 
along  with  the  action  of  flow  forces  on  the  body,  it  is  of 
great  practical  interest  to  have  information  in  regard  to 
the  shape  and  dimensions  of  the  cavitation  region,  as  well 
as  on  the  amount  of  gas  which  has  to  be  fed  to  maintain 
the  required  cavitation  conditions.  Scale  effects  linked 
to  the  carrying  away  of  gases  have  their  own  specific  char- 
acteristics based  on  the  nature  of  cavity  collapse  and  will 
be  analyzed  in  the  next  section.  Jn  conclusion  to  these 
introductory  remarks  we  can  indicate  that  any  further  dis- 
cussion will  be  basically  connected  with  the  flow  around 
axially  symmetrical  bodies. 

Analysis  of  cavitation  as  a two-dimensional  problem 
is  successfully  and  accurately  performed  by  methods  of  the 
theory  of  streams  £ll].  Recently  these  methods  were  used 
to  solve  problems  with  consideration  of  gravity  ajid  capil- 
larity 17].  At  the  same  time,  there  are  no  precise 

theoretical  computations  even  for  the  simplest  open-stream 
problems  and  in  order  to  obtain  the  necessary  information, 
especially  with  respect  to  the  scale  effect,  the  more  ra- 
tional approach  is  the  one  which  incorporates  the  general 
mechanical  considerations  of  the  experiment  and  dimensional 
analysis  theory. 

On  the  basis  of  the  presented  material  the  conditions 
of  the  steady-state  stream  flow  are  determined  by  the  lin- 
ear dimensions  which  define  the  body  in  the  stream  and  its 
position  1,  Ij,  ....  lyj,  by  the  difference  in  pressures 

P0~Pk  along  the  axis  of  the  body  and  in  the  cavity,  by  the 

stream  velocity,  by  density  p,  v [sic],  and  by  the  gravi- 
tational acceleration  g,  i.e., 

F(t,  k I.;  p,— Pr  0.  P.  g)-0 
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or  in  a dimensionless  form  _ [i; 

f(-^ -^.^Frl-O.  - ^ (4.19) 

In  this  eq\iation  X is  determined  by  formula  (4.l8), 

while  Fr  = -^.  All  of  the  dimensionless  characteristics  of 

VJi 

the  flow  or  forces  will  be  functions  of  the  terms  in  the 
left  part  of  the  ratio  (4.19)*  Specifically,.. for  similar, 
similarly  positioned  bodies  the  drag  coefficient  and  the 
typical  cavity  dimensions  with  respect  to  1 or  to  each 
other  will  depend  on  x and  Rr  only.  Let  us  first  analyse 
a simpler  problem  for  the  case  of  an  infinite,  weightless 
fluid  when  Er  -♦  oo  and  only  the  term  X remains . 

If  the  law  of  momentum  is  applied  to  the  developed 
cavitational  flow  and  the  controlling  surfaces  are  located 
far  ahead  of  the  body  at  the  middle  plane  of  the  cavity, 
we  can  then  determine  that  the  relationship  between  the 
area  of  the  middle  plane  of  the  body  S (more  precisely, 
the  area  at  the  middle  of  such  a cross  section  around  which 
the  free  streams  flow)  and  the  area  at  the  middle  plane  of 
the  cavity  S}j  depends,  for  a body  of  any  shape,  only  on  the 

drag  coefficient^  of  the  body  and  on  the  cavitation  num- 


♦Ihe  drag  coefficient  belongs  to  the  same  area  at  the 
middle  plane  of  the  body. 


ber  X [55]*  Qiis  dependence  has  the  form 

s.  >) 


(4.20) 


Here,  the  drag  coefficient  for  the  cavitation  num- 
ber X is  expressed  through  the  drag  coefficient  with 
X = 0 by  the  approximate  relationship  C^-C,.  (!+»«)  B\is  re- 
lationship is  in  close  agreement  with  reality  for  bodies 
which  are  not  very  pointed,  Ihe  value  k which  enters  into 
formula  (4.20)  is  some  constant  which  is  close  to  unity 
(by  different  evaluations  k = 0.9-0.95)*  If  a dependence 
on  X can  be  shown  for  the  area  of  the  middle  plane , i . e . , 
for  the  largest  cross-sectional  dimension  of  the  cavity 
Dk.  then  for  the  length  there  is  no  theoretical  data 

even  in  the  formula's  structure.  Experimental  data  with 
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respect  to  the  axially  symmetric  bodies  with  diameter  d 
[53 J show  that  for  a relatU’^e  submergence  y/d  *^'3  and  Eroude 
nximbers  in  the  range  5-20  (there  are  no  data  foi:-  Er  = oo), 
the  relationship  can  be  expressed  by  the  following 

approximation* 


(4.21) 


For  small  'calues  of 


^a>'0.6l/V. 


(4.22) 


If  we  assume  that  the  structure  of  formula  (4,21)  can 
be  used  for  a weightless,  infinite  fluid,  then  taking  (4.20) 
into  consideration  we  obtain 

^ -const  (4.23) 

Expressions  (4.20)  and  (4.23)  define  an  interesting 
circumstance  i for  analysis  of  the  principal  dimensions  of 
a cavity  it  is  not  necessary  to  produce  a model  of  the 
body.  Bodies  having  similar  middle  sections  and  drag  coef- 
ficients will  have  approximately  similar  dimensions  of 
the  diameter  and  length  of  cavities. 

Hhe  difficulties  mentioned  are  even  worse  in  the  the- 
oretical study  of  three-dimensional  cavities,  due  to  the 
necessity  of  considering  additionally  the  influence  of 
gravity  and  the  nearness  of  the  free  surface.  Hie  experi- 
mental works  in  this  field  are  rather  limited,  even  though 
they  do  provide  a number  of  separate  facts.  For  example, 
it  is  known  that  with  Pi*  / o©  the  axis  of  the  cavity  warps 
and  the  cavity  seems  to  float  up,  while  its  cross  section 
becomes  deformed.  !Ihe  first  considerations  and  evaluations 
in  regard  to  the  floating  up  and  the  deformation  problem 
were  given  by  G.  V.  Logvinovich  in  1953  [19]*  later  on  a 
number  of  considerations  and  experimental  data  in  regard 
to  this  question  were  presented  in  [57,  58]. 

It  should  be  noted  that  the  derivation  of  rationally 
constructed  formulas  for  the  dependence  of  cavity  dimen- 
sions on  the  values  of  X and  Fr,  and  on  the  relative  sub- 
mergence of  the  axis  of  the  body  y/d,  becomes  not  only 
practically  important,  since  real  flows  occur  with  Pi*  /oo, 
but  also  interesting  from  the  theoretical  point  of  view, 
because  any  comparison  of  theoretical  flows  to  experimental 
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results  without  regard  to  gravity  is  possible  only  £ifter 
extrapolations  of  experimental  data  from  Pi*  = to  Pt  = 

= 00.  Below  we  will  present  some  views  [653  regard  to 
the  structure  of  formulas  relating  the  basic  cavity  dimen- 
sions to  the  values  of  % and  Pr.  " 

Let  us  analyze  the  mechanism  of  the  flow  around 
bodies  with  small  cavitation  numbers  in  an  infinite, 
weightless  fluid.  Li  the  flow  approaching  the  body  there 
develop  substantial  variations  in  pressure,  from  pv2/2  at 
at  the  critical  point  to  Pfc-PO  at  points  of  stream  separa- 
tion. The  fluid  particles  moving  far  ahead  of  the  body 
along  its  axis  receive,  upon  impact  with  the  body,  radial 
velocities  directed  from  the  center  toward  the  periphery 
of  the  body,  in  other  words,  -away  from  the  region  with 
pressure  p = P}^  (cavity)  toward  the  region  far  away  from 

the  body  with  the  pressure  p = Po*  Ibe  expanding  portion 

of  the  cavity  corresponds  to  this  emerged  motion.  With 
radial  displacement  of  fluid  particles  in  the  direction  of 
the  positive  pressure  gradient,  work  is  produced  due  to 
their  kinetic  energy.  When  the  radial  velocities  become 
equal  to  zero,  the  cavity  dimension  approaches  its  maximum 
(at  the  middle  section).  Furthermore,  because  the  ambient 
pressure  will  exceed  pressure  in  the  cavity,  a reverse  pro- 
cess will  occur.  !Ihe  cavity  will  begin  to  contract  until 
it  finally  collapses.  Obviously,  with  all  conditions  be- 
ing equal  (same  shape  and  dimensions  cf  the  body,  same  vel- 
ocity of  its  motion,  same  density  of  the  medium,  etc, ) the 
trajectories  of  the  particles  will  become  steeper  and  the 
cavities  smaller  for  bigger  differences  of  PQ-pjt*  This  is 

exactly  what  happens  in  reality*  with  increase  in  Pq-Pij 

for  a given  flow  velocity  v and  density  p,  the  cavitation 
number  X increases  and  the  cavity  becomes  smaller.  At  the 
same  time  the  region  of  the  cavity  near  the  body  remains 
practically  the  same  for  all  cavitation  numbers  (Fig.  43). 
Ihe  same  result  also  follows  from  computations  of  two-di- 
mensional cavitation  flows  and  from  experimental  results, 
piis  is  due  to  the  fact  that  in  the  region  before  the  cav- 
ity the  pressure  almost  has  no  influence  on  the  character 
of  flow. 

After  these  preliminary  reraarks  we  can  proceed  to  the 
evaluation  of  the  effect  of  gravity  on  the  shape  and  size 
of  the  cavity.  It  is  easy  to  see  that  the  effect  of  grav- 
ity, i.e.,  the  difference  in  hydrostatic  pressure  along 
the  depth,  practically  will  not  be  reflected  on  the  region 
of  flow  in  front  of  the  body,  and  the  small  portions  of 
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Fig.  43.  Schematic  diagram  of  changes 
in  the  shape  of  the  cavity  with  varia- 
tion in  cavitation  nximber. 


the  cavity  near  the  body  will  be  almost  identical  in  weight- 
less or  weighable  fluid.  Actually,  introducing 

q = p + gy 

instead  of  pressure  p a new  value  q (the  y axis  is  directed 
down),  we  can  consider  the  fluid  as  weightless  because  the 
equations  of  its  motion  will  be  the  same  as  for  weightless 
fluid,  namely 

grad^-0. 

Bie  validity  of  such  an  approach  fails  only  in  the 
; regions  of  free  boundaries,  where  for  real  (weighable) 
fluid  p = const  and  q / const. 

Thus,  the  initial  regions  of  the  cavity  for  real  and 
weightless  fluid  differ  very  little  1 however,  according  to 
the  above  statements  the  lower  boundary,  located  in  layers 
with  higher  pressure  than  in  weightless  fluid,  will  deform 
more  extensively,  while  the  upper  boundary,  on  the  contrary, 
will  deform  less  (Fig.  44),  As  a result  the  cavity  emerges 
and  its  cross  sections  are  deformed.  Ihe  emergence  of  the  [ 
cavity,  in  turn,  leads  to  the  relocation  of  all  the  points 
of  its  contour  into  the  region  of  lesser  submergence,  and 
hence  of  smaller  pressures,  which  means  that  any  further 
deformation  of  the  contour  will  take  place  under  a lower 
CTadient  of  pressures,  the  size  of  which  proportional  to 
IpO*Pk)- 

Ihe  cavity  regions  located  near  the  body  virtually 
will  not  "emerge , * and  hence  will  not  change  j on  the 
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Fig.  44.  Nature  of  cavity  deformation  under 
the  influence  of  gravity i a)  .Iji  an  ideal 
weightless  fluid}  b)  in  real  fluid. 


contrary,  the  regions  near  the  end  of  the  cavity, will  be 
located  in  the  region  of  substantially  lower  pressures  and 
the  cavity  here  will  expand.  It  is  natural  to  consider 
that  the  cavity  will  have  the  same  dimensions  as  in  weight- 
less fluid  with  a cavitation  number  determined  not  by  pres- 
sure Pq  on  the  axis  of  the  leading  body,  but  by  the  pres- 
sure of  the  incoming  flow  at  the  level  of  the  middle  por- 
tion of  the  cavity.  lEhis  pressiore  will  correspond  to  the 
average  emergence  (ascent)  of  the  distorted  axis  of  the 
cavity.  In  the  first  approximation  the  average  ascent  h^p 

can  be  considered  to  be  equal  to  half  (or  more  precisely, 
to  some  fraction)  of  the  ascent  of  the  end  portion  of  the 
cavity  hj^.  Die  corresponding  cavitation  niomber  will  be 


- _ (P»  — l/lcp)  — .Pk 
«. ^ — 


(4.24) 


Here 

^ ^ and  Ft  ® ^ . 

® V gd 

Die  portion  of  the  cavity  below  the  middle  plane  will 
ascend  approximately  by  the  distance  hcp/2.  Diat  is  why 

for  the  determination  of  the  width  of  the  cavity  it  is 
necessary  to  take  the  cavitation  number  in  the  form 


} h 

=3  1—  — , 

^ a Fr« 


(4.25) 


From  the  above  discussion  it  follows  that  when  the 
gravity  is  taken  into  account  the  middle  plane  is  located 
not  at  the  center  of  the  length  of  the  cavity,  but  closer 
to  the  body.  The  above  discussion  by  itself  does  not  pro- 
vide the  means  to  find  the  relationship  between  the  dimen- 
sions of  the  cavity,  the  ffoude  numbers,  and  the  cavitation 
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tion  number  X with 
R*  = const. 

• - R = 15. 2j 
«-R=9;D-R  = 
= 6.8{  o - R = 5.7. 
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Fig.  46.  Dependence 
of  the  dimensionless 

cavity  width 

d 

on  the  cavitation 
number  x with  R = 

= const. 

a - R = 9i 
0 - R = 6.8» 

0 - R = 5*7* 


ntmbers}  however,  it  does  make  it  possible  to  essentially 
generalize  experimental  results  and  give  them  a universal 
character.  Let  us  demonstrate  this  with  an  example  of 
processing  experimental  results  [57]*  In  Figures  45-4? 
are  shown  dependences • obtained  in  this  work  Ijt/d  « 


♦Here,  instead  of  the  diameter  of  the  cavity  Djc  its 


width  Bjc  is  introduced,  since  the  measurements -were  made 

from  the  photographs  of  the  cavity  plan,  and  in'u  real 
fluid  Bk  is  somewhat  different  from  Ek. 


= Ik(x»  Er),  Bk/d=  Ek(X,  Er)  and  h^/d  = hk(x^  Er)  for  the 
cavities  formed  behind  the  disc  d = 20  mm  submerged  to  a 
depth  of  y = 4.25d  (y  = 4.25). 

h 


<♦ 


Fig.  47.  Dependence  of  the  dimen^sionless 
ascent  of  the  end  of  the  cavity  h^  = h^/d 

on  the  cavitation  number  OC  with  Er  = 

= const. 

®-Fi*=9j  o-Er  = 6.8}  0 - Ft  = 5*7* 


Also  plotted  in  Eig.  45  are  the  points  for  Ft  = 15.2 
from  experimental  results  with  y « 4 in  a rotating  channel. 

It  is  not  by  chance  that  these  dependences  represent 
portions  of  curves  within  small  ranges  of  X values.  In  a 
real,  weighable,  fluid,  for  every  Ftoude  number  there  ex- 
ists its  own  limiting  small  value  Cn  the  other  hand, 

the  range  of  variations  of  X.  during  the  free*  collapse  of 


*It  is  meant  that  the  cavity  does  not  collapse  on  the 
body  or  the  holder  for  the  disc  forming  the  cavity. 


the  cavity  is  restricted  by  the  conditions  of  existence  of 
stable  cavities.  In  Figures  48  and  49  the  values  and 

Ek  are  plotted  with  respect  to x and  X2,  respectively, 
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Fig.  48.  Experimental  data 
of  Fig.  45  plotted  on  the 
basis  of  the  generalized 
cavitation  number 

• - Pt*  = 15*2;  • - Fi*  = 

= 9i  D - Ft  = 6.8? 
o - Ft  = 5.7. 


Fig.  49.  Experimental  data 
of  Fig.  46  plotted  on  the 
basis  of  the  generalized 

cavitation  number  x*-  x— j/2  hg/Fr* 

^dots).  Oie  curve  repre- 
sents calculation  from  for- 
mula (4.27)  with  k = 0.9. 


while  the  values  hj^  were  taken  from  the  graph  in  Fig.  47? 
for  the  curve  with  R?  = 15.2  the  hjc  values  were  found 

with  the  formula  from  £58!) 


S.  = 0.34(i)’-O.OI6(i)‘. 


(4.26) 


Figiires  48  and  49  indicate  that  the  utilization  of 
the  values  Xj  and  X2  allows  us  to  obtain  a singular  general 

dependence  for  and  for  various  Froude  numbers  and 

with  submergence  of  y = 4.  Since  h 0 when  Fr  -►  «>,  the 
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values  5(  and  X2  become  Jt  and  the  dependences  in  Figures 

48  and  49  represent  the  dependences  l^inO  and  EfcCx)  for  a 

weightless  fluid.  Specifically,  in  Fig.  49  a-  theoretical 
curve  has  been  plotted  which  was  obtained  by  formula 

(4.27) 


which  was  derived  from  formula  (4.20).  For  computations 
h = 0.9  and  O^q  = 0.82  were  assumed. 

The  dependence  in  Fig.  48  is  approximated  by  the  ex- 
pression of  the  type  (4.23) 


At 


(4.28) 


or  by  considering  the  expressions  (4.24)  f or  Xj,  and  (4.26) 
for  hk 


(4.29) 


This  equation  of  the  fifth  degree  with  respect  to 
can  easily  be  solved  with  respect  to  x« 

1.45  I/CTFt*  4 0,84l*  Fr*  — 0,0I6l® 

— ^ 1.,,. (“-SO) 


Phom  formula  (4.30)  we  find  the  dependence  h^ioc)  for 
the  given  Fr  value. 


In  [64]  a verification  was  performed  with  regard  to 
the  validity  of  the  formulas  of  the  type  (4.23)  for  bodies 
of  various  shapes,  and  specifically  for  a series  of  cones 
with  apex  angles  from  30°  to  I8OO.  ihe  results  of  these 
experiments  with  a constant  relative  submergence  f - 5 and 
R*  = 12.7 1 shown  in  Fig.  50,  actually  indicate  that  the 


points 

VST, 


are  grouped  near  the  common  curvet  however, 


some  corrections  should  be  introduced  here.  As  has  been 
previously  mentioned,  in  a weightless  infinite  fluid  th? 
diameter  and  length  of  a cavity  relative  to  the  diameter 
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Kg.  50.  Dependence  of 
rjy^on  the  generalized 
cavitation  niunber  nx^’y.-hjp^ 
for  a series  of  cones. 

• - p = l80Oj  0 - p = 

= 1200,  a - p = 900, 

D - P = 600,  e “ P = 30°. 


of  the  body  and  yCJ,  are  functions  only  of  the  cavitation  [119 

number  and  do  not  depend  on  the  shape  of  the  body.  Since 
the  influence  of  gravity  and  the  free  sxxrface  are  related  [120 

to  cavity  dimensions,  and  since  the  latter  are  determined 
by  the  value 

(4.31) 


then  it  should  be  expected  that  the  values  Ife/di  and  Pk/di, 

regardless  of  the  body  shape,  will  be  functions  of  only  one 
cavitation  number  with  constant  values  of  relative  submer- 
gence and  Koude  number,  calculated  with  respect  to  d^. 


i.e.,  with  constant 


y 

*vei 


and 


p 

V td  V^  ' 


In  [64]  the  values  y/d  and  were  maintained  con- 
stant, therefore  the  dependence  turned  out  to  be  not 

identical  for  various  angles  of  conicity,  vfliich  has  a major 
effect  on  the  drag  coefficient  (Kg.  51;.  Ihe  relative 
closeness  of  the  points  of  various  cones  (a  noticeable  dif- 
ference in  Pig.  50  can  only  be  observed  for  p = 300  and 


I . 


I 
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Fig.  51*  Dependence  of  drag  coefficient 
C for  cones  with  zero  cavitation  number 
on  the  cone  angle  p. 


g = 1800)  ig  connected  with  the  fact  that  the  variation  of 
Cxn  the  same  effect  on  the  values  of  y/di  and  z^=-, 

and  their  effect  on  is  the  opposite  i with  an  increase 

in  y/di  the  value  increases,  and  with  an  increase  in 


it  decreases. 


IJiUS,  if  we  adopt  as  a typical  linear  dimension  the 
value  rfi-d  instead  of  the  diameter  d,  and  also  intro- 
duce the  cavitation  numbers  and  X2  from  formulas  (4.24) 

and  (4.25),  then  for  determining  the  dimensions  of  a cavity 
formed  behind  axially  symmetrical  bodies  of  various  shapes, 
with  different  Broude  numbers  and  different  relative  depths 
of  submergence,  the  following  equations  will  be  valid i 


(4.32) 
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(^.33) 


If  Er  oo,  the  values  xi  and  X2  turn  into  0C>  Bie  for- 
mulation of  f^  and  f2  using  (4.32)  and  (4.33)  requires,  at 

the  present  time,  additional  experimentation  to  determine 
the  effect  of  the  free  surface,  i.e-,  the  value  y/dj^. 

In  conclusion  let  us  discuss  the  effect  of  channel 
boundaries  on  developed  cavitation  flows  in  the  vicinity 
of  the  bodies  being  tested.  For  solid  parallel  walls  of 
the  channel  which  confine  two-dimensional  and  three-dimen- 
sional axially  symmetrical  flows  near  the  bodies  this  prob-  [12 
lem  has  been  analyzed  in  [4,  50*  68,  70]  and  others.  !nie 
main  conclusions  and  results  with  respect  to  the  effect  of 
solid  walls  in  the  case  of  an  ideal  fluid  flow  comes  to 
the  following. 


There  exists  the  minimum  cavitation  number  which 


is  determined  by  the  formula 


(4.34) 


where  S is  the  area  of  the  middle  section  of  the  body  and 
So  is  the  area  of  the  cross  section  of  the  channel.  The 

approximate  value  Xmin  oorresponds  to  the  small  values  of 
S/Sq. 


The  infinite  cavity  length  and  the  ai'ea  of  its  middle 
section,  determined  from  the  formula 

S^^VcjSp,  (4.35) 


correspond  to  the  minimum  cavitation  niimber. 

For  any  cavitation  number  X > Xmin  the  area  of  the 

middle  section  of  the  cavity  is  determined  by  the  following 
relationship  i 
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4C^S 


j 


(4.36) 


where  a dash  above  the  letter  denotes  that  the  correspond- 
ing value  refers  to  the  area  of  the  cross  section  of  the 
channel  Sq.  ^ . 

FOr  the  same  values  of  X the  area  of  the  cavity's  mid- 
dle and  its  length  in  the  channel  will  always  be  greater 
than  the  area  of  the  middle  and  the  length  of  a cavity  in 
an  infinite  fluid.  With  small  values  of  S'  in 

area  of  the  cavity's  middle  in  the  channel  will  be  two 
times  bigger  than  in  an  infinite  flov/. 

The  drag  coefficient  for  not  very  thin  bodies  Px  with 
H ^ 0 is  related  to  Cxq  with  X = 0 by  the  same  relationship 
as  for  tha  infinite  fluid  flow, 

this  equation  corresponds  well  with  the  real  conditions  for 
a wide  range  of  X values . 

Due  to  viscosity  the  size  of  the  cavity  decreases  be- 
cause of  the  drag  of  fluid  near  the  boundary  layer. 

The  effect  of  the  solid  boundaries  of  the  channel  and 
the  free  stream  for  the  case  of  two-dimensional  flow  has 
been  analyzed  on  the  basis  of  theoretical  solutions  in 
[11,  723  and  others. 

4.3.  Carrying  Away  of  Gas  from  the  Cavit.v  and  Scale 
Effects  Related  to  It 


In  the  previous  section  the  possibility  of  producing 
small  cavitation  numbers  by  feeding  gas  into  the  cavity 
was  noted.  For  a number  of  applications  it  is  of  interest 
to  know  what  quantity  of  gas  should  be  supplied  in  a unit 
of  time  in  order  to  provide  the  prescribed  conditions.  Ob- 
viously, for  steady  conditions  the  amount  of  gas  supplied 
will  be  equal  to  the  amount  being  carried  away  from  the 
cavity.  The  mechanism  of  gas  removal  is  related  to  the 
processes  of  closing  of  cavity  boundaries  at  its  end  part. 
These  processes,  in  turn,  are  determined  primarily  by  the 
condition  of  boundary  closing — whether  it  is  free  or  some 
kind  of  bodies  or  devices  are  located  in  its  vicinity. 

The  material  below  will  concern  only  the  conditions  of  un- 
obstructed, free  closing  of  a cavity  formed  by  axially 
symmetrical  bodies. 

Observations  indicate  that  there  are  basically  two 


Fig.  52.  Riotograph  of  the  cavity  be- 
hind a disc.  Gas  is  being  carried  away 
by  circular  vortex  filaments. 

types  of  cavity  closing.  With  large  Froude  numbers  and 
large  cavitation  numbers,  when  the  effect  of  gravity  is 
almost  negligible  and  the  cavity  shape  approaches  the  axl- 
symmetric,  the  end  of  the  cavity  is  filled  with  foam  which 
is  periodically  ejected  in  the  form  of  circular  vortices. 

A photograph  of  such  a condition  is  shown  in  Fig.  52.  Some 
descriptive  elements  and  an  analysis  of  such  a condition 
were  given  in  [59]*  fluid  particles  flowing  around  the 

body  in  radial  planes  collide  in  the  region  where  the  cav- 
ity closes.  If  this  process  were  completely  ordered,  then 
in  an  ideal  fluid  the  so-called  Efrose's  jet,  directed  into 
the  cavity,  would  emerge. 

In  reality  the  collision  of  fluid  particles  occurs  in 
the  region  occupied  by  the  foam  and  is  accompanied  by  in- 
elastic impact  with  a loss  of  energy.  Ihe  two-phase  medium 
thereby  formed  partially  fills  the  cavity  and  proceeds  to 
move  in  it  in  the  form  of  a toroidal  vortex.  Ihe  periphery 
of  this  vortex,  under  the  influence  of  tangential  stresses 
at  the  boundary  of  the  cavity,  shifts  into  the  direction 
of  the  incoming  flow,  while  the  central  part,  under  the  ac- 
tion of  the  pressure  gradient,  moves  in  the  opposite  direc- 
tion. Ihe  dimensions  of  the  toroidal  vortex  increase  due 
to  the  influx  into  it  of  the  new,  two-phase  medium,  flowing 
in  similarly  to  the  reversed  jet  that  flows  into  the  cavity 
in  an  idealized  scheme. 

As  the  vortex  grows  larger  its  area  of  contact  with 
the  external  flow  increases,  and  therefore  the  frictional 
forces  also  increase.  At  the  moment  when  the  value  of 
these  forces  becomes  eq[ual  to  the  impact  every  second  of 
the  reversed  jet,  an  ejection  from  the  cavity  of  the  two- 
phased  vortex  or  part  of  it  occurs  and  this  process  repeats 
again.  5he  ejected  vortex  consists  of  the  two-phase  liquid, 
and  therefore  carries  gas  away  from  the  cavity.  Along  with 
this  pulsating  ejection  of  foam,  it  is  also  removed 
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continuously  at  the  expense  of  the  area  of  foaio  located 
behind  the  critical  point. 

So  far  there  is  no  theory  for  the  descritisi  process — 
we  will  refer  to  it  as  the  first  form  of  gas  reneval — but 
from  the  above  discussion  it  follows  that  an  impoi'tant 
role  in  this  phenomenon  is  played  by  both  frictional  forces, 
as  well  as  the  surface  tension  forces  which  are  determinant 
in  the  processes  of  bubble  formation  and  dTragmentation. 

With  ft*oude  numbers  R*  oo  the  gravity  can  be  disregarded 
and  the  dimensionless  volume  of  gases  that  is  being  carried 
away  in  one  second  will  be  a function  of  the  cavitation 

number  «<=  . the  Reynolds  number  Re=-Si  and  the  Weber 

ptP  V 

2 

number  We  = — » i. e . , 

0 


Q=4-  = /(»-  Re.  We). 


(^.37) 


Other  characteristics  of  such  a flow  will  also  depend 
on  the  same  values,  such  as  average  length  I^/d  of  the  re- 
gion occupied  by  foam,  etc. 


Ihe  pulsating  removal  and  the  flow  conditions  associ- 
ated with  it  have  been  studied  very  little.  With  ordinary 
techniques  of  experimentation  these  conditions  are  vinstable 
(see  [59])*  The  assumed  character  of  the  dependence  5(30 
is  shown  in  Fig.  53- 


Fig*  53*  Probable  nature  of  the 
dependence  of  the  coefficient  of 
consumption  Q on  the  cavitation 
number  X for  the  condition  In 
which  gas  is  carried  away  by  cir- 
cular vortices  (weightless  fluid). 


According  to  studies  by  the  author  {[60],  conducted  in 
experimental  and  rotating  pools,  an  increase  in  the  flow 
velocity  with  constsuit  body  dimensions  and  cavitation  num- 
beis*,  i.e.,  simultaneous  increase  in  the  Re  and  We,  leads 


♦^For  experiments  in  the  pool  the  Roude  nuaher  was 
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varied.  In  the  rotating  pool,  the  description  of  which 
was  given  in  [663,  Eroude  nionber  was  held  constant. 


to  enlargement  of  the  part  of  the  cavity  occupied  by  foam*. 


♦This  condition  may  be  of  great  importance  in  simula- 
tion problems  for  cavitation  flows.  Ey  decreasing  the 
velocity  while  keeping  the  cavitation  number  constant,  the 
effects  relative  to  the  action  of  the  oncoming  flow  of 
foam  in  the  cavity  may  be  overlooked. 


This  is  illustrated  by  Fig.  5^- 

In  the  general  case,  when  R?  ^ oo,  the  Froude  number 
should  be  included  into  the  terms  of  the  right  part  of 
equation  (^.37)#  because  the  gravity  not  only  influences 
the  shape  of  the  cavity,  but  also  leads  to  an  irregular 
distribution  of  foam  along  the  height.  This  can  be  clearly 
observed  in  Fig.  5^* 

Bie  second  form  of  the  process  of  gas  removal  from 
the  cavity  has  an  absolutely  different  character.  This 
takes  place  with  small  cavitation  and  Froude  numbers,  when 
the  flow  at  the  end  of  the  cavity  has  become  regulated  and 
the  cavity  terminates  in  two  hollow  vortex  filaments  (Fig. 
5.5)  with  circulation  P,  equal  to  the  circulation  around 
the  diametral  cross  section  of  the  cavity.  As  was  shown 
for  the  first  time  by  G.  V.  logvinovlch  [iS],  this  circu- 
lation can  be  expressed  through  the  area  of  the  diametral 
cross  section  S*  of  the  cavity  by  the  formula 

r . (^•38) 

The  first  attempts  to  formulate  n theory  for  the  pro- 
cess of  gas  removal  along  the  vortex  filaments  were  made 
by  Cox  and  Clyden  [7^3*  Although  their  work  contains  in- 
teresting concepts  and  conclusions,  it  is  not  correct,  and 
therefore  the  obtained  dependence  of  gas  consumpticn  on 
the  Froude  and  cavitation  numbers  using  their  theory  neither 
qualitatively  nor  quantitatively  agrees  with  experimental 
results.  Bie  theory  of  gas  removal  by  vortex  filaments 
was  given  in  [5?3‘  initial  conditions  and  the  results 

of  this  theory  satli-'factorily  agree  with  experiments  in 
[74]  as  well  as  with  a number  of  other  studies  [16,  57. 

733*  ^®  essence  of  the  process  of  gas  removal  is  specified 

by  the  condition  that  the  gas  always  fills  up  the  tubes  of 
the  vortex  filaments,  which  are  formed  in  proportion  to  the 


Fig.  5^‘  Riotographs  of  cavities  for  equal 
cavitation  numbers  x = 0.1  and  Proude  numbers 

= 12.8  at  the  following  velocities  i 
Vid 

a)  V = 10  m/sec 5 b)  v = 20  m/seci  c)  v = 

= 30  m/sef':  j is  the  centrifugal  accelera- 
tion. Increase  in  the  velocity  leads  to 
the  cavity  filling  up  with  foam.  Experiments 
in  a rotating  channel  £60]. 
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forward  motion  of  the  cavity,  therefore,  the  amount  of  [127 

volumetric  gas  consumption  is  equal  to  the  cross-sectional 
area  of  the  hollow  vortex  filaments  multiplied  by  the  vel- 
ocity of  the  moving  body.  Ihe  mass  consumption  will  be 
equal  to  the  volumetric  consumption  multiplied  by  the  den- 
sity of  the  gas  at  a pressure  equal  to  the  pressure  inside 
the  cavity  at  the  temperature  of  the  fluid.* 
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♦The  vortex  filament  contains  foam,  drops,-  etc.,  i.e., 
the  contact  siirface  between  the  gas  and  the  fluid  is  large 
and  gas  temperature  approaches  the  temperature  of  the  fluid. 


Fig.  55*  Riotographs  of  cavities 
formed  behind  a disc  in  two  projections  i 
a)  3t  »0.15;  Fr  = 6.8j  b)  X = 0.072, 

R:  = 9. 


Since  circulation  around  the  vortices  is  expressed  ac 
cording  to  (4.38)  through  the  area  of  the  diametral  cross 
section  of  the  cavity,  all  of  the  concepts  and  material  re 
lated  to  determining  cavity  dimensions  (Section  2 of  this 
chapter)  also  concerns  the  problem  of  the  removal  of  gas 
along  the  vortex  filaments.  Because  of  this  the  consump- 
tion coefficient,  derived  in  the  form  of  Q/vdf,  can  be 
written  as  follows  1 


'X  jT 


moreover,  this  relationship  must  be  taniversal  for  axially 
symmetrical  bodies  of  various  shape.  In  contrast  to  the 
formulas  (4.32)  and  (4.33),  in  this  case  we  carr  not  combine 
the  effect  of  X and  It  expressed  by  values  of.  the  type 

or  X2‘  This  is  because  the  values  and  X2  also  jiffect 


the  diametral  cross-sectional  area;  in  addition,  the  hydro- 
static pressure  in  the  region  of  vortex  filament  formation, 
i.e.,  at  the  end  of  the  cavity,  also  plays  a certain  role 
(see  [59]). 


Bie  Weber  number  is  also  included  in  the  parameters 
of  (4.39)  because  for  relatively  thin  vortex  filaments  the 
pressures  which  depend  on  surface  tension  forces  can  be 
significant  and  can  decrease  the  cross  sections  of  vortex 
tubes  and  hence  decrease  the  amount  of  gas  carried  away. 
Biis  is  actually  observed  in  reality « with  small  dimen- 
sions of  bodies  and  small  velocities,  cavitation  flows  can 
exist  even  without  gas  removal.  With  values  We  > 1000  its 
influence  may  be  ignored.  At  the  present  time  a universal 
relationship  in  the  form  of  (4.39)  has  not  been  developed. 
There  only  exists  experiment^  data  [57#  64,  73]  concern- 
ing the  coefficient  of  consumption  for  a disc  in  the  form 


Q cs 


1. 


(4.40) 


and  analogous  information  with  respect  to  cones  with  y/d  - 
= 5 and  y/d  =10  [64].  The  typical  character  of  depend- 
ences of  the  (4.4o)  form  is  shown  in  Figures  56  and  57* 


It  can  be  expected  that  the  experimentally  determined 
values  of  the  coefficients  of  consumption  represent  the 
sum  of  the  coefficients  of  consumption  caused  by  both  types  [l28 
of  gas  removal.  This  is  shown  schematically  in  Fig.  58, 
from  which  it  is  seen  that  the  dependence  ^I(x)  with  Fr  = 

= const  must  have  a minimum.  Studies  concerning  gas  re- 
moval processes  are  usually  conducted  with  Fr  < 20|  the 
use  of  higher  Rroude  numbers  meets  with  a number  of  diffi- 
culties and  demands  either  very  high  velocities  of  motion 
or  very  small  bodies.  Thus,  in  order  to  obtain  FP  = 00 
with  velocity  10  m/sec  the  diameter  of  the  body  must  be 
d = 1.6  mm.  Analyses  conducted  in  the  range  20  < F^  < 80  [l29 

[67]  showed  that  the  coefficient  of  consumption  correspond- 
ing to  the  value  increases  considerably  with  increase 

of  Ft.  This  can  be  observed  from  the  relationships  Q(3t) 
with  Ft'  = const,  shown  in  Fig.  59* 
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Fig.  56.  Dependence 
of  dimensionless  con- 
sumption Q = on 

the  cavitation  number 
X for  various  relative 
submergences  of  a disc 
with  Fr  = 16.5.  Tests 
conducted  in  a rotat- 
ing channel,  d = 3.5 
mmi  V = 30  m/seci  e - 

y=^=5i  e-y  - lOj 

0 - y = 15i  o - y == 

= 20}  e - y = 26. 


Fig.  57*  Dependence 
of  dimensionless  con- 
sumption Q = on 

the  cavitation  number 
X for  various  Froude 
numbers  with  relative 
submergence  of  the 
disc  y » 5. 

Tests  in  a ro- 
tating channel,  v = 

= 30  m/sec { 

tests  in  a 

test  basin. 


[1 
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Fig.  58.  Character 
of  the  dependence  of 
the  coefficient  of 
consumption  Q on  the 
cavitation  number  x 
with  a constant 
Froude  number,  ob- 
tained experimentally. 

component  of  gas 

removal  by  circular 
vortices  I 

component  of 
gas  removal  by  vor- 
tex filaments. 


Pig*  59*  Dependence  of 
the  coefficient  of  con- 
sumption Q on  cavita- 
tion number  X for  large 
Ptoude  numbers. 
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CHAPTER  V.  APPLICATION  OF  DIMENSIONAL  ANALYSIS 
THEORY  TO  PROBLEMS  OF  SUBMERGED  HYDROFOIL  MOTION 

5.1.  Special  Features  of  Hydrofoil  Performance "Near  the 
t^ee  Surface 

It  is  generally  known  that  a change  in  the  boundary 
conditions  affects  the  flow  around  the  body  and  therefore 
also  affects  the  forces  acting  on  the  body.  Specifically, 
the  characteristics  of  a hydrofoil  moving  near  a solid 
baffle  can  be  substantially  different  from  the  character- 
istics of  the  hydrofoil  in  an  infinite  fluid. 

However,  the  influence  of  the  free  fluid  surface,  es- 
pecially for  small  submergences,  is  combined  with  a number 
of  p8a*ticular  additional  phenomena,  defined  firstly  by  the 
specific  features  of  the  boxindary,  which  deforms  under  the 
action  of  the  pressure  field  produced  by  the  hydrofoil,  as 
well  as  under  the  effect  of  the  wave  processes  related  to 
gravity,  and  secondly  by  the  entry  of  atmospheric  air  to 
the  region  of  air  rarefaction  on  the  hydrofoil,  Hhe  rela- 
tive overlap  and  interweaving  of  these  factors  becomes  ad- 
ditionally complicated  in  the  region  of  high  velocities 
when  cavitational  phenomena  emerge. 

If  we  analyze  the  hydrofoil  moving  near  a free  surface 
not  as  an  isolated  object,  but  as  an  element  of  a hydrofoil 
craft,  it  becomes  necessary  to  consider  also  the  presence 
of  the  supporting  struts  or  the  V-shaped  tips  of  the  hydro- 
foils intersecting  the  free  surface,  which  very  often  serve 
as  one  of  the  channels  for  air  passage  to  the  surface  of 
the  hydrofoil. 

Ihe  spread  of  hydrofoils  along  the  length  of  a craft's 
hull  makes  it  necessary  to  look  not  only  into  the  effects 
of  the  enumerated  factors  on  the  performance  of  the  hydro- 
foil itself,  but  also  to  study  them  even  in  those  regions 
where  this  influence  is  absent.  Ihis,  for  example,  pertains 
to  deformation  of  the  free  surface  or  to  determination  of 
the  position  of  the  vortex  filaments  streaming  off  the  hy- 
drofoil. The  deformed  areas  of  the  surface  and  vortex 
filaments  (especially  those  filled  with  air)  from  the  foil 
can  have  a substantial  effect  on  the  operation  of  the  stem 
foil  and  the  screw  propellers.  Ihe  formal  application  of 
the  theory  of  dimensional  analysis  to  the  study  of  the  a- 
bove-mentioned  phenomena  does  not  produce  effective  results, 
and  only  slightly  reduces  the  number  of  independent  vari- 
ables. Suppose  we  wish  to  determine  the  process  of  air 
entry  toward  the  hydrofoil  or  the  condition  under  which 
the  cavity  with  the  greatest  depth  behind  the  hydrofoil  is 


located  at  some  specific  distance  behind  it.  !Ehe  mathematic 
expression  for- the  desired  condition  will  have  -the  form 


F(lu  . 


where  1^ , . . . , l^ 


P* 


V,  a 


Pd 


• . V,  V,  0,  p,  g,  Pe,  prf)«=0;  ^ (5.1 ) 

geometric  dimensions  defining 'the  given 
distance,  span  1,  chord  b and  other  di- 
mensions of  the  hydrofoil  and  struts, 
submergence  h , angle  of  attack  a , etc . j 
correspondingly  the  density,  kinematic 
coefficient  of  viscosity  and  surface 
tension  coefficient,  i.e.,  the  para- 
meters which  determine  the  properties 
of  the  medium} 

acceleration  of  gravitational  force; 
velocity. of  hydrofoil  motion; 
pressure  at  the  free  surface; 

pressure  of  the  saturated  vapors. 


The  use  of  dimensional  analysis  theory  makes  it  possible 
to  reduce  the  number  of  variables  by  three  and  reduce  (5*1) 
to  the  form 


Re.  We,  Fr).  (5.2)  £l 

Relationship  {5*2)  contains  n + 3 terms  (even  in  the 
simplest  case  of  the  flat  plate  n = 4)  and  not  only  does 
not  allow  us  to  draw  any  conclusions  with  respect  to  the 
question  under  consideration,  but  also  does  not  provide 
any  hope  of  devising  a feasible  experiment,  because  even 
if  we  restrict  every  parameter  of  the  problem  to  the  four 

values,  it  would  still  require  a minimum  of  4'^  ^ 16,000 
experiments  for  its  evaluation. 

In  order  to  obtain  the  needed  relation  it  is  necessary 
to  analyze  the  problem  in  more  reduced,  concrete  form,  and 
to  apply,  along  with  the  theory  of  dimensional  analysis, 
physical  and  mathematical  considerations  and  evaluations, 
as  well  as  experimental  and  theoretical  information. 

However,  we  would  like  to  emphasize  that  these  con- 
siderations and  evaluations  by  themselves  do  not  make  it 
possible  to  solve  the  problem  and  are  valid  only  when  used 
together  with  the  theory  of  dimensional  analysis.  We  will 


lk6 


not  discuss  here  in  any  great  detail  the  known  problems 
with  respect  to  the  forces  exerted  by  the  fluid  on  the  hy- 
drofoil. In  contrast  to  the  characteristics  of -a  hydro- 
foil in  an  infinite  fluid,  the  values  Cy,  Px  and  0^  of  a 

submerged  hydrofoil  will  also  depend  on  its  relative  sub- 
mergence h/b  and  the  Eroude  number  ,Fr.  = . For  practically 

used  regimes  of  FTj  >5  the  effect  of  the  Proude  number  on 

Cy,  Cx  and  is  usually  made  negligibly  small,  but  as  will 

be  shown  below,  for  some  other  factors  it  is  always  signi- 
ficant. 


5*2.  Deformation  of  the  Free  Surface  Behind  the  Hydrofoil 

From  experiments  by  the  author  [52,  63^,  V.  T.  Sokolov 
and  others' it  has  been  established  that  behind  a hydrofoil, 
moving  near  the  free  surface  with  a positive  lifting  force, 
there  develops  a cavity  with  a width  approximately  equal 
to  the  span  of  the  hydrofoil.  For  small  submergences  of 
the  hydrofoil  the  edges  of  this  cavity  form  almost  perpen- 
dicular walls.  The  bottom  of  the  cavity  is  flat  with  a 
slight  bulge  in  the  diametral  region.  With  an  increase  in 
submersion  the  steepness  of  the  walls  decreases  and  the 
bottom  becomes  trough-shaped.  Farther  from  the  hydrofoil 
the  cavity  becomes  narrower  and  finally  turns  into  a crest. 
The  cavity  formed  behind  a hydrofoil  is  shown  schematically 
in  Fig.  60,  while  in  Fig.  6l  a photograph  of  one  of  the 
cavities  is  illustrated. 


Fig.  60.  Schematic 
presentation  of  free 
surface  deformation 
above  the  hydrofoil. 


Ihe  longitudinal,  diametral  cross  section  of  the  free 
surface  behind  the  hydrofoil  closely  approaches  a sinus- 
oidal curve  in  the  region  of  1A-I/3  of  its  wave  length 
L0.  In  this  region  the  bottom  can  be  considered  to  be 

flat  in  the  first  approximation.  Thus,  we  will  character- 
ise the  cavity  by  its  diametral  cross  section,  whose  shape 
approximates  a section  of  a sine  curve  with  wave  length  1$ 

and  amplitude  yQ.  Let  us  analyse  how  the  wave  length 
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Fig.  6l.  Riotograph  of  the  cavity 
behind  a hydrofoil.  Needles  for  mea- 
stiring  the  profile  of  the  diametral 
cross  section  of  the  cavity  are  seen. 

Hydrofoil  X = 2. 

depends  on  the  parameters  that  define  the  medium,  the  con-  [l32 
ditions  of  motion,  and  the  shape  and  position  of  the  hydro- 
foil. Let  us  note  first  of  all  that  in  the  given  problem 
some  properties  of  the  medium  can  be  eliminated  from  anal- 
ysis, such  as  viscosity  and  surface  tension.  The  unim- 
portance of  friction  stresses  in  the  wave  processes  is  con- 
sidered to  be  due  to  the  low  viscosity  of  water  and  the 
small  velocity  gradients  along  the  normal  to  the  stream 
lines. 

Evaluating  the  order  of  the  friction  stresses  T for 
the  orbital  motion  of  particles  with  velocities  u = Wr, 
and  considering  that  for  the  waves  produced  by  the  hydro- 
foil Ui  = ^,  we  have 

du  •vff 

T-*-  U ta  UbU)  «■  -I-S.  . 

dr  » 

Comparing  these  stresses  with  the  magnitude  of  hydro- 
static pressures  for  the  level  variation  of  Ah,  we  find 
that 

from  which,  by  relating  everything  to  the  chord  of  the  hy- 
drofoil, we  find  that  the  variation  of  wave  ordinates  be- 
cause of  viscosity  is 
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it; 


_L 

* ^06  “Rc  * 

The  imimportance  of  the  surface  tension  is 'brought 
about  by  the  relatively  Ifurge  wave  length,  which  exceeds 
the  chord  of  the  hydrofoil  by  many  times  the  rarige  of 
Ptoude  values  of  practical  interest,  and  therefore  exceeds 
the  wave  length  of  the  capillary  waves,  which  is  i.72  cm. 
Even  in  the  cross-sectioneLl  areas  of  the  cavity,  for  cur- 
vature radii  of  the  fluid  sxurface  on  the  order  of  1 cm  the 
capillary  forces  can  change  the  level  by  about  1 mm.* 


♦The  performed  evaluations  indicate  that  the  consider- 
ations discussed  are  valid  not  only  for  full-size  hydro- 
foils, but  also  for  small  models  with  a chord  of  only  a 
few  centimeters. 


Further,  since  we  are  interested  in  the  region  of  flow 
far  from  the  hydrofoil,  the  hydrofoil  can  be  substituted 
by  a n-shaped  vortex  which  is  characterized  by  the  circu- 
lation value  r,  span  1 and  submergence  depth  h.  Taking 
the  above  comments  into  account,  we  can  write 

= /,  T,v,g).  (5.3) 

The  quantity  P determines  the  amplitude  of  the  wave, 
and  within  the  linear  formulation  of  the  problem  should 
have  no  effect  on  the  length  (see  Sect.  2.1).  The  same 
statement  can  be  made  with  respect  to  the  submergence  depth 
of  the  vortex.  Li  Pig.  62  experimental  results  X63]]  are 
presented  which  confirm  the  condition  of  independence  of 
the  wavelength  from  the  circulation  (coefficient  of  the 
lifting  force)  and  the  submergence.  Thus,  we  have 

(5.^) 

Designating  1 and  g as  units  of  measurement  we  find 

(5.5) 

or,  returning  from  the  vortex  to  the  hydrofoil  and  intro- 
ducing its  chord  b and  the  span-chord  ratio  X,  we  obtain 
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ity  behind  the  hydrofoil  from  its  submer- 
gence h and  angle  of  attack  a. 

b = 200  mmj  X = 4j  v = 6 m/sec j • - a = 

= 0,  h = I = 0.7;  0 - a = 3°.  h = 0.2; 

• - a = 3®.  ii  « 0.7. 


Here  I,-—  and 

* Ygh 

Thus,  we  can  conclude  that  for  all  profiles,  span- 
chord  ratios  and  Proudc  numbers  there  must  exist  a univer- 
sal dependence  (5*6).  In  the  event  of  a two-dimensional 
problem , i . e . , with  X - oo . we  have  for  the  length  of  the 
wave  located  far  behind  the  hydrofoil  the  knovm  formula 


Dividing  both  parts  of  this  equation  by  b and  X we 
obtain  for  this  particular  case  the  following  form  of  the 
right  part  of  function  (5*6)  t 


(5.7) 


In  order  to  find  the  universal  dependence  (5*6)  with 
X / oo  it  is  sufficient  to  conduct  experiments  with  one  ar- 
bitrary hydrofoil  with  any  small  value  of  submergence  and 
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angle  of  attack,  and  with  several  values  of  Eroude  Humbert 


i 


Fig.  63.  Graph  showing 
the  plot  of  the  dependence 

of  on  the  ratio  ~ . 

431  yr  yjr 

o - X = -2j  •-1=4} 

• - X = 6.5j  0 - X = 8j 
A - X = 10,  theo- 

retical calculation  for 
X = o9{  approxi- 

mated linear  dependence. 


In  Fig.  63  the  curve  of 

plotted  using  the  experimental  data  obtained  by  Sokolov 

and  [633.  In  the  region  ^ — 0 the  dependence  ^ has  been 

drawn  in  accordance  with  foimula  (5-7)  and  is  represented 

in  Pig.  63  by  the  dotted  line.  In  the  range  of  <8 

the  universal  graph  can  be  approximated  by  the  linear  re- 
lationship (dash-dot  curve) 

(5.6) 


is  shown,  which  was  [134 


from  which  the  abscissa  ox  the  cavity  will  be  deterained  [l35 
by  the  fomula 


1,25  Fr,Vt- 0,51.  (5.>) 

Tho  maximum  depth  of  the  cavity  yo  depends  on  the  same 

values  as  the  wave  length  in  formula  (5*3)*  Selecting  1 
and  V as  the  units  of  moasurement  we  obtain 
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(5*10) 


JL  ei\ 
i ‘li  ’ «/*  Vj- 


If  the  boimdary  conditions  on  the  free  surface  are 
linearized,  then,  taking  ^to  consideration  the  linear 
character  of  the  Laplace  aquation  and  concepts  discussed 
in  [62],  it  can  be  affirmed  that  the  amplitude  of  deforma- 
tion of  the  free  s\irface  will  be  proportional  to  the  dis- 
turbances that  cause  these  deformations.  In  the  case  under 
discussion  the  intensity  of  the  disturbances  is  determined 
by  the  circulation  value,  and  therefore,  replacing  gl/v^ 

with  the  value  instead  of  (5*10)  we  can  write 


— Pr  \ 

I Vl'(l  ' -/  ' 


(5*11) 


Expanding  the  function  f in  powers  of  the  small  value 
of  h/l  (submergences  of  the  hydrofoil  are  considered  with- 
in the  limits  of  its  chord  and  the  span-chord  ratio  X > 2), 
we  have 


II 

i 


^[«o(Pr/)  +Yc;(Fr,)+ ...].  (5. 12) 


Since  with  snail  submergences,  right  up  to  the  point 
of  planing,  or  with  large  span- chord  ratios,  deformation  of 
the  free  surface  does  exist,  then  / 0 and  represents  in 

this  region  the  main  term  of  the  expansion.  We  will  limit 
ourselves  in  the  future  to  two  terms  of  expansion.  Relat- 
ing the  circulation  value  to  the  lifting  force  coefficient 
of  the  hydrofoil  and  its  chord  by  the  known  formula* 

*In  [63]  it  is  shown  that  in  practice  it  is  also  re- 
tained near  the  free  surface. 


v^Sj^hl 

i 


we  obtain  instead  of  (5*12) 


(5-13) 


From  the  above  it  follows  that  in  order  to  find  the 
dependence  of  the  depth  of  the  cavity  on  the  values  of  C^., 
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Btbi  X and  h for  a hydrofoil  of  any  prof ile  it  1b  suffi- 
cient to  test  one  hydrofoil  of  anv  type  for  one  angle  of 
attack,  several  velocities,  and  two  different  submergences, 

and  then  by  plotting  the  curves  —=/  (1^)  with  h = and 

h = h2  to  find  ao  and  a^.  Let  us  note  that  in  the  event 

= 0 (for  finite  Froude  numbers  this  corresponds  to  an 

infinite  span),  the  values  yo/Cy  with  h = const  depend  on 

the  Froude  number.  According  to  the  theoretical  solution 
by  M.  V.  Keldysh  and  H.  A.  lavrent'yev  [l23»  for  the  vortex 
we  have 

(5.14) 

In  practice,  for  Rr  > 4 and  h < 1 this  value  differs 
little  from  unity. 

In  Fig.  64  experimental  points  have  been  plot- 

tedi  based  on  the  experiment  presented  in  [63] i in  the 
same  work  ao  and  a^  were  determined  from  these  curves » 

flj  = 0,5.^^  + 0,65;  (5*i5) 

— 3. 


The  calculated  dependences  based  on  formula  (5*13) 
and  the  given  values  of  ao  and  a^  are  represented  by  the 

curves  in  this  graph.  The  dotted  curves  indicate  the  as- 

B\imed  approach  of  the  curves  in  the  region  of  small  to 

to  the  theoretical  value  of  (5*14).  The  satisfactory  agree- 
ment between  experiments  and  calculations  indicates  that 


the  formulas  presented  above  may  be  used  in  the  range  of 

l<-^<8,which  ordinarily  encompasses  the  entire  range  of 

Froude  numbers  and  span-chord  ratios  that  are  of  practical 
interest.  If  the  wave  amplitude  and  length  are  krtown  at 
the  diametral  cross  section  of  the  cavity  behind  the  hydro- 
foil, we  can  write  the  equation  for  the  corresponding  pro- 
file as  follows t 


c. 


0.65-3^-)s»,n 


fcx 


6Fr>T-2 


(5-16) 


[137 


153 


SmmmmmmwjamA 


mmmuim'Mmwmmm 

mmuwMHwamwmm 

nvur 


Fig.  6k.  Dependence  of  on 

Ly 

the  relationship • Bie 
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dotted  curve  shows  the  assumed 
direction  of  the  curves  toward 
a point  which  corresponds  to 
the  solution  of  a two  dimensional 
problem. 

Hydrofoil  i-*  Ase-i-aT: 

, OC-«-3*: 

Hydrofoil  i-k  a 
The  maximum  slope  angle  is 

0^St+O.65-3± 

a »■  2.  ' C ( 

6Fr*|^r— 2 • 


(5.17) 


with  an  increase  in  it  approaches  the  constant  value 


(»i  L =0.2«£La:;2^, 


(5.18) 


.3*  Cavitation  in  the  Vortex  Filaments  Trailing  the 
nite-Soan  Hydrofoil 

For  a very  long  time  the  problem  of  determining  the 
flow  velocity  at  which  cavitation  on  the  hydrofoil  begins 


Fig.  65.  Riotograph  of  cavitation  in 
vortex  filaments  trailing  a hydrofoil 
of  finite  span  during  testing  in  a test 
basin t a)  v = 7*5  lyse  : b)  v = 8.9 
m/seca  c)  v = 9.0  ny'sec;  d)  v = 10 
m/secj  e)  V = 11  m/sec}  f)  v = 12  m/sec. 

Hydrofoil  with  chord  b = 60  mm,  X = 2, 
a = 180. 

was  considered  to  be  solvable  provided  the  distribution  of 
pressure  along  the  corresponding  profile  at  the  given  sub- 
mergence is  known.  Bie  critical  cavitation  number  X)£p  was 

equated  to  the  minimum  value  of  the  pressure  coefficient 
with  an  opposite  sign 


^kp  = ~ Pmin* 

and  vjcp  at  which  the  cavitation  begins  was  found  from  the 
determination  of  m 0 ---  with  known  (Pa  - 

T 


155 


= atmospheric  pressiire)  and  p^j. 

This  approach  for  determining  the  velocity  v^p  was 

based  on  the  inconclusive  assumption  that  cavitation  is 
generated  at  the  middle  part  of  the  hydrofoil,  where  ex- 
periments in  which  the  pressure  distribution  is  measured 
usually  indicate  the  greatest  rarefaction  and  where  also 
the  distribution  of  pressures  approaches  that  on  the  pro- 
file. 


In  [54]  it  was  shown  that  in  a number  of  cases  cavita- 
tion can  occur  considerably  earlier  than  predicted  by  the 
above  calculation,  and  it  will  start  not  at  the  middle, 
but  at  the  ends  of  the  hydrofoil,  in  vortex  filaments 
trailing  it. 


Pig.  66.  Riotographa  of  cavitation 
in  vortex  filaments  trailing  a hy- 
drofoil of  finite  span  during  ex- 
periments in  a cavitation  tunnel  i 
a)  X=  0.82j  b)  x = 1.35* 

Figures  65  and  66  are  photographs  from  [54]  of  cavita- 
tion in  vortex  filaments  obtained  in  a test  basin  and  a 
cavitation  tunnel.  The  experiments  were  conducted  with 
hydrofoils  with  various  span-chord  ratios  and  shapes  in 
plan  and  profile.  The  rounding  off  of  the  hydrofoil  tips 
was  also  investigated.  Also  tested  was  a scale  series  of 
three  hydrofoils  of  segmented  profile,  with  relative 
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thickness  c = 0.15*  span-chord  ratio  X = 5 SJ^d  chords  b = 

= 30  mm,  60  mm  and  120  mm.  During  tests  the  angles  of  at- 
tack and  the  velocities  were  varied.  !Ihe  submergence  con- 
stituted basically  three  chords.  Ohe  lifting  force  was 
measured  and  a visual  determination  was  made  of  '^he  condi- 
tion of  the  beginning  of  cavitation  in  vortices,  i.e.,  the 
state  at  which  the  vortices  became  visible.  The  direct  re- 
sults of  the  tests  were  plotted  as  the  dependence  Cy(v) 

with  a = const.  Die  experimental  points  where  the  vortices 
were  visible  were  darkened  and  then  the  boundary  was  drawn 
separating  the  black  points  from  the  white.  An  example  of 
such  a graph  is  shown  in  Fig.  67. 


Fig.  67.  Sample  of  the  graph  for 
determining  the  beginning  of  the 
cavitation  regime  in  vortex  fila- 
ments trailing  a finite-span  hy- 
drofoil with  chord  b = 120  mm, 

X = 5j  o - filaments  not  visible; 
• - filaments  visible. 


In  the  case  of  the  theoretical  determination  of  the 
emergence  of  cavitation  in  vortex  filaments,  it  was  only 
natural  to  employ  the  known  work  of  L.  Rrandtl  ^79 j)  who, 
representing  the  vortex  cores  according  to  Rankine ' s scheme , 
determined  the  radius  of  the  core  tq  end  the  pressure  on 

its  axis,  Frandtl  based  his  evaluation  on  the  condition 


of  equality  of  the  induced  drag  and  kinetic  energy 


of  the  fluid  enclosed  between  two  flat  plates  located  far 
behind  the  hydrofoil,  perpendicular  to  the  velocity  and 
separated  by  a unit  of  distance.  Since  the  kinetic  energy 


ll 

is  proportional  to  the  square  of  circulation  P and 


157 


F(t^,T„Rtd^O  _ (5.21) 

or 

*^-/(r„Re;).  (5.22) 

Bie  circulation  is  related  to  the  chord  of  the  hydro- 
foil b,  velocity  v and  the  lifting  force  coefficient  Cy  by 
the  known  relationship 


reEs!®. 

2 


(5.23) 


Substituting  this  expression  into  (5*22)  and  consider- 
ing (5.20)  we  obtain 


Vp»/i(^.Rei).  (5.24) 

As  has  already  been  mentioned,  the  experiment  demon- 
strates that  However,  it  follows  then  from  (5.24) 

that  if  the  effect  of  Rei  is  ignored,  then  i.e,, 

the  same  result  which  was  derived  from  the  stated  theory, 
while  the  experiment  did  not  produce  any  noticeable  depend- 
ence of  Kii:p(x).  How,  then,  can  we  explain  the  closeness 

of  the  results  derived  from  the  theory  based  on  Rrandtl's 
calculations  on  the  one  hand,  and  on  the  presented  theo- 
retical concepts  of  the  dimensional  theory  and  the  experi- 
mental data  on  the  other? 

It  is  not  difficult  to  determine  that  out  of  the  two 
prerequisites  of  the  theory  based  on  Rrandtl's  computa- 
tions— the  vortex  scheme  of  the  core  as  defined  by  Rankine 
and  the  determination  of  the  dimensions  of  the  core  from 
the  equality  between  the  induced  drag  and  the  kinetic  en- 
ergy of  a single  layer — the  closeness  of  the  results  is 
really  defined  by  the  second  prerequisite,  which  in  the 
process  of  applying  dimensional  analysis  theory  is  reflected 
in  the  choice  of  the  defining  linear  dimension  Ij^  between 

the  vortices.  However,  it  is  natural  to  consider  that  this 
dimension  is  insignificant,  because  it  is  difficult  to  as- 
sume that  the  forming  of  the  core  of  one  vortex  will  be 
influenced  by  the  other  vortex,  especially  for  large  span- 
chord  ratios.  On  the  basis  of  these  remarks,  and  utilising 
the  dimensional  analysis  theory,  it  is  expedient  to  formu- 
late this  problem  somewhat  differently  and  examine  it  in 
the  following  wayi  there  is  a semi-infinite  hydrofoil  with 
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chord  b,  moving  at  velocity  vi  at  the  free  end  there  is  a 
trailing  vortex  with  circulation  P.  Similarly  to  (5*20) 
the  dimensionless  terms  now  become 

* = = i andRe,o=^,  " (5.25) 

2 

and  instead  of  (5 *24)  we  obtain 

(5*26) 

or  according  to  experimental  results 

»«p«C^(Re*)-  (5.27) 


[1^ 


Q 

Fig.  68.  Averaged  dependence  of  on  the 

r 

Reynolds  number  Re*  obtained  during  ex- 

V 

periments  in  a basin  and  a cavitation  tun- 
nel. Rectangular  hydrofoils  2 c ^ < 5.7i 
0.3  < Cy  ig  Ij  with  chords  7 nan  < b ^ 120  mm. 

C I 

An  averaged  dependence  of  = pTtg^' 

data  of  several  experiments  [54].  ie  shovm  in  Pig,  68.  It 
can  be  seen  from  this  figure  that  beginning  with  the  values 
of  Re*>5 -!<►',  f(Re*)«>constc:  6.2  and,  consequently,  the  calcu- 
lations of  afjjp  with  Re*>5  IO»  can  be  performed  by  the  for- 
mula 

7«kp  = 6.2^.  (5.28) 

It  is  interesting  to  note  that  Mjcp  depends  not  on  the 

intensity  P itself,  but  rather  on  P/bv.  Ihe  physical  mean- 
ing of  this  lies  in  the  fact  that  the  pressure  drops  at 
the  upper  and  lower  surfaces  of  the  hydrofoil  are  the 
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Chord  b,  moving  at  velocity  vi  at  the  free  end  there  is  a 
trailing  vortex  with  circulation  P.  Similarly  to  (5*20) 
the  dimensionless  terms  now  become  - 


. = ^.,r.  = i andR..=i. 
2 

and  Instead  of  (5*24)  we  obtain 

R**) 

or  according  to  experimental  results 


(5.25) 


(5.26) 


(5.27) 
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Pig.  68.  Averaged  dei)endence  of  on  the 

r Hp 

Reynolds  number  r«»=  — . obtained  during  ex- 

V 

periments  in  a basin  and  a cavitation  tun- 
nel. Rectangular  hydroioils  2 jg  A < 5,7, 

0.3  < Cy  ^ li  with  chords  7 mm  < b ^ 120  mm. 

An  averaged  dependence  of  ^ ^b*  ^sed  £lJ 

data  of  several  experiments  [5^],  is  shown  in  Pig.  68.  It 
can  be  seen  from  this  figure  that  beginning  with  the  values 
of  Re^^S  lO*.  f(Re«)<«const<»  6.2  and,  consequently,  the  calcu- 
lations of  ifjup  with  Re»>5<l(P  can  be  performed  by  l^e  for- 
mula 

= 6.2|.  (5.28) 

It  is  interesting  to  note  that  Xjjp  depends  not  on  the 

intensity  r itself,  but  rather  on  P/bv.  ?he  physical  mean- 
ing of  this  lies  in  the  fact  that  the  pressure  drops  at 
the  upper  and  lower  surfaces  of  the  hydrofoil  are  the 
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determining  factors.  We  can  expect  a substantial  effect 
on  Xjjp  at  the  curved  tip  of  the  hydrofoil,  while  variation 

in  circulation  due  to  variation  of  the  chord  will  have  no 
influence  on  Por  hydrofoils  moving  near  the  free  sur 

face,  when  the  hydrostatic  pressure  can  be  disregarded,  a 
simple  expression  can  be  given  for  the  relationship  of  the 
rate  of  emergence  of  cavitation  in  the  vortex  with  Cy 

Vkp  = [m/sec].  (5-29) 

Let  us  return  to  formula  (5* 28)  and  compare  it  with 
the  formula  for  the  critical  cavitation  number  that  was 
obtained  in  Rankine’s  study  of  a vortex  with  a core.  The 
pressxire  p^  at  the  boundary  of  the  core  can  be  found  from 

the  Lagrange -Cauchy  integral  for  potential  motion  outside 
of  the  core 


* y* 

Pi’=Pa,— py. 

where 

r 

U = WTm. 

2v, 

The  pressure  Pj^  at  the  axis  of  the  core  can  be  con- 
veniently found  by  employing  a system  of  coordinates  ro- 
tating with  the  core.  Bernoulli’s  equation,  considering 
the  potential  centrifugal  forces,  produces 

Pi'^Pi— ^ (5.30) 

the  relationships  for  the  moment  of  the  beginning  of  cavi- 
tation pj  = p^,  and  by  taking  (5*23)  into  account  we  obtain 

the  formula 


I' 


<5.31) 


Comparing  it  with  (5»28)  we  will  find 

r,=s  0,0456.  (5*32) 

i.e.,  the  radius  of  the  vortex  core  amounts  to  approximately 
5J5  of  the  hydrofoil’s  chord  and  does  not  depend  on  Cy. 


A 

In  Fig.  69  the  values  r^L-  corresponding  to  the  be- 

finning  of  cavitation  on  the  seCTented  profile 
based  on  experiments  [[77]  and  [78] ) are  compared  to  sim- 
ilar values  for  the  beginning  of  cavitation  in  the- vortices 
(based  on  experiments  ) • Cavitation  in  vortices  with 

Cy  > 0.3  begins  at  considerably  smaller  ,i.e.,  at  cor- 
respondingly smaller  velocities  than  on  the  profile. 


Similar  results  were  obtained  later  on  by  McCormack 
[203 j the  data  obtained  by  him  are  basically  in  close  agree- 
ment with  [5^]. 


Fig.  69.  Comparison  of 
regimes  of  the  beginning 
of  cavitation  on  the  pro- 
file and  in  trailing  vor- 
tices 1 1.  cavitation  in 

vortices,  hydrofoil  X = 5» 
6/b  = 0.15t  2.  cavitation 
on  the  profile  6/b  = 

= 0.1475;  3.  cavitation 
on  the  profile  6/b  = 0.12. 


5*4.  Simulation  of  the  Conditions  of  Air  Entry  to  the 

Hydrofoil  and  to  Bodies  Intersecting  the  Free  Surface 

As  is  indicated  by  the  analysis  [52],  air  entry  to 
the  hydrofoil  is  a complex  problem,  i.e.,  it  is  not  defined 
by  some  simple  process,  but  rather  consists  of  a series  of 
various  phenomena,  each  of  which  requires  a separate  study. 
The  Knowledge  of  all  these  phenomena  separately  is  not  suf- 
ficient for  explaining  conditions  of  air  entry;  analysis 
of  their  interaction  is  also  necessary.  Initially,  we  will 
divide  the  problem  under  consideration  into  two  separate 
areas  I air  entry  along  vortex  filaments  and  air  entry 
along  elements  intersecting  the  free  surface, 

Ihere  are  a great  number  of  descriptions  of  cases  of 
air  entry  along  vortex  filaments  (see,  for  example,  [6, 

73  )•  In  comparing  and  analysing  observations  and  evalua- 
tions performed  by  various  authors  on  this  phenomenon,  a 
number  of  inconsistencies  were  observed.  According  to  one 
group  of  observations  and  evaluations,  at  first  hollow  tub- 
ular vortices  are  formed  which,  while  floating  upward,  cre- 
ate the  channels  through  which  atmospheric  air  reaches  the 
hydrofoil.  According  to  other  observations,  it  is  just 
the  opposite — vortex  filaments  are  not  visible  (and 
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therefore  they  can  not  be  hollow)  in  the  region  adjacent 
to  the  hydrofoil,  but  can  be  seen  only  in  the  region  de- 
parting from  the  free  surface  far  from  the  hydrofoil. 

Some  authors  consider  that  loss  of  lifting  force  oc- 
curs as  soon  as  the  visible  part  of  the  vortex  reaches  the 
hydrofoil.  According  to  the  repeated  observations  of 
others,  the  air  that  reaches  the  hydrofoil  Blong  the  vor- 
tex is  not  distributed  along  its  surface  and  does  not  cause 
any  changes  in  the  flow  around  the  hydrofoil  and  in  the 
action  of  the  fluid  force  on  the  hydrofoil. 

What  is  the  real  character  of  the  phenomena  which 
cause  the  drop  in  the  lifting  force  due  to  the  entry  of 
atmospheric  air  along  vortex  filaments? 

First  of  all,  we  should  note  the  unfitness  of  the 
popular  hypothesis  that  air  entry  into  the  vortex  filament 
for  shallow  submergences  of  the  hydrofoil  takes  place  due 
to  the  surfacing  of  the  vortex  filament,  which,  in  turn, 
is  the  result  of  cavitation  and  the  filling  of  the  vortex 
filament  with  the  air  dissolved  in  water. 

As  was  shown  in  the  previous  section,  cavitation  in 
vortex  filaments  begins  at  sufficiently  large  velocities 

V = m/sec,  which  for  the  values 

for  hydrofoils  correspond  to  v = 18-25  m/sec.  At  the  same 
time,  air  entry  to  the  hydrofoil  is  very  often  observed 
under  simulation  conditions  with  v = 3-^  m/sec.  In  addi- 
tion, direct  observations  through  a perisocpe  [52^  have 
shown  that  the  cavitating  vortex  filaments  at  a distance 
on  the  order  of  40  chords  from  the  hydrofoil  do  not  float 
up,  but  rather  sink  deeper,  which  is  in  complete  agreement 
with  the  direction  of  induced  velocities  and  with  the  in- 
significant role  played  by  hydrostatic  forces  at  large 
FToude  numbers. 

We  have  elaborated  especially  on  the  criticism  of  the 
•theory  of  surfacing  vortices"  because  this  theory,  which 
at  first  glance  appears  to  be  probable  and  even  seems  to 
be  correct  for  the  case  of  deeply  submerged  hydrofoils,  is 
used  to  explain  the  phenomenon  of  air  entry  for  shallowly 
submerged  hydrofoils  for  which  this  phenomenon  is  more  im- 
portant, and  also  mainly  because  from  this  theory  follow 
incorrect  conclusions  with  respect  to  the  laws  of  simula- 
tion and  the  scale  effect.  Actually,  if  the  existence  of 
cavitating  vortices  was  necessary  for  the  process  of  air 
entry,  then  it  would  mean  that  for  all  models,  the  scales 


Cy  = 0.2-0. 3 typical 
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and  velocities  of  which  would  correspond  to  conditions 
without  cavitation,  there  would  be  no  entry  of  air  along 
vortex  filaments.  However,  when  going  over  to  full  size 
the  emergence  of  cavitation  will  lead  to  the  entry  of  air. 

But  if  the  air  entry  does  not  depend  on  the  surfacing 
of  vortices,  how  can  the  vortices  commimicate  with  the  at- 
mosphere? 

According  to  research  [523 i this  occurs  due  to  the 
specific  deformation  of  the  water  surface  behind  the  hy- 
drofoil. Ihe  character  of  this  deformation  is  described 
in  Section  2 of  this  chapter.  !Ihe  axes  of  the  vortex  fila- 
ments pass  in  the  immediate  vicinity  of  the  nearly  vertical 
walls  that  confine  the  cavity,  and  during  convergence  with 
them  there  arises  the  possibility  of  the  entry  of  atmos- 
pheric air  into  the  vacuum  region  of  the  vortex  filament. 
Ihus,  it  is  not  the  vortices  that  approach  the  free  sur- 
face, but  rather  the  free  surface  of  the  fluid  deforms  and 
approaches  the  vortices.  Figure  70  is  a photograph  of  the 
air  entry  to  the  vortex  through  the  side  boundary  of  the 
cavity  formed  behind  the  hydrofoil. 


Fig.  70.  Photograph  of  the  moment  of  the 
beginning  of  air  entry  across  the  bound- 
ary of  the  deformed  water  surface  into 
the  trailing  vortex  filament. 

Se^ented  hydrofoil  with  a relative 
thickness  of  b = 120  mmi  ).  = 5j 

a = 0O{  V = 5 m/sec.  Depth  of  submer- 
gence is  23  mm.  The  white  line  is  the 
wave  from  the  strut. 

♦Point  of  air  entry  to  the  vortex  filament. 


ttider  conditions  at  which  the  air  from  the  free  sur- 
face does  not  yet  penetrate  into  the  vortices,  J-ts  penetra- 
tion can  be  achieved  artificially.  In  experiments  it  was 
sufficient  to  touch  with  the  tip  of  a needle  the  vertical 
boundaries  of  the  cavity  in  the  region  where  the  vortex 
may  be  expected  to  pass. 

Ihe  suction  of  air  into  the  region  of  the  vortex  does  [lij 
not  depend  on  its  surfacing  or  on  the  cavitation  phencraerxon, 
but  is  stipulated  by  the  shape  of  the  water  surface  which, 
for  similar  hydrofoils  with  equal  angles  of  attack  and  rel- 
ative submergences,  is  determined  by  inertia  forces,  de- 
^nds  partially  on  the  Eroude  number,  and  is  practically 
independent  of  the  Reynolds  number.  For  small  submergences 
the  point  of  air  penetration  into  the  vortex  filament  is 
located  relatively  close  to  the  hydrofoil  (5-10  chords). 

This  area  of  the  free  surface  remains  virtually  unchanged 
for  large  JVoude  numbers.  From  this  we  must  draw  the  con- 
clusion that  for  large  Rroude  numbers  the  air  entry  to  the 
vortices  depends  on  neither  the  Froude  number  nor  the  Rey- 
nolds number. 

From  Section  2 of  this  chapter  it  follows  that  the 
forces  of  surface  tension  do  not  have  any  effect  on  the 
shape  and  dimensions  of  the  water  surface.  However,  they 
can  have  a substantial  effect  on  the  phenomena  connected 
with  the  breaking  of  the  water  surface  (penetration  of  air 
into  the  vortex  filaments ) and  with  the  separation  of  the 
fluid  from  the  surface  of  the  hydrofoil.  The  latter  case 
is  also  related  to  the  wettability  of  the  material  of  the 
hi’drofoil. 

Depending  on  the  cavitation  niimber  and  Cy,  the  visible 

vortices  of  a cavitational  nature  ct  the  ends  of  the  hydro- 
foil can  either  exist  or  be  absent?  however,  independently 
from  this,  at  a certain  submergence  (for  a given  hydrofoil 
and  conditions  of  motion)  atmospheric  air  penetrates  into 
the  region  of  the  vortex. 

Thus,  the  contradictory  observations,  which  indicate  [l 
in  one  case  that  the  visible  vortices  begin  from  the  hydro- 
foil, and  in  another  that  they  begin  from  the  surface,  can 
be  explained  by  the  fact  that  they  belong  riot  to  the  same, 
but  to  different  phenomena,  related  to  the  above-noted  na- 
ture of  the  visibility  of  vortices.  The  entry  of  air, 
which  produces  changes  in  the  hydrodynamic  characteristics, 
is  determined  not  by  the  cavitation  of  the  vortex,  but 
rather  by  the  penetration  of  atmospheric  air  due  to  deform- 
ation of  the  water  stirface.  The  presence  of  waves  or 
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Fig.  71.  F •i^aph  of  the  head  portion 
of  a cavity  . ing  toward  the  hydrofoil. 

For  hydrofoil  data  see  the  legend  to 
Fig.  70}  a = 5°}  V 5,1  n/'dec. 


[I'f? 


ripples  always  facilitates  air  entry  ai.ii  reduces  the  scale  [146 
effect  of  capillarity. 

Thus,  due  to  the  deformation  of  the  water  surface  be- 
hind the  hydrofoil  the  vacuum  region  in  the  vortex  core 
connects  with  the  atmosphere  and  air  rushes  toward  the  hy- 
drofoil. The  process  of  air  displacement  requires  special 
attention.  According  to  [6]  and  [7]t  cited  above,  this 
process  was  presented  in  the  form  of  air  flow  along  some 
"tubular  conduit"  created  by  the  hollow  vortex.  Ihese 
presentations,  however,  proved  to  be  too  primitive;  they 
correspond  to  reality  only  for  deep  submergences,  while 
for  the  shallow  submergences  which  are  of  interest  to  us, 
they  do  not  reflect  the  true  phenomenon. 

With  small  submergences  the  air  penetrates  toward  the 
hydrofoil,  forming  either  a characteristic  spindle-shaped 
cavity  with  one  or  several  constrictions,  the  leading  part 
of  which  moves,  according  to  the  conducted  computations, 
at  a velocity  (0. 1-0.3 )v  from  the  free  surface  toward  the 
hydrofoil*  (Fig.  71-72),  or  (this  usually  happens  with  very 


♦The  velocity  is  given  in  a system  of  coordinates  re- 
lated to  the  hydrofoil. 


shallow  submergences,  when  air  has  easy  access  into  the 
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Fig.  72.  Frames  from  a movie 
of  the  process  of  convergence 
of  the  air-filled  regions -of 
the  vortex  filaments  with  the 
hydrofoil.  Iri  the  second  and 
third  frames  one  can  see  the 
leading  region  of  the  air- 
filled  vortex  filament  ap- 
proaching the  hydrofoil  from 
the  right. 

Hydrofoil  X = 5?  b = 60  mmj 
a = 20}  V = 11  m/sec { h = 

= 30  mm. 


cavity)  a conical  cavity,  which,  as  has  been  noted  in  pre- 
vious works,  is  established  at  a certain  distance  from  the 
hydrofoil  and  in  the  process  of  its  motion  oscillates  ran- 
domly in  the  axial  direction,  catching  up  with  the  hydro- 
foil and  then  lagging  behind  again.  Conditions  also  exist 
under  which  the  conical  cavity  comes  into  contact  with  the 
tips  of  the  hydrofoil  with  its  front  end. 

Cavities  of  this  type  are  shown  in  Figures  73  and  7^* 

A question  arises  as  to  why  the  cavities,  the  stream 
boundaries  of  which  could  be  replaced  by  solid  walls,  move 
forward  with  velocities  equal  to  or  greater  than  those  of 
the  hydrofoil,  and  therefore  have  either  zero  or  negative 
drag. 


Ii:.  ordinary  stream  flows  the  cavity  (the  region  of 
constant  pressure)  also  has  no  dragj  however,  its  leading 
region,  for  example  a cone,  behind  which  it  is  formed, 
experiences  increased  pressures.  The  absence  of  drag  at 
the  cavity  visible  in  Figures  73  7^  is  explained  by 

the  rotary  motion  of  the  fluid. 

We  will  analyze  this  problem  in  more  detail  for  the 
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Ilg.  73*  Riotograph  of  cavities  in 
trailing  vortex  filaments  with 
small  submergences » a)  h = 8 mm, 

V = 8.2  m/secj  b)  h = 15  nim;  v = 
=7*1  m/sec. 

Segmented  hydrofoil  X = 5;  b = 

= 60  mmj  a = 8o. 


Jig.  7^.  Photograph  of  cavities  in 
vortex  filaments  for  small  submer- 
gences of  the  hydrofoil.  Bie  coni- 
cal cavities  have  reached  the  tips 
of  the  hydrofoil,  but  the  air  is 
not  rushing  toward  its  surface. 

Ihe  lifting  force  of  the  hydrofoil 
has  not  changed.  Segmented  hydro- 
foil X = 5j  b = 6o  mmj  a = 5°; 

V = 12.4  m/secj  h = 23  mm. 


case  of  a cavity  in  a rotating  fluid  flow  enclosed  in  a 
cylindrical  pipe.  We  will  determine  the  dr^  of  a body 
with  a stream  flow  around  it  using  a potential  flow  of  an 
ideal,  weightless,  incompressible  fluid  enclosed  in  a cy- 
lindrical pipe  with  a radius  R which,  in  addition  to  for- 
ward motion,  is  also  rotating  near  the  axis  of  the  pipe 
(Fig.  75). 

Let  us  designate  the  axial  fluid  velocity  by  v and 
the  circumferential  velocity  by  u.  We  will  consider  that 
at  the  cross  sections  0-0  and  1-1  the  axial  velocities  are 
constant  and  the  circumferential  velocities  are 


We  will  consider  the  pressure  inside  the  pipe  with 
radius  Tq  to  be  constant.  Designating  the  drag  of  the 
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Fig*  75*  Photograph  of  a 
cavity  and  schemtic  diagram 
for  calculating  its  forward 
motion. 


body  by  X,  we  apply  the  law  of  momentxam  to  the  volume  con- 
fined within  the  cross  sections  0-0  and  1-1, 

+ 2*J  rpjr) dr + cf»pg(r5)—2itjrp,(r)iif—itrfp,(r,).  (5*3^) 

'•  r, 

^ In  the  future  we  will  consider  the  value  Tq  to  be 
small  and  ignore  as  compared  to  r^i  and  then,  tak- 
ing the  continuity  equation  into  account,  we  can  rewrite 
(5*3^)  as  follows  I 

+ JrpiWir— I-Pjw].  (5.3^'  ) 

Applying  Bernoulli's  equation  to  the  stream  lines  in 
contact  with  the  pipe  walls,  we  obtain,  keeping  in  mind 
that  uo(R)  = ui  (r\ 


from  which 


P»  W + ■■  Pi  (R)  + 


(5*35) 


Applying  Bernoulli's  equation  at  sections  0-0  and  1-3 
obtain,  taking  into  consideration  that  vn  and  vi  are 


constant  along  the  cross  section, 
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p.W  + 4^-MR)+4^: 


(5.36) 


P*(r)  + '4^-/>.(R)+'“"*’ 


2 -*'  ' ' 2 
or  by  considering  (5*33 ) and  (5*36) 

P.(')=/>.(R)-iiSi(v-‘)= 

V«5  r ^ 


p»  ir) « P.  w -T-  1]  ^ • (5.37) 


Substituting  the  new  expressions  into  (5-3^’ ) and  ther 
denoting  r = r/R,  po(R)  = Po  and  Pi  (r^ ) = Pk*  we  find 


1 

X ppp  igrr,  _JEL(J: 

%R*  2 l~7f  [^*  8**^*  j 


rdr- 


2 


J 8«*/?‘  V r*  ) 


rdr— ?Pk. 


(5.38) 


Integrating  and  introducing  the  designations 


^ .. 


* ' — ^ ( 


after  some  simple  transformations  we  obtain 


(5.39) 

(5.^0) 


i5M) 


Assuming  that  at  increased  R the  value  r^  can  be  made 

sufficiently  small f and  ignoring  r^i  compared  to  unity,  w.e 
find 


(5.^2) 


if  there  is  no  body  and  we  are  dealing  with  the 
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steady-state  motion  of  one  cavity  only  in  a rotating  fluid 
flow,  then  the  drag,  and  hence  must  be  equal  to  zero 

and  the  condition  of  steady-state  motion  of  the 'cavity  be- 
hind the  hydrofoil  will  become 


% 


0. 


(5.^3) 


Expressing  P through  Cy  by  the  known  formula 


p — 

2 


(where  b is  the  chord  of  the  hydrofoil),  we  will  obtain  in 
stead  of  (5*^2) 


(5.^5) 


Formula  (5*45)  allows  us  to  observe  the  influence  of 
various  factors  on  the  motion  of  the  cavity. 

Suppose  that  under  certain  conditions  the  steady- 
state  motion  of  a cavity  is  present,  i.e.,  Qxj^  =0.  If 

the  supply  of  air  into  the  cavity  now  stops  or  diminishes, 
then  the  value  pk  will  decrease,  x will  increase,  will 

become  greater  than  zero  and  the  cavity  will  start  to  lag 
behind.  Ch  the  contrary,  passage  of  air  into  the  cavity 
and  increased  Pj^  will  lead  to  accelerated  cavity  motion, 

and  it  will  begin  to  catch  up  with  the  hydrofoil.  Air 
enters  into  the  cavity  through  its  trailing  tip  where,  due 
to  the  pulsating  action  of  the  converging  streams,  communi- 
cation with  the  astmosphere  becomes  either  facilitated  or 
hindered,  which,  as  we  can  see,  must  cause  longitudinal 
pulsations  of  the  cavity,  which  are  in  fact  observed. 

According  to  (5*^5  )•  deeper  submergence  of  the  hydro- 
foil, i.e.,  ein  increase  of  Pq,  should  lead  to  the  falling 

behind  of  the  cavity,  and  it  actually  does.  A similar  ef- 
fect will  be  produced  by  decrease  in  the  velocity  of  the 
hydrofoil,  although  at  first  glance  it  seems  that  a decrease 
in  hydrofoil  velocity  will  enable  the  cavity  to  catch  up 
to  it. 

According  to  (5*^5 )•  increase  in  Cy  will  cause  an  ac- 
celeration of  cavity  motion,  while  a decrease  in  Cy  will 
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cause  it  to  lag  behind.  This  is  in  complete  agreement  with 
the  existing  ideas  about  the  necessity  to  use  small  values 
of  C3y  in  order  to  move  air  entry  farther  away.  - 


Since  X is  a positive  value,  then  from  (5*^2^  it  fol- 
lows that  Cxj^  can  be  equal  to  zero  only  in  the  presence  of 

rotational  motion,  i.e.,  when  P / 0>  by  decreasing  P it  is 
possible  to  slow  down  the  forward  motion  of  the  cavity. 

If  we  lower  a plate  into  the  water  behind  the  hydrofoil 
near  the  vortex  axis  (Fig.  76),  this  plate  will  hinder  the 
rotational  motion  of  the  fluid  (at  least  in  the  area  of 
its  location)  and  the  cavity  will  not  be  able  to  advance 
ahead  of  the  plate. 


Fig.  76.  A flat  plate  placed 
behind  the  hydrofoil  and  pas- 
sing through  the  axis  of  the 
vortex  prevents  motion  of  the 
cavity  toward  the  hydrofoil. 
After  shifting  the  plate  to 
the  side  (middle  frame ) the 
cavity  tends  to  approach  the 
hydrofoil  and  reaches  it  in 
the  lower  frame. 

Se^ented  hydrofoil  X = 5i 
b = 60  mm?  a = v = 
m/sec;  h = 15  nan. 


Die  experiments  conducted  support  this  assumption. 

In  Fig.  76,  where  motion  picture  frames  are  presented,  it 
can  be  seen  that  from  the  side  where  the  plate  is  located 
(on  the  right  with  respect  to  motion)  the  vortex  cavity 
in  frv-snt  of  it  is  absent  and  on  the  left  side  it  has  ap- 
proached the  hydrofoil.  In  the  following  frames  it  can  be 
seen  that  by  moving  the  plate  farther  away  the  cavity  tends 
to  approach  the  right  tip  of  the  hydrofoil. 


Cavities  located  along  the  vortex  filaments  do  not  al- 
ways change  the  character  of  the  flow  around  the  hydrofoil, 
even  in  those  cases  where  they  come  in  contact  with  the 
hydrofoil.  Figure  7^  shows  a photograph  of  a hydrofoil 
with  cavities  which  adjoin  its  tips  and  do  not  lead  to  air 
penetration  to  its  upper  side.  Such  conditions  virtually 
do  not  reflect  on  the  lifting  force  or  the  drag  of  the  hy- 
drofoil and  do  not  create  the  instability  described  above. 
Ihis  is  explained  by  the  presence  of  increased  pressure 
under  certain  conditions  between  the  vacuum  region  on  the 
hydrofoil  and  the  vortex  cavity. 

However,  as  follows  from  Figures  70  and  71 » vortex 
cavities  are  not  steady-state  cylindrical  or  conical  cavi- 
ties. Oiey  are  twisted  into  spiral  cavities,  they  inter- 
sect each  other  and  are  in  a continuous  state  of  pulsating 
motion  with  respect  to  the  hydrofoil  (the  reason  for  this 
type  of  pulsation  with  the  closing  of  partial  cavity  re- 
gions was  discussed  above).  As  a result  of  these  pulsa- 
tions, which  are  partially  dependent  on  the  instability  of 
the  spiral  cavities  and  partially  on  the  weak  perturbances 
of  the  free  surface,  there  arises  the  probability  of  reduc- 
tion and  even  elimination  of  the  above-mentioned  high-pres- 
sure region,  and  at  that  moment  air  from  the  cavity  at  the 
end  rushes  in  toward  the  hydrofoil*.  Ihe  process  of  the 


♦Ihis  air  entry,  similarly  to  cavitation  in  vortices, 
substantially  depends  on  the  shape  of  the  tip.  Roundness 
of  the  tip  accelerates  the  entry. 


distribution  of  the  cavity  along  the  hydrofoil  is  shown  in 
Fig.  77* 

Depending  on  the  depth  of  submergence,  the  shape  of  £l 
the  hydrofoil,  its  angle  of  attack  and  its  velocity,  two 
types  of  flow  around  the  hydrofoil  can  emerge  when  the  hy- 
drofoil is  fixed  at  a certain  depth.  For  relatively  great 
depths  and  small  angles  of  attack  the  existence  of  the  cav- 
ity on  the  foil  itself  depends  on  the  final  volume  of  the 
penetrated  air,  whereby  after  change  in  the  character  of 
flow  and  decrease  of  the  lifting  force,  the  intensity  of 
the  vortices  changes  and  further  supply  of  air  from  the  end 
cavities  stops,  and  the  vortices  disappear.  Air  hitting 
the  foil  is  carried  off  by  the  flow  and  the  initial  condi- 
tions of  flow  around  the  hydrofoil  are  re -established { the 
vortices  appear  eigain  and  the  entire  process  is  repeated. 

With  low  velocities  and  small  angles  of  attack  and 
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Fig.  77*  Motion 
picture  frames 
showing  the  cav- 
ity approaching 
the  hydrofoil 
and  the  entry  of 
air  to  the  sur- 
face of  the  hy- 
drofoil. Hydro- 
foil with  a sym- 
metrical profile 
X = 2i  b = 60  mmi 
a = 10Oj  V = 7.65 
m/sec } h = 27  mm. 


with  large  submergences  the  probability 
of  air  entry  is  low.  Air  entry  can  be 
observed  on  one  out  of  sever^  dozens 
of  frames  and  it  quickly  disappears, 
tti  the  contrary,  with  Ijurge  velocities 
and  large  angles  of  attack  and  with 
small  submergences  the  instances  of  air 
entry  follow  one  after  another  and  re- 
main for  a prolonged  time.  Noting  these 
qualitative  regularities  we  should 
stress  that  the  frequency  with  which 
entry  occurs  for  the  given  condition 
does  not  remain  constant  and  is  subject 
only  to  statistical  regularity. 

In  addition  to  the  periodic  air 
entry  described  above,  a stationary 
entry  can  be  present,  leading  to  pure 
stream  flow  around  the  hydrofoil  with 
the  formation  of  a thin  water  arch  above 
the  foil.  This  second  type  of  flow  de- 
velops when  air  penetrates  into  the  re- 
gion above  the  hydrofoil  not  only  through 
the  vortex  cavity,  but  also  directly 
through  the  formed  water  arch  or  its 
edges.  Biis  type  of  entry,  later  to  be 
referred  to  as  the  arched  type,  is  the 
most  characteristic  type  for  large  an- 
gles of  attack,  sharp  leading  edges  and 
small  submergences.  Riotographs  of 
arched  entry  are  shown  in  Fig.  78. 

The  described  phenomena  emerge  for 
the  rigidly  fastened  hydrofoil.  If  sur- 
facing of  the  hydrofoil  is  unrestricted 
and  the  hydrofoil  is  carrying  a certain 
load,  then  after  the  entry  it  will  fall 
down,  the  air  in  the  cavity  will  be  car- 
ried off  by  the  stream  flow,  the  lifting 
force  at  this  depth  becomes  greater  than 
the  load,  and  the  hydrofoil  is  thrown 
above  the  water  level.  As  the  hydrofoil 
again  submerges  the  disruption  occurs 
and  the  process  is  repeated.  This  pro- 
cess is  periodical  with  a constant  pe- 
riod of  oscillation  for  a given  object 
and  conditions  of  motion. 


Die  development  of  air  entry  itself  for  a hydrofoil 
with  free  vertical  movement  is  somewhat  accelerated  due  to 
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Fig.  78.  Process  of  en- 
try leading  to  stream 
flow  around  the  hydro- 
foil and  to  the  forma- 
tion of  an  arch  made  of 
water  streams  above  the 
hydrofoil. 

hydrofoil  with  a sym- 
metrical profile  1=2} 
b = 60  mmi  a = l80|  v = 
= 7«65  m/sec { h = mm. 

ll  I . . . f l^i  p* 


interaction  between  the  pulsating 
cavities  and  the  natural  oscilla- 
tions of  the  hydrofoiDj  moreover, 
the  hydrofoil  oscillations  and 
the  cavity  pulsations  are  mutu- 
ally interrelated.  Dius',  for 
example,  the  envelopment  of  the 
hydrofoil  region  by  the  cavity 
leads  to  its  submergence  and  the 
submergence  in  turn  is  reflected 
on  the  vortex  cavities.  Diere 
are  cases  when  this  interaction 
leads  to  resonant  oscillations 
of  the  hydrofoil,  which,  intensi- 
fying, cause  air  entry. 

In  order  to  simulate  the  en- 
try phenomena  which  depend  on  os- 
cillations, it  is  necessary  to 
additionally  provide  dynamic  sim- 
ilarity. Hhe  analysis  and  con- 
siderations presented  above  with 
respect  to  the  simulation  of  air 
entry  phenomena  along  vortex  fil- 
aments are  supplemented  by  the 
tests  of  a scale  series  of  the 
hydrofoils  described  in  Section 
3 of  this  chapter,  ^ese  tests, 
described  in  detail  in  C52Jt  con- 
sisted in  the  towing  of  hydro- 
foils which  were  capable  of  sur- 
facing freely  with  various  angles 
of  attack,  velocities  and  loads. 
The  boundaries  of  the  regimes  for 
which  air  entry  and  the  dipping 
of  the  hydrofoil  occurred  were 
sought.  There  was  no  cavitation 
of  the  hydrofoil. 

Assuming  that  the  phenomenon 
being  analyzed  depends  on  b,  1, 

V,  g,  A (in  the  indicated  formula- 


lation  instead  of  the  submergence  the  weight  A is  intro- 
duced, which  is  equal  to  the  lifting  force  Y),  it  is  pos- 
sible, using  ordinary  techniques  of  dimensional  theory,  to 
express  the  regime  of  air  entry  by  the  expression 
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2 


(5.^) 
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or  for  all  similar  hydrofoils 

C,^  “ / («.  Fr*.  Re*.  We,) . -(5.4?) 

Rewriting  the  last  expression  in  the  form  (]see  (1.55)] 
C,  =/,(*.  Pf*n.  K).  (5.^) 

it  can  be  seen  that  with  constant  values  of  p,  g,  v and  a 
the  last  two  terms  depend  on  b only  and  thus  the  number 
of  terms  can  be  reduced 

= Fr,.  b).  (5.49) 

Let  us  emphasize  that  tHis  formula  is  valid  only  for 
p,  g,  V and  a corresponding  to  the  conditions  of  the  con- 
ducted experiments,  i.e.,  specifically  for  water  bordering 
with  air. 

*1 
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Pig.  79.  Boundary  of  the  regime  of  air  entry 
to  a fiat  hydrofoil  in  coordinates  Cy  and 

Fu- . Profile  of  a segment!  6/b  = 15* 

/i* 

X = 5.  a 80| a ^ 40|  1.  b = 

3 30  mmi  2.  b 5 60  mm;  3*  ^ = 120  mm. 

Figure  79  shows  dependences  Cyj^p  (P^b)  with  a = 

= const  and  b = const  plotted  according  to  results  of  tests 
of  a scale  series.  Completely  in  agreement  with  the  above 
analysis,  it  turned  out  that  in  the  case  of  large  FToude 
numbers  and  hydrofoils  with  chords  of  b > 60  mm,  the  con- 
ditions for  air  entry  depend  neither  on  the  Rroude  number 
nor  on  the  Re  and  Vite  numbers.  !3ierefore,  based  on  physical  U 
considerations,  as  well  as  on  the  test  results  from  the 


176 


scale  series,  it  is  possible  to  draw  the  conclusion  that 
until  the  beginning  of  cavitation  on  the  profile  for  hydro- 
foils of  sufficiently  large  dimensions  (for  the  experiments 
. under  discussion  starting  with  b = 60  mm)  there  is  no  scale 

effect  of  air  entry.  For  hydrofoils  with  a chord  b > 60  mm 
it  is  possible  with  sufficient  accuracy  to  also  omit  simu- 
lation with  respect  to  the  Firoude  number,  if  > 3»  pre- 

; serving  only  geometric  similitude,  equality  of  the  angles 

; of  attack  and  similitude  in  immersion  or  load  coefficients, 

‘ For  small  hydrofoils  (be  30  mm)  the  influence  of  the 

scale  effect  proved  to  be  of  significance,  which  means  that 
a decrease  in  hydrofoil  dimensions  leads  to  the  air  entry 
I phenomenon  shifting  toward  higher  velocities.  The  natm'e 

1 of  this  influence  is,  probably,  the  result  of  the  action 

of  surface  tension  forces,  which  impede  the  breaking  of 
the  fluid  surface  and  thus  resist  air  penetration  into  the 
vortex  filaments.  The  surface  tension  also  hinders  the 
formation  of  separating  flow,  i.e.,  the  penetration  of  air 
from  the  vortex  to  the  hydrofoil.  According  to  the  experi- 
I ments  conducted,  the  scale  effect  increases  with  decrease 

* in  angles  of  attack  (see  Fig.  79).  This  is  in  agreement 

I with  the  suggested  hypothesis  concerning  the  role  of  sur- 

i face  tension  forces,  since  a specific  portion  of  these 

I forces  increases  with  decrease  in  the  angle  of  attack. 

t 

The  technical  possibilities  of  analyzing  air  entry 
are  hampered  under  conditions  of  cavitation.  This  makes 
it  necessary  to  limit  the  study  to  an  analysis  of  the  phys- 
ical considerations  and  to  schematized  experimentation  in 
a basin,  using  relatively  high  velocities  and  a small, 
thick  hydrofoil  with  large  angles  of  attack. 

First  of  all,  it  should  be  expected  that  cavitation 
of  the  vortex  filaments  will  have  little  effect  on  the  pen- 
etration of  atmospheric  air  into  them  and  may  even  delay 
this  phenomenon  some that.  The  following  considerations 
support  the  above  opinion  i 

— Prior  to  the  emergence  of  cavitation  in  the  vortices 
the  pressure  difference  between  that  in  vortices  and  at 
the  fluid  surface  varies  in  direct  proportion  to  the  square 
of  the  velocity.  After  cavitation  begins,  with  further  in- 
crease in  velocity  this  difference  ceases  to  increase  ar.d 
remains  constant. 

— Air  penetration  into  the  vortex  filaments  occurs 
not  from  the  horizontal  water  surface,  as  was  previously 
assumed,  but  rather  from  the  vertical  walls  of  the  cavity 
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developed  behind  the  foil.  Dierefore,  the  surfacing  of 
the  hollow  packs  of  vortex  filaments  virtually  -does  not 
draw  them  nearer  to  the  free  surface.  For  an  eyjiluation 
of  the  height  of  the  surfacing  motion  we  can  look  at  Fig. 
80,  where  the  tip  of  a foil  with  a hollow  vortex  of  circu- 
lar cross  section  is  shown  schematically.  Assuming  that 
every  element  of  the  vortex  rises  toward  the  surface  inde- 
pendently of  its  remainder,  and  disregarding  the  mass  of 
the  air  and  the  vapors  confined  within  the  pipe,  it  is  pos- 
sible to  write  the  equation  of  motion  for  an  element  as 
follows  t 


«rJdrpy‘=*rod*{>g.  (5.50) 

where  the  coefficient  for  y in  the  left  part  of  the  equa- 
tion expresses  the  attached  mass  of  the  element,  while  the 
right  side  expresses  its  buoyancy  force. 


Fig.  80.  Schematic  presentation 
for  calculating  the  surfacing  of 
a cavitating  vortex  filament. 

?rom  (5»50)  it  follows  that 

y s g.  (5.51 ) 

Since  the  distance  x from  the  element  to  the  tip  of 
the  hydrofoil  can  be  expressed  in  the  form 

X = vt,  {5.52) 

where  v is  the  velocity  of  wing  motion  and  t ia  the  time 
elapsed  from  the  moment  the  tip  of  the  foil  passes  the 
plane  in  which  the  cross  section  of  the  element  is  located, 
then  equations  {5*51)  snd  (5*52)  become  similar  to  equa- 
tions of  the  free  falling  body  thrown  with  a horiaontal  vel- 
ocity V.  5he  trajectory  of  the  vortex  filament  will  be  de- 
termined by  the  equation 
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(5.53) 


or  in  the  dimensionless  form 


(5.5^) 


For  example,  for  a hydrofoil  with  a chord  equal  to 
60  mm,  at  a velocity  v = 10  m/sec  and  with  the  cross  sec- 
tion under  consideration  at  a distance  of  five  chords  away 
from  the  foil,  we  obtain  a rise  of  y = 4.5  mmi  at  a distance 
of  20  chords  y = 72  ram. 

Here  we  should  make  the  reservation  that  for  deeply 
submerged  foils  with  a relative  submergence  on  the  order 
of  one  chord  and  greater,  when  the  vortex  filaments  in  non- 
cavitational  flow  do  not  pass  near  the  free  surface,  the  [l 
presence  of  cavitation  in  the  vortex  can  actually  cause  its 
surfacing  and  consequent  suction  of  atmospheric  air.  Cavi- 
tation on  the  profile  can  influence  the  air  entry  to  the 
hydrofoil  itself,  if  the  air  has  reached  the  tip  of  the 
hydrofoil  along  the  vortex  filament.  Ihis  is  explained  by 
the  redistribution  of  pressures  along  the  profile  typical 
for  cavitation  and  by  the  pulsations  characteristic  of  it. 

As  a result  of  analysis  of  the  problems  of  simulation 
and  the  series  of  experiments  conducted  on  geometrically 
similar  hydrofoils,  it  was  established  that  for  small  hy- 
drofoils, with  the  chord  b = 30  nan,  a considerable  scale 
effect  takes  place,  and  that  the  velocity  at  which  air  en- 
try occurs  is  substantially  higher  than  for  the  large  hy- 
drofoils in  simulation  according  to  Froude’s  law  of  simili- 
tude. 


Ihe  scale  effect  was  not  detected  for  hydrofoils  with 


a chord  b = 60  tam. 


and  when  Fr,.® 


>5  we  can  dispense 


with  Rcoude  simulation,  preserving  only  geometric  similar- 
ity and  the  similarity  of  the  inertia  forces,  ^his  condi- 
tion can  substantially  facilitate  some  analyses.  From  the 
above  discussion  it  follows  that  the  disagreement  between 
experiments  with  models  in  a basin  and  experiments  with 
full-siae  objects  under  actual  conditions  can  be  due  to 
the  scale  effect  for  small  hydrofoil  models.  If  the  hydro- 
foils are  of  sufficient  dimensions,  with  a chord  on  the 
order  of  100  mm,  we  should  not  expect  any  pronounced  scale 
effect  in  the  absence  of  cavitation.  It  should  be  noted 
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that  a major  aource  of  disagreement  may  be  the  schematiza- 
tion  adopted  for  the  simulation  tests*  the  abs.ence  of 
drift,  heeling,  real  waves,  wind,  etc. 

The  phenomenon  of  air  entry  on  objects  which  intersect 
the  free  surface  [S,  72,  86,  88]  (struts,  tips  of  the  foil) 
has  its  own  characteristics  and  the  reasons  that  cause  it 
are  different  from  those  that  lead  to  the  entry  along  vortex 
filaments  discussed  above. 

Even  though  a great  number  of  publications  have  been 
devoted  to  analysis  of  air  entry  near  objects  intersecting 
the  freo  surface,  there  is  so  far  no  rational  theory  nor 
clear  scheme  for  this  phenomenon.  Apparently  correct  but 
very  general  concepts  have  been  presented  which  indicate 
that  entry  is  caused  by,  in  addition  to  decrease  in  the  am- 
bient pressure  on  the  object  to  atmospheric,  phenomena  of 
the  separation  of  the  boimdary  layer  and — with  small  dimen- 
sions of  objects— by  the  forces  of  surface  tension^ 

According  to  the  observations  and  the  experiments  car- 
ried out  by  the  author,  the  nature  and  character  of  air  en- 
try near  objects  intersecting  the  free  surface  are  not  iden- 
tical for  the  so-called  well  end  poorly  streamlined  bodies. 
To  the  first  category  belong  struts  and  hydrofoils  with 
small  relative  thiclEneBS  and  small  angles  of  attach  or  drift 
while  to  the  second  category  belong  objects  with  large  rela- 
tive thif'-lmess  and  any  struts  or  hydrofoils  with  large  (su- 
percritical) angles  of  attack. 

Let  UB  describe,  first  of  all,  the  outer  side  of  this 
phenonenon.  Bie  level  cf  the  free  surface  in  the  region 
of  its  intersection  with  the  body,  rises  in  the  zone  of  in- 
creased pressure  and  drops  slightly  in  the  region  of  vacuum 
on  the  body.  With  small  angles  of  attack  the  level  drop 
is  not  great  and  does  not  progress  substantially  with  in- 
creased velocity.  It  is  obvious  that  on  the  deformed  free 
surface  the  pressure  is  equal  to  atmospheric,  while  on  the 
submerged  body  elements  the  emerged  vacuums  increase  with 
increase  in  velocity.  As  a result,  there  occur  conditions 

where  on  a portion  of  the  body  (the  y axis  is  directed 

downward ) . 

Beginnijig  at  some  velocity,  individual  air  cavities 
in  the  shape  of  cones  with  the  apex  directed  toward  the 
leadir,g  edge  appear  on  the  submerged  part  of  the  body.  Cie 
appearance  of  these  cavities  occurs  due  to  the  passage  of 
portions  of  air  from  the  region  of  lower  water  level  where 
fluid  separation  from  the  strut  sometimes  occurs. 


After  their  appearance  the  cavities  exist  for  a cer- 
tain time,  sometimes  jumping  over  from  one  place  to  another, 
disappearing  depending  on  the  amount  of  air  loss^and  being 
replaced  by  new  ones.  All  the  factors  which  lead  to  in- 
crease of  rarefaction — increased  velocity,  angle  of  attack, 
etc. — lead  to  enlargement  of  the  region  occupied  by  cavi- 
ties, which  propagate  depthwise  and,  finally,  envelop  the 
entire  span  of  the  inclined  hydrofoil  or  strut.  Increase 
of  velocity  and  angle  of  attack  causes  the  separate  ca/i- 
ties  to  merge,  and  finally  leads  to  the  formation  of  a com- 
mon cavity,  i.e.,  to  transition  to  the  stveam-flow  condi- 
t 


Fig.  81,  Hioto^raphs  illustrating  the 
effecH  of  velocity  on  the  character  of 
the  flow  around  a submerged  V-shaped 
hydrofoil  intersecting  the  free  surface 
(b^=50mm)i  a)v  = l.5  ly'sec*.  b)  v = 

= 2.0  m/secj  c)  v = 2.5  m/secs  d)  v = 

= 3*5  m/secs  e ) v = 4 ^eeci  f)  v = 7 
m/sec. 


Ihe  entire  cycle  of  air  entry  development  is  illustra-  [l60 
ted  in  the  example  of  the  V-shaped  hydrofoil  with  a low 


doadrise  (Pig.  8l).  For  bodies  positioned  at  a large  angle 
of  attack,  particularly  ones  with  sharp  edges,  ^;he  process 
of  air  penetration  into  the  vacuum  region  is  different. 

With  an  increase  in  velocity  the  region  with  the  lowered 
surface  level  behind  the  body  gradually  increases  iength- 
wise  and  depthwise  and,  as  a rule,  becomes  filled  with 
foam.  With  velocity  increase  the  depress! on-cavity  behind 
the  body  reaches  its  lower  edge  and  is  eventually  cleared 
of  the  foam. 


Diorough  experimental  studies  of  the  phenomenon  of  air 
entry  to  vertical  cylindrical  struts  that  intersect  the 
free  surface  were  performed  by  D.  Wetzel  [88].  He  analyzed 
the  dependence  of  the  condition  under  which  air  entry  oc- 
curs on  a large  number  of  parameters.  The  diameter  of  the 
cylinder  d (O.8-50  mm)  and  the  relative  depths  of  submer- 
gence h=  j (from  1-20)  were  varied  within  a wide  range. 

During  the  co\irse  of  the  experiments  the  viscosity  of  the 
water  v,  the  surface  tension  coefficient  o,  and  the  strut 
materials  were  varied. 


The  principal  results  of  experiments  are  presented  in 
[88]  in  the  form  of  the  relationships  between  the  relative 


submergence  and  the  Proud e numbers  Fr* 


and 


(Fig.  82a,  b)  at  which  air  entry  occurs,  dovm  to  thr  lowest 
point  on  the  metal  strut.  In  Fig.  83  these  results  are 
compared  with  the  results  obtained  during  similar  tests  of 
struts  coated  with  teflon,  an  evidently  nonwettable  mate- 
rial. 


[161 


Di  his  conclusions,  Wetzel  indicates  that  two  types 
of  ‘Ventilation,**  or  the  suction  of  air  into  the  vacuum 
region  behind  the  body,  were  observed!  instantaneous,  when 
the  air  penetrated  along  the  entire  depth  of  the  submerged 
strut,  and  gradual,  when  the  cavity  behind  the  body  moved 
deeper  .<ith  increase  of  the  FToude  number,  while  Its  lower  [163 
portion  was  filled  with  foam.  Ventilation  of  the  first 
type  was  predominant  for  thin  struts  without  coating  and 
was  characterized  by  substantial  hysteresis,  i.e.,  by  the 
difference  of  the  FToude  numbers  that  corresponded  to  its 
formation  and  its  disappearance 

In  the  discussion  of  Wetzel’s  article,  as  well  as  in 
the  discussion  of  K.  Wadlin’s  work  [86],  in  which  Vtetzel's 
data  are  cited,  along  with  statements  on  the  relation  of 
viscosity  and  surface  tension  to  the  phenomenon  under  con- 
sideration there  are  several  attempts  to  present  specific 
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Fig.  83.  Effect  of  teflon  coating  on 
the  condition  of  air  entry  to  the  lower 
end  of  a round  strut  intersecting  the 
free  surface  [88]. 

Metal  struts  I 6 ’*  d = 1.2?  mm;  O - 
d = 3*15  ami  0 - d = 12.7  nun. 

Teflon-coated  struts;  - d = 1.32  ram; 

4 - d = 3*22  ram;  B - d = 12.7  ram. 

calculations  and  explanations.  Thus,  E.  R.  Tinny  suggests  [l( 
tha];  we  determine  the  conditions  of  entry  by  equating  the 
value  of  the  greatest  vacuums  on  the  cylinder  to  the  hydro- 
static pressure  at  the  level  of  the  submerged  edge.  F5rom 
the  relationship 


(5.55) 

he  finds 

(5.56) 


and,  assuming  that  = -0.8  for  the  range  of  1.5*lo3  < [li 


< Re  < 1.5*10^1  lie  gets  Erji  = 1.58i  a value  that  is  close 
to  the  limiting  value  = 1. 6-1.7  for  large  cjAinders 
(see  lig.  82a).  For  small-diameter  cylinders  Tinny  sug- 
gests an  empirical  formula  Fr^  + i.e.,  he  relates 

the  air  entry  only  to  the  relative  submergence  and  the  Rey- 
nolds nxunber. 

Wadlin  [86]  rearranged  the  data  of  [88]  in  the  form 
of  the  relationship  with  respect  to  the  absolute  sub- 
mergence h and  obtained  the  relationship  shown  in  Fig.  84 
by  employing  formula  (5*56).  He  writes  the  following* 
"...this  figure  indicates  that  for  a depth  of  submergence 
exceeding  two  inches  the  pressure  coefficient  at  the  lower 
end  is  constant.  However,  at  depths  of  less  than  two  inches 
the  pressure  coefficient  at  the  lower  edge  rapidly  de- 
creases. " Wadlin  attributes  this  decrease  to  the  influence 
of  the  free  surface  and  indicates  that  in  accordance  with 
formula  (5*56)  a decrease  in  (p)  leads  to  an  increase  in 
Rh- 


Considerable  attention  in  [86]  and  others  is  paid  to 
analysis  of  the  relationship  of  ventilation  to  phenomena 
in  the  boundary  layer.  Thus,  Gamer  considers  that  "accu- 
mulation of  material  of  the  boundary  layer  and  negative 
pressures  in  the  zone  of  separation"  serve  as  the  prerequi- 
sites for  ventilation.  In  [88]  special  studies  of  the 
boundary  layer  are  described,  where  an  oil  film  was  applied 
on  the  body  being  towed,  after  which  the  surface  was  viewed 
xinder  ultraviolet  light. 

Uhder  closer  analysis  it  became  evident  that  the  sug- 
gested explanations  of  the  experimental  results  in  [86] 
and  others  ar«  inconsi 

In  Pig.  85  the  distribution  of  pressure  on  cylinders 

for  various  Re  values  from  2600  to  ~2.10^  are  shown  [34]. 
Prom  this  figure  it  follows  that  the  values  of  greatest 
rarefactions  are  on  the  order  of  1 only  for  Re  = 

s 2800,  but  for  such  cylinders  Rrjj  > 10;  while  as  far  as 

the  cylinders  are  concerned  for  which  > 1.6-1.?,  the 

values  are  Re  ~ lo5  and 

Wadlin 'b  explanations,  based  on  the  influence  of  the 
free  surface  on  Pain  for  sulaaergences  of  less  than  two 
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Fig.  85 • Distribution 
of  pressure  in  the  cy- 
linder for  various 
values  of  Re  £3^3* 
values  in  thousands 
are  indicated  on  the 
curves. 


inches,  are  at  least  strange, 
since  the  effect  of  the  free 
surface  on  the  pressure  near  the 
lower  end  of  the  strut  oust  be 
reflected  through  the  relative 
submergence  which,  for  thin 
struts,  was  sufficiently  large 
(4-20). 

What  are  the  real  causes  of 
air  entry,  and  specifically,  the 
causes  that  define  the  character 
of  the  dependences  shown  in  Fig. 
82? 


As  in  many  cited  examples, 
formal  adaptation  of  dimensional 
theory  to  the  complex  phenomenon 
being  studied  produces  no  ef- 
fect. We  can  write  that  the 
condition  for  air  entry  depends 
on  I the  diameter  of  the  cylin- 
der d and  the  depth  of  its  sub- 
mergence h{  the  properties  of 
the  fluid — density  a and  viscos- 
ity V5  the  surface  tension  coef- 
ficients at  media  boundaries 
0^2*  0^3,  0231  the  gravitational 

acceleration  gj  and  on  the  ve- 
locity of  motion  v 

F(d.  k,  p. 0,1.  Ott,  On.  g,  t>)  0 
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or,  after  reducing  to  dimensionless  form  and  retaining  only 

0 “ Cftp 

/ 4 ^ « - \ 

0. 


Fbur  independent  terms  also  require  for  their  analysis 
an  extensive  number  of  experiments,  a part  of  which  was 
conducted  in  [88].  In  order  to  obtain  effective  results 
the  phenomenon  must  be  subdivided  into  elements  and  addi- 
tional considerations  should  bo  utilised. 

Let  us  first  examine  a more  simple  case  for  cylinders 
with  large  diameters,  with  respect  to  which  we  can  expect 
that  the  role  played  by  viscosity  and  surface  tension  will 
be  negligibly  small.  For  this  type  of  cylinder,  according 
to  the  observations,  the  cavity  gradually  deepens  propor- 
tionally to  thrj  increase  of  the  velocity  (Fig.  86),  and 
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Pig.  86.  Schematic  diagram  of  cavity 
formation  for  flow  around  a round  cy- 
linder of  large  diameter  intersecting 
the  water  surface.  Ihe  lower  part  of 
the  cavity  is  filled  with  foam. 

finally,  at  a certain  critical  velocity,  approaches  the 
lower  end  of  the  cylinder.  However,  the  regimes  of  flow 
that  exist  under  these  conditions,  first  of  all,  correspond 
to  the  conditions  not  of  continuous,  but  of  stream  cavita- 
tion flow,  and  secondly,  they  are  essentially  related  to 
the  three-dimensional  character  of  flow  around  the  end  of 
the  cylinder. 

Just  as  for  all  supercavitating  flows,  in  this  case 
too  it  should  be  considered  that  the  motion  regime  virtu- 
ally does  not  depend  on  the  Reynolds  number,  and  for  the 
given  relative  submergence  the  critical  value  of  = 

= const  must  remain  for  any  practical  values  of  Re  > 5*10^ 

(for  smaller  values  of  Re  the  flow  can  change  slightly  at  £ 
the  front  part  of  the  cylinder).  In  the  first  approxima- 
tion* for  qualitative  analysis  we  can  compare  the  phenome- 


♦The  inaccuracy  of  such  an  approximation  is  due, 
firstly,  to  the  fact  that  the  values  Rr(j  = v/gd  are  not 

email  enough  to  replace  the  liquid  surface  with  a solid 
wall,  and  secondly  to  the  fact  that  the  cavitation  number 
is  different  at  different  flat  cross  sections. 


non  being  considered  to  the  cavitation  flow  around  the  end 
of  a cylinder  with  a length  of  2h/d  for  the  cavitation  num- 
ber 


3 


3 


(5.57) 
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where  Pa  is  the  atmospheric  pressure  j y = P6  is  speci- 
fic weight. 

Die  critical  value  of  Xkp  and  the  corresponding  value 
of  Rrii  will  belong  to  the  transitional  regime  from  the  ini- 
tial cavitational  state  to  the  supercavitating  condition. 
With  a decrease  of  h = h/d  the  value  xjcp  decreases  and, 
therefore,  {Frji)icp  increases.  In  general  X]cp  = f(h). 

For  large  length-to-diameter  ratios  of  the  cylinder 
the  flow  around  its  end  becomes  independent  of  this  ratio 
and  remains  virtually  constant.  If  the  diameter 

of  the  cylinder  is  small,  th^  sui'face  tension  forces  are 
equivalent  to  the  increase  in  external  pressure.  Consider- 
ing that  in  its  5.nitial  state  the  cavity  which  has  enveloped 
the  body  does  not  yet  substantially  exceed  the  body  dimen- 
sions and  the  radii  of  the  cavity’s  boundary  curvatures 
have  the  order  of  the  radius  of  the  cylinder*,  we  will  find 


♦Generally  speaking,  a correction  multiplier  should 
be  introduced,  and  instead  of  the  2o/R  term  the  value  m2o/R 

should  be  used}  correspondingly,  Sma/pv^d  should  be  used  in- 
stead of  8o/pv2d. 


that  the  exposure  of  “^he  entire  strut  will  correspond  to 
the  condition  where 


»«.> 


p,  + ifc  + " — p, 

3 


_L  + JL 

Fr|  fcM 


(5.58) 


from  where,  after  some  simple  transformations,  we  find 

(5.59) 


—f-*- 


or 


(Fr^  > 


(5.60) 
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!Dius,  we  have  found  the  expressions  (i^)l  and 

for  which  the  cavity  formed  behind  the  cylinder- reaches  its 
lower  point.  ^ 

ISitil  now  we  have  analyzed  the  conditions  of  equilib- 
rium of  the  cavity  already  formed  behind  the  strut  in  the 
region  of  its  submerged  end.  Let  us  look  now  at  the  condi-  [169 
tions  under  which  such  a cavity  begins  to  form  near  the 
free  surface.  In  the  middle  portion  of  the  strut  and  be- 
hind it  a region  of  vacuum  exists,  which  at  a certain  point 
of  the  cylinder's  surface  may  be  characterized  by  the  coef- 
ficient p.  Obviously,  p depends  on  the  dimensionless  co- 
ordinates of  the  point  0 and  y/d,  relative  submergence  of 

the  cylinder  h,  and  also  on  the  FToude  number  Fr<««D/l/g5  and 

Reynolds  number  Re  = vd/v.  At  the  locations  of  the  great- 
est vacuum 

^in  = Ji'd.  Re).  {5*6l) 

Let  us  note  that  pjnin  has  nothing  in  common  with  Xj^p. 

The  presence  of  vacuum  will  cause  a drop  of  the  water 
level  and  the  inception  of  cavity  formation  behind  the  cy- 
linder in  the  region  of  the  free  surface,  let  us  examine 
in  more  detail  the  shape  of  the  free  surface  near  the  wall 
of  the  cylinder.  If  the  boundary  were  to  coincide  with  the 
fluid  at  rest,  then,  depending  on  whether  the  material  of 
the  cylinder  walls  gets  wetted  or  not,  the  contour  of  the 
boundary  would  have  the  shape  shown  in  Hg.  67a  or  b,  re- 
spectively. 

Biuilibrium  under  conditions  of  a moving  fluid  will 
of  course  exist  with  another  form  of  boundaries;  however, 
it  can  be  expected  that  at  a small  distance  from  the  wall, 
where  the  velocities  of  the  particles  in  the  boxindary  layer 
are  small,  the  character  of  the  boundary  outline  shown  in 
Pig.  87a  will  be  preserved.  This  can  be  expected  with  even 
greater  reason  in  the  stagnation  zone  behind  the  cylinder. 

Figwe  87b  shows  the  schematic  diagram  of  a longitudi- 
nal section  of  the  bottom  of  a '*  iveloping  cavity.  Since 
the  surface  tension  forces  are  directed  toward  the  center 
of  curvature,  it  follows  from  Pig.  8?a  that  the  capillary 
forces  hinder  the  fortaation  of  a cavity  for  the  case  of  a 
wettable  wall.  Thus,  the  forces  that  tend  to  form  the 

cavity  will  be  proportional  to  the  value  while  the 


Fig.  87-  Longitudinal  and  cross  sections 
of  the  incipient  cavity  near  the  free 
surface  behind  a moving  cylinder! 

a)  wall  is  wetted,  contact  angle  a < 
b)  wall  is  not  wetted,  contact  angle  a > 


forces  that  hinder  the  cavity,  to  the  value  where 

and  R2  are  the  radii  of  curvature  of  the  deformed  fluid 
eiirface  at  the  points  of  its  contact  with  the  body. 

Assuming  the  radii  of  curvature  to  be  proportional  to 
the  characteristic  linear  dimension  of  the  body,  i.e.,  to 
its  diameter*,  we  can  write  the  relationship  for  equilibrium 


•^is  assumption  would  be  too  strict  for  this  type  of 
conditions  under  the  action  of  inertia  forces  only.  In 
this  case  the  shape  of  the  boundaries  and,  therefore,  the 
radii  of  cxirvature  of  the  incipient  cavity,  depend  alec  on 
the  forces  of  viscosity  which  govern  the  velocities  in  the 
boundary  layer.  Ihe  fluid's  weight  should  not  be  reflected 
on  the  critical  state  of  cavity  formation,  since  the  ini- 
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tial  deformations  may  be  considered  to  be  small.  Ihus,  we 
must  consider  that  = fi(Re)d  and  R2  - f2(Re)_d.  Ihe 

greater  the  value  dv/dy  in  the  boundary  layer,  tte  smaller 
the  radii  of  curvature  of  conto\irs  of  the  free  boundary, 
which,  near  the  wall,  where  the  velocities  are  close  to 
zero,  should  form  an  angle  of  a < it/2  with  the  wall.  Since 
with  increase  of  Re  the  velocity  gradient  along  the  normal 
increases,  the  constant  must  also  increase. 


among  the  forces  acting  on  the  formation  of  the  cavity  in  £l70 
the,  following  formt 


Pmin  ^ = const . (5.62) 

« a 

In  accordance  with  the  note  above,  it  is  more  accurate 
to  consider  that  the  constant  is  a function  of  Re. 


Bius,  we  see  that  for  wettable  struts  the  regime  of 
cavity  inception  can  be  written  in  the  form  of  the  rela- 
tionship 


. 

• " frg,  Re) 


(5*63) 


For  deep  submergences  h and  large  Proude  numbers 
the  right  side  can  be  considered  only  a function  of  Re. 


Expression  (5*63)  can  be  transformed  into  the  form 

<5.64) 


or 


(5.65) 
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Let  us  sum  up  some  results i if  the  Rroude  number  val- 
ues obtained  from  expressions  (5*59)  or  (5- 60)  are  CTeater 
than  the  ones  computed  by  formulas  (5.64)  and  (5.65)t  then 
the  regime  of  strut  exposure  will  be  determined  by  (5.59) 
and  (5.60)  only,  since  the  conditions  of  cavity  inception 
near  the  surface  have  been  met.  3h  the  worst  case,  i.e., 
if 

(R:*d)2  > (R^d)l  or  (n:h)2  > (ftliH, 

the  beginning  of  this  regime  will  be  defined  only  by  the 
relationships  (5*64)  and  (5 ‘65),  and  as  soon  as  the  Froude 
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Hg.  88.  Dependence  of  X on  the  relative 

submergence  h according  to  processing  of 
data  ^om  experiments  L®8]* 


Pig.  89.  Dependence  of  on  the  Reynolds 

nxunber  according  to  processing  of  data  fi'om 
experiments  C^SJ. 


numbers  reach  the  proper  values  exposure  will  occur  imme- 
diately along  the  entire  length  of  the  stnit.  A section  [l73 
of  a vertical  line  will  correspond  to  the  regime  of  entry 

in  coordinates  K and  Rr,j  for  a constant  diameter  with  ac- 
curacy of  up  to  the  influence  of  h on  p. 


The  boundary  at  which  calculations  based  on  formulas 
for  (Fr)j  must  be  replaced  by  calculations  based  on  formu- 
las for  (Pr)2  obviously  corresponds  to  the  condition  of 
(Er)l  = (F3t:)2.  from  which 


(5.66) 


For  the  calcuiations  of  the  regimes  of  entry  obtained 
in  [88]  it  is  necessary  to  know  the  two  slowly  varying  de- 
pendences V{>f— 1 Cl  (Re)  w £3^, 

V ^ / Pmio 


[17M 
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Pig.  90.  CorapariBon  of  coinputatione  of  air  entry 
toward  tlje  end  of  rovinl  etrutc  intersecting  a 
free  surface  with  experiments  [883. 

computed  boundary  between  the  regimes  of 

gradual  and  sudden  entry j computations. 

Dots  represent  experimental  data.  For  the  desig- 
nations of  diameters  see  Fig.  82. 


19^ 


f.. 
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coating  interRtcting  a free  sur- 
lace,  Llnee  represent  values 
crlculated  by  formula  (5*59?- 
i)ot8  are  plots  of  expei-imenl-el 
data  £803 . 

6 * d = 1 32  mmi  D-  d = 1.62 

mini  A - d = 3*08  Jinnj  o - d =r 

= 19  1 fflin* 

!!he  value  of  X(h)  for  large  diameters  d = 50*8  and 
d = 34  BUD  ve  determine  from  experimental  results  £08]  a* 
cording  to  Fig.  82a  and  formula  (5 *59)*  Ihe  function 
(Re ) — for  suiall  diameters  d < 5 n® — can  be  determined 

from  Pig.  82b  and  formula  (5»65)*  relationships 


obtained  are  shown  in  Pigures  88  and  89. 

!Ihe  results  of  calculations  for  the  regime  of  air  en- 
try from  formulas  (5*60),  (5*65)  and  (5*66)  witlr  determined 
values  of  dc  and  are  given  in  Fig.  90  (lines).  The  re- 
sults of  Wetzel's  experiments  are  shown  by  dots.  Die  close 
agreement  between  calculated  and  experimental  data  demon- 
strates the  correctness  of  the  above-stated  considerations 
with  respect  to  the  nature  of  the  air  entry  phenomenon  and 
the  formulas  derived  on  their  basis. 

In  general,  the  following  phenomena  can  now  be  easily 
explained  and  evaluated  1 hysteresis  at  small  struts,  in- 
dependence of  the  critical  Rr^j  from  the  relative  submer- 
gence for  small  struts,  and  the  effect  of  rippling,  which 
disrupts  the  above-described  stabilizing  action  of  surface 
tension  forces  at  the  free  surface. 

The  suggested  computations  are  in  agreement  with  ex- 
periments in  which  struts  coated  with  teflon  were  examined. 
With  nonwettable  material  the  above-described  phenomena 
which  hinder  cavity  formation  at  the  free  surface  do  not 
occur  and  the  calculations  should  be  conducted  only  using 
formulas  (5*59)  or  (5*60).  Die  comparison  of  theoretical 
computations  with  experimental  results  for  teflon  struts 
is  shown  in  Fig.  91* 

Die  qualitative  aspect  of  the  suggested  explanations 
of  air  entry  to  round  struts  also  applies  to  profiled 
struts. 
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CHAPTER  VI.  CONCERNING  SIMULATION  OF  CERTAIN 
PROBLEMS  RELATED  TO  AIR-CUSHION  MOTION. 


At  the  present  time  air-cushion  vehicles  (ACV)  are 
still  in  the  formative  stage j nevertheless,  there  are  many 
types  and  shapes  of  such  vehicles.  This  is  particularly 
related  to  the  fact  that  by  their  principles  of  motion  and 
areas  of  application  they  are  at  the  junction  of  land, 
water  and  air  transport. 

In  a number  of  cases  it  is  difficult  to  determine 
whether  a certain  type  of  vehicle  is  ship,  airplane,  auto- 
mobile or  flying  platform.  A review  of  the  various  types 
of  air-cushion  devices  can  be  found  in  [26]. 

Regardless  of  the  design  of  the  ACV,  we  will  always 
encounter  the  problem  of  the  interaction  of  gaseous  streams 
with  the  water  surface.  The  velocities  of  the  gas  under 
a chamber  type  vehicle  are  very  small,  and  gas  streams  de- 
velop only  in  the  area  of  outflow  around  the  perimeter  of 
the  cushion.  Nozzle  type  vehicles  feature  the  direct  ac- 
tion of  slit  gas  streams  on  water,  while  in  flying  plat- 
form vehicles  this  action  takes  place  practically  under 
the  entire  vehicle. 

Some  aspects  of  the  simulation  of  phenomena  connected 
with  the  hovering  of  craft  above  water,  with  the  escape  of 
gas  streams  and  their  interaction  with  the  water  surface 
are  analyzed  in  the  first  three  sections  of  this  chapter. 
The  fourth  section  is  devoted  to  simulation  of  flexible 
enclosures  [skirts]. 

6.1,  Calculation  of  the  Regime  of  Hovering  Above  Water 
for  a Device  with  the  Chamber  Type  of  Air  Cushion 

Let  us  analyze  the  steady-state  condition  of  hovering 
above  a solid  screen  of  an  ACV  with  the  chamber  system. 

!lhe  regime  is  well  defined  by  the  geometry  of  the  craft, 
which  in  turn  is  defined  by  the  linear  dimensions  1,  li , 


» • • f 


In,  by  excess  subdome  pressure  ^p,  by  air  density  p' 

and  by  the  position  of  the  craft  relative  to  the  screen. 

Let  us  consider  that  the  plane  iJassing  through  the  lower 
edge  of  the  craft's  dome  is  parallel  to  the  screen*  then 
the  position  of  the  craft  will  be  defined  by  the  hovering 
height,  i.e.,  by  the  distance  h from  this  plane  to  the 
screen,  All  other  characteristics  of  the  regime — air  con- 
sumption 0,  power  used  N,  lifting  force  Y — will  be  functions 
of 


I,  k 


» P , Ap,  h. 


(6.1) 
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Since  from  the  terms  of  (6.1)  we  can  form  only  dimen- 
sionless combinations  in  the  form 


(6.2) 


then  for  all  geometrically  similar  craft  all  the  dimension- 
less characteristics  will  become  functions  of  h/1.  ^eci- 
fically#  denoting  the  consumption  of  the  gas  refered  to 
the  perimeter  by  we  will  obtain  by  employing  ordinary 
methods 


(6.3) 


In  the  case  of  a two-dimensional  problem,  when  the 
dimensions  of  the  craft  are  sufficiently  large  as  compared 
to  the  area  of  gas  outflow  from  under  the  edge  of  the  dome, 
it  is  not  possible  to  select  a characteristic  dimension  1, 
and  the  dimensionless  combination  containing  must  be  a 
constant  or  a function  of  the  angle  of  wall  inclination  0, 
since  from  the  terms  remaining  in  (6.1) — p' , Ap  and  h — it 
is  not  possible  to  form  a dimensionless  quantity.  Thus, 


and 


Ihe  value  f (9  ) can  be  expressed  through  the  so-called 
coefficient  of  pressure  increase  H*.  Applying  Bernoulli's 
equation  to  the  two  points  A and  B of  the  stream  flowing 
out  from  under  the  dome  (Pig.  92),  we  will  find  the  veloc- 
ity of  the  stream  at  point  Bi  o,  — ; designating  the 

width  of  the  stream  by  Vh  we  will  obtain  the  amount  of 
consumption  Qj^  in  the  form 

j/^,  (6.6) 

X • 6 • • 

(6.7) 

If  the  craft  is  hovering  above  the  fluid  exirface. 
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Pig.  92.  Diagram  for  calculating 
the  hovering  height  of  a chamber- 
type  ACV. 

then  the  latter  deflects  under  the  craft  to  the  distance 

AA— (6.8) 

(Fig.  92)  and  the  number  of  determining  parameters  will  in 
crease  by  the  value  y,  i.e.,  it  will  be 

p',  Ap.  A,  T.  (6.9) 

Now  the  coefficient  of  consumption  formulated  as 

will  be  a function  of  a single  dimensionless  value  which 
can  be  formed  from  (6.9)»  i«e.,  from 


A-J5-.  (6.11) 

AP 

It  is  not  difficult  to  determine  the  character  of  the 
dependence  of  Qi(h).  It  is  more  convenient  to  analyze  the 
reversed  dependence,  i.e.,  h(Qi}>  Without  disturbing  the 

commonality  of  discourse,  let  us  assume  that  the  values  y» 
Ap,  p'  are  fixed j then  a small  gap  between  the  water  sur- 
face and  the  edge  of  the  dome  will  also  correspond  to  very 
small  consumptions  Q^,  i.e.  h dh  =s  -Ap/y*  Also,  accord- 
ing to  (6.11)  h = -1.  5he  limiting  case  of  large  can 
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be  analyzed  as  an  increase  of  y with  constant  Qj^ , p'  and 

Ap.  Obviously,  by  increasing  the  value  y for  a given  /ip 
we  will  decrease  the  deflection  of  the  free  surface  which, 
in  the  extreme  case,  will  not  be  different  from^  solid 
screen,  where  the  relationship  between  h and  is  expres- 
sed by  (6.6).  According  to  (6^6),  (6.10)  and  (6.11),  we 
find  that  for  large  values  of 


(6.12) 


i.e.,  the  relationship  h(Qj^ ) will  be  asymptotic  and  will 
approach  a straight  line  coming  out  of  the  origin  of  co- 
ordinates at  an  angle  whose  tangent  is  equal  to  I/V2tt)  and, 
as  has  been  mentioned  before,  passing  through  the  point 
= 0,  h = -1.  In  Figures  93-95  experimental  results  are 
presented  concerning  the  relationships  h(Qi),  obtained  by 

K.  V.  Zharinov,  for  e = 45°,  6 = 90°,  0 = 135°  and  various 
Ap.  In  the  same  figures  there  is  a straight  line  plotted 
by  formula  (6.12)  for  a stiff  screen?  in  the  computations 
of  this  line  the  value  is  taken  as  a dependence  on  e in 
correspondence  with  known  data  from  theoretical  evaluations 

Cii]- 

For  computations  of  the  dependence  h(Qi ) the  follow- 
ing semi-empirical  formula  can  be  suggested  t 


» g 1.8 

5i+>,5’ 


(6.13) 


which  satisfies  the  condition  h = -1  with  = 0 and  the 

asymptotic  approach  to  (6.12),  and  which  is  basically  in 
aCTeement  with  Zharinov 's  experiments  (see  dotted  line  in 
Kg*  93-95  )•  Since  the  dimensions  of  ACVs  are  large  with 
respect  to  the  region  of  outflow,  then  by  subdividing  the 
perimeter  of  the  craft  into  sections  and  by  adopting  the 
results  of  the  two-dimensional  problem  to  each  of  them,  we 
will  find  that  for  the  actual  chamber- type  craft  it  is  suf- 
ficient, in  the  first  approximation  (for  the  evaluation  of 
consumption  Q),  to  multiply  the  consumption  by  the  peri- 
meter of  the  dome  0,  i.e.,  in  accordance  with  (6.10) 


(6.14) 
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Fig.  93.  Dependence  of  the  dimensionless 
distance  from  the  craft  to  the  undisturbed 


T 

water  surface  on  the  dimensionless  con- 


sumption -^,e-4S*.  dependence 

h(5j^)  for  a stiff  screen  j theoretical 


computations  by  formula  (6.13). 

The  lifting  force  Y will  obviously  be  equal  to  the 
product  of  the  cushion  area  and  the  Ap  value 

Y « SAp.  (6.15) 

The  power  expended  for  suspension  of  the  craft  is 

N 3 QAp.  (6.16) 

The  problem  of  spray  formation  is  far  more  complex, 
even  in  a two-dimensional  case.  Due  to  tangential  etreases 
the  surface  layer  of  the  fluid  becomes  deformed,  moves  and 
disintegrates}  the  gaseous  stream  carrying  away  the  wet 
particles  forms  the  spray.  It  is  no  longer  possible  to 
disregard  the  fluid  motion  and  the  viscous  and  capillary 
stresses,  and  therefore  instead  of  (6.9)  ^e  must  write 

p'.  4p.  A.  p.  g.  y.  0.  (6.17) 

For  analysis  of  a craft  under  the  conditions  of  motion 
with  velocity  v,  it  is  necessary,  in  addition  to  parameters 
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(6,17),  to  use  the  value  of  velocity  v and  the  lineai'  val- 
ues 1,  li,  In.  which  characterise  its  shape  and  di- 

mensions. Fbr  geometrically  similar  craft  the  following 
system  of  defining  dimensionless  parameters,  for  example, 
can  be  written 


il-  Si  il-  £2L  _2^ 

P r Ap  * ll  ’ vl  ’ f • * tl*  ' vji 


(6.18) 


6.2.  Submerged  Streams 

Lex  us  analyze  the  steady-state,  two-dimensional  or 
axis^netrical  stream  of  viscous,  incompressible  fluid 
flowing  out  from  an  opening  of  infinitely  small  width  (from 
the  pole ) into  a boundless  region  filled  with  the  seme 
fluid.  Far  from  this  ^et  the  fluid  Is  at  rest.  Ihe  mech- 
anism of  stream  formation  consists  of  the  fact  that  escap- 
ing particles  move  through  inertia,  but  are  gradually 
slowed  by  the  forces  of  friction  with  the  surrounding  fluid 
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Due  to  these  fraction  forces,  the  particles  cf  the  sur-  [18C 

rounding  fluid  accelerate  and  become  drawn  Into  the  stream, 
as  a result  of  which  the  stream’s  mass  increases  with  in- 
crease of  the  distance  from  the  opening.  A schematic  re- 
presentation of  the  submerged  stream  is  shown  in  Pig.  96. 


Pig.  96.  Schematic  diagram  for  eval- 
uating a submerged  stream. 
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We  will  consider  that  in  spite  of  the  infinitely  small 
dimensions  of  the  opening,  a second's  pulse  I of  the  escap> 
ing  stream  remains  finite.  Ihe  velocity  of  the^luid  par- 
ticles at  a certain  point  of  the  stream  will  depend,  obvi- 
ously, on  the  coordinates  ( and  TQ  of  this  point  (see  Fig. 
96),  on  the  magnitude  of  the  pulse  I and  on  the  fluid's 
properties,  which  can,  according  to  what  we've  said,  be 
defined  by  the  values  of  its  density  p and  viscosity  v. 
Bius,  we  can  write  that 

0-^(5.  p,  v).  (6.19) 


Translo^'^ing  into  the  dimensionless  form,  instead  of 
(6.19)  for  the  axisymmetric  stream  we  obtain 


J5r)*  (6.20) 

from  which 

— (6.21) 

In  particular,  it  follows  from  (6.21)  that  for  the 
^iven  stream,  i.e.,  for  fixed  values  l>f>  and  v,  the  veloc- 
ity at  the  axis  of  the  stream  ( Y)  = O'  varies  in  inverse 
proportion  to  the  distance  i from  the  opening  (pole). 


According  to  (6.21)  the  value 


»a.  ^ 


(6.22) 


i.e.,  the  ratio  0)  with  fixed  l/pv^,  is  determined 

by  the  ratio  Y)/|  only,  and,  thus,  the  geometric  locus  of 
points  where  the  velocity  is  a definite  portion  of  the 
velocity  on  the  axis  is  formed  by  the  rays  tl/^  = k = const 
emerging  from  the  pole. 
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If  we  plot  0(1,  ij)/o(|.  0)  along  the  ordinate  axis  and  the 
relationship  H/l  along  the  abscissa  axis,  we  can  consider 
the  graph  obtained  as  the  velocity  profile  at  the  cross 
sectiem  of  the  stream  with  the  plane  { - const.  Ihis  pro- 
file, as  shown  by  (6.22),  will  be  universal  for  all  i.  It 
is  common  practice  to  plot  along  the  abscissa  axis  instead 
of  H/l  a value  V/fio  proportional  to  it,  where  Vq  is  the 

value  at  the  points  <7(1.  tO/c’d.  0)  = 0.5. 
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Note  I Dividing  the  numerator  and  the  denominator  of 
the  relationship  y\/i\o  I*  obtain 

.(6.23) 

*.  e 

where  ko  = Vq/I  is  the  tangent  of  the  angle  formed  by  the 

stream's  axis  and  the  ray  passing  through  the  points 
v(4,  7/)/v((,  0)  = 0.5. 


For  turbulent  streams  the  tangential  stresses  in  the 
fluid  are  determined  by  the  turbulent  agitation,  and  the 

parameter  l/pv2  becomes  unimportant  and  must  be  excluded 
from  equations  (6.20)-{6.22>. 

In  the  case  of  the  two-dimensional  problem,  the  stream 
will  be  characterized  by  the  pulse  per  unit  length  of 

of  the  opening.  In  accordance  with  this,  instead  of  (6.20) 
we  will  obtain 


For  turbulent  streams  we  can  drop  the  second  term  of 
the  function  f2*  Ihen 

'"vrl/TMf)'  <*-25) 

i.e.,  in  the  case  of  the  two-dimensional  flow  the  veloci- 
ties along  the  rays  H/l  = const  decrease  in  inverse  pro- 
portion to  the  square  root  cf  the  distance  to  the  pole, 
and  not  in  inverse  proportion  t^  the  distance,  as  was  the 
case  for  the  axisymmetrical  stream  [formula  (6,21)]. 

For  the  two-dimensional  turbulent  stream,  obviously, 
a relationship  analogous  to  (6.22)  takes  placet 


the  tern  n/|  is  also  usually  replaced  by  the  proportional 
quantity  which  has  the  same  meaning  as  in  the  threo- 
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dimensional  case.  Figures  97  and  98  show  experimental  data 
from  [84^  and  [75]  which  characterize  the  velocity  fields 
of  two-dimensional  and  axisymmetric  streams.  Based  on  the 
same  data,  the  dependences  ""  [l8 


(^•27) 


are  plotted  in  Figures  99  and  100. 


Fig.  97*  IteBt  data  [75]  concerning 
the  velocity  field  in  an  axisymmetric 
submerged  stream. 


[18 


Thus,  the  le.w  of  self-similar  stream  expansion,  uni-  [ll 
versal  for  all  cross  sections,  which  was  derived  from  the 
theory  of  dimensional  analysis,  is  well  supported  by  exper- 
imentation. 

The  experimental  data  are  also  in  close  agreement  with 
the  derived  laws  of  decrease  of  axial  velocity  v(i,  0)  at 
increased  distance  from  the  pole.  The  width  of  streams, 
analagously  to  the  thickness  of  the  boxmdary  layer,  cannot 
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Fig.  99.  A universal  profile  of  velocities  in  an  ^1 
symmetric  submerged  stream,  based  on  the  data  of  Fig. 


Fig.  100.  A universal  profile  of  velocities  in  a two 
dimensional  submerged  stream  based  on  the  data  of  Fig 


be  determined  precisely,  since  the  velocity  decreases 
asymptotically  to  zero  at  greater  distances  from  the  axis. 
If  we  use  the  data  of  Pig.  97  and  98  and  adopt 'the  chsu:ac- 

ter  of  universal  relationships  f (■^)  as  it  is  in  Figures 

99  and  100,  then  the  values  ko  and  the  tangents “of  the 

angle  of  inclination  ^ of  the  stream  boundaries  will  be 
ko  0.1,  tan  9 0.224  for  two-dimensional,  axisymmetric 

streams . 

6.3.  On  the  Cavity  Formed  on  the  Surface  of  a Fluid  

Under  the  Action  of  a Vertical  Gaseous  Stream 

For  certain  types  of  ACVs,  as  well  as  for  other  tech- 
nical applications,  the  question  of  the  cavity  formed  on 
a fluid's  surface  under  the  action  of  a vertical  gaseous 
stream  is  of  great  interest. 

Experiments  show  that  with  low-velocity  heads  of  the 
gaseous  stream  and  with  great  distances  from  the  nozzle  to 
the  surface,  a smooth,  sloping  cavity  emerges,  surrounded 
by  a slight  ring-shaped  elevation.  With  an  increase  in 
the  velocity  head,  all  other  conditions  being  equal,  the 
cavity  becomes  deeper,  a system  of  spreading  ring-shaped 
waves  develops  on  the  surface,  and  then  foam  is  formed  on 
the  bottom  of  the  cavity,  with  spray  flying  out  from  its 
periphery.  Figure  101  shows  photographs  of  cavities  ob- 
tained at  various  velocities  of  the  gas  stream.  Biey  re- 
present an  instantaneous  picture,  because  actually  the  cav 
ity  is  pulsating  all  the  time,  and  its  averse  shape  and 
dimensions,  which  are  of  interest  for  practical  applica- 
tions, can  be  obtained  by  photography  with  a prolonged  ex- 
posure. Figure  102  has  several  pictures  of  a cavity  under 
constant  conditions  of  the  gas  stream,  but  witij  short  and 
long  exposure. 


Fig.  101.  Photographs  of  a deformed  water  surface  under 
the  action  of  a vertical  gas  stream.  Nozzle  diameter 
do  = 6 mm?  distance  of  the  nozzle  from  the  surface  4i  = 

= 40  mm.  Gas  velocities  at  nozzle  cutoff  (from  left  to 
right) I VQ  = 12.6,  25.2,  40.  69.4  and  86.7  m/sec. 
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Fig.  102.  Photo^aphs  of  a cavity  developing  under  the 
action  of  a vertical  gas  stream  (do  = 12  mm,  = 24  mm, 

Vq  = 74  m/sec)!  a)  and  b)  two  instantaneous  photographs} 

c)  photograph  with  an  exposure  of  15  seconds  which  enables 
us  to  determine  the  averaged  contour  of  the  cavity. 


Let  us  analyze  the  problem  of  determining  the  dimen- 
sions of  a cavity  formed  under  the  action  of  a vertical  gas 
stream  which  is  discharged  at  velocity  vq  from  a nozzle 

with  diameter  do  suspended  at  a distance  from  the  free 
surface . 

In  the  process  of  solving  this  problem,  it  becomes 
possible  to  clearly  illustrate  the  dependence  of  the  ef- 
fectiveness of  results  on  the  approach  and  on  the  utiliza- 
tion of  certain  simple  physical  concepts  and  experimental 
factors.  Let  us  first  apply  general  concepts  of  the  theory 
of  dimensional  analysis  and  describe  the  factors  which  can 
take  part  in  our  problem. 

It  is  obvious  that  among  the  values  which  have  an  in- 
fluence, for  example,  on  the  depth  of  the  cavity  y^^,  are 

primarily  the  parameters  of  the  gas  stream,  defined  by  the 
physical  properties  of  the  ejected  gas — its  density  p', 
viscosity  v*  and  temperature  T* , and  also  the  diameter  of 
the  nozzle  do*  its  profile  and  the  characteristic  velocity 

vq  at  the  cutoff  of  the  nozzle*. 


♦It  is  assumed  that  the  law  of  distribution  across 
the  cross  section  of  velocities  and  temperatures  at  the 
nozzle’s  cutoff  is  given. 


Furthermore,  before  the  gas  stream  has  any  effect  on 
the  fluid,  it  will  become  deformed  as  a result _of  inter- 
action with  the  layer  of  gas  located  between  the  nozzle 
cutoff  and  the  fluid,  ^erefore,  among  oxu:  parSneters  we 
must  include  the  thickness  of  this  layer,  i.e.,  the  dis- 
tance from  the  nozzle  to  the  water  surface,  and  its 

physical  properties  i density  p”,  viscosity  v"  and  temper- 
ature T".  The  physical  properties  and  the  dimensions  of 
the  fluid  medium  must  be  indicated!  its  density  p,  viscos- 
ity V,  temperature  T,  the  surface  tension  coefficient  at 
the  boimdary  between  the  fluid  and  the  gas  a,  the  shape  and 
overall  dimensions  of  the  container  with  the  fluid,  and, 
finally,  the  acceleration  of  gravity  g.  Dius, 


yi  = F(<U,  A 0^  V.  V.  v*.  p.  p',  p\  T,  r,  T\  0,  (6.28 ) 


Here,  1^,  ...,  Ij^  are  the  linear  dimensions  which  de- 
fine the  shape  of  the  nozzle  and  the  container,  as  well  as 
the  dimensions  of  the  latter. 


In  addition,  if  the  temperature  is  expressed  in  inde- 
pendent units  (degrees)  it  is  necessary  to  introduce  the 
gas  constant  or  Boltzmann's  constant  into  the  parameters, 
transformation  to  dimensionless  values  will  reduce  the  num- 
ber of  parameters  by  four,  but  even  then  the  number  of 
them  will  remain  n +12,  so  the  problem  remains  immense 
for  practical  purposes. 

Let  us  simplify  its  formulation  by  employing  additional 
assumptions.  Let  us  assume  that  it  is  not  necessary  to 
consider  compressibility,  that  the  temperatures  of  all  the 
media  are  the  same,  and  that  the  stream  is  surrounded  by 
gas  with  the  same  properties?  then  instead  of  (6.28)  we 
can  write 


ITl  ea  E,.  /„  ....  /„  V,  v',  f,  f',  O,  £).  (6.29) 

Bcperiments  [69]  have  shown  that  for  a wide  range  of 
limits  the  bottom  and  the  walls  of  the  container  virtually 
are  not  reflected  in  the  dimensions  of  the  cavity  (Pi^. 
103),  which  is  explained  by  the  almost  completely  undis- 
turbed condition  of  the  fluid,  in  which  only  weak  circula- 
tion currents  develop.  Noticeable  velocities  are  present 
only  along  the  boundaries  of  the  cavity  and  are  directed 
along  the  tangent  to  its  contour. 

The  described  condition  is  illustrated  by  photographs 
made  by  the  author,  in  which  suspended  particles  introduced 
into  the  fluid  are  rendered  in  the  form  of  dashes.  The 
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Pig.  103.  Effect  of  the  bottom  and  walls  of  a container  on  the 
depth  of  the  cavity  (do  ==  3 nun). 

• - 1 (container  50  x 25  mm)  1 o - 2 (container  100  x 50  nHn)j 
• - 3 (container  150  x I50  mm)i  « - 4 (bottom  of  containers  at 
depth  of  46  mm). 


length  of  these  dashes  is  proportional  to  the  velocity  of 
the  particles  and  the  length  of  exposure.'  In  Fig.  104  ex- 
amples are  shown  of  this  type  of  photograph. 
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Fig.  104.  Photographs  illustrating  the  mo- 
tion of  the  fluid  which  surrounds  the  cavity 
formed  by  the  action  of  a two-dimensional 
gas  stream  (vq  = 125  m/8ec)i 

a)  exposure  0.5  sec,  the  current  lines  are 
visibly  marked  by  suspended  particles} 
b)  exposure  O.03  sec,  making  it  possible  to 
determine  the  velocity  field  by  means  of  the 
length  of  dashes  marked  by  the  suspended 
particles. 
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The  information  presented  allows  us  to  exclude  from  [190 
(6.2)  the  values*  li«  ...,  Ini  as  well  as  vi  besides,  since 


♦Let  us  also  consider  that  the  shape  of  the  nozzle 
will  provide  a nearly  uniform  velocity  field  at  its  face. 


the  fluid  can  be  considered  practically  at  rest,  then  in- 
stead of  p and  g we  can  introduce  the  specific  weight  y = 
= pg.  As* a result,  instead  of  (6.29)  we  obtain 

yi<=f(<4,  li,  0,,  v',  f/  0,  j,).  (6.30) 


If  we  adopt  some  simple  physical  concepts,  the  number 
of  variables  can  be  additionally  decreased.  Actually, 
since  the  deflection  of  the  surface  is  determined  by  the 
normal  pressures,  then  instead  of  the  parameters  p'  and  Vq 

their  combination  in  the  form  of  the  product  p'vp^  or  the 


pulse  of  the  stream  I 


within  one  second  can  be  used. 


In  a similar  manner,  p and  g are  combined  in  (6.30)  by 
their  product  y,  since  only  the  gravity  manifests  itself. 


In  addition,  taking  into  account  that  only  the  regimes 
of  a turbulent  free  stream  are  of  practical  interest,  for 
which,  according  to  current  concepts,  the  flow  is  considered 
to  be  self-similar,  we  can  exclude  the  parameter  v' . Thus, 
instead  of  the  n + 9 parameters  in  (6.29),  and  the  seven 
in  (6.30),  we  now  have  only  fivei 

y,  = f(do.  p't^.  T.  «)•  (6.31) 


In  transition  to  the  dimensionless  form,  instead  of 
(6.31)  we  obtain* 


*We  were  able  to  form  three  dimensionless  combinations 
from  the  five  parameters  in  the  right  side  of  (6.31),  be- 
cause the  dimension  of  time  does  not  enter  into  these  para- 
meters, but  only  the  dimensions  of  length  and  force,  i.e., 
only  two  parameters  with  independent  dimensions* 


f -tTjsTTJB.^S-xr^T^g-pjr^A 


For  sufficiently  large  dimensions i when  the  capillary 
effects  may  be  ignored,  only  two  parameters  will  remain » 


(6.33) 


If  we  take  instead  of  p'VQ^  the  pulse  of  the  streams, 
we  will  obtain  a relationship  similsir  to  (6.33) « 


<4 


(6.34) 


It  may  appear  that  the  problem  has  been  reduced  to 
the  extreme  limit.  Biis  simplification  was  accomplished 
through  the  use  of  the  additional  information  and  assump- 
tions introduced  in  the  process  of  the  development  of  the 
problem.  We  can,  however,  indicate  an  approach  which  will 
lead  to  even  greater  reduction  of  the  number  of  terms, 
even  with  fewer  assumptions,  i.e.,  in  a formulation  that  [19J 
corresponds  to  (6.28). 


Let  us  assume  that  the  cavity  is  formed  as  a result 
of  the  action  of  the  gas  stream  on  the  water  surface  and 
therefore  will  be  determined  if  we  will  assign  its  charac- 
teristics in  the  cross  section  at  a distance  from  the  noz- 
zle face  the  same  as  the  undistrubed  fluid  surface.  !Ihese 
characteristics  are  well  defined  by  the  pulse  within  one 
second  I,  by  the  radius  of  the  stream  rj^  at  the  cross  sec- 
tion being  considered,  and  the  laws  of  velocity  and  temper- 
ature distribution  in  xhe  cross  section 


ofti.  f,) 

p(i,.  0) 

rq,.  Si 

0) 


(6.35) 

(6.36) 


If  we  now  take  into  account  the  noted  experimental 
fact  in  regard  to  the  absence  of  any  pronounced  fluid  mo- 
tion, and  consider  that  the  cavity,  especially  its  central 
part,  depends  on  the  normal  pressures,  then  the  system  of 
defining  parameters  can  be  written  in  the  form 


= /.  L 0.  »’i).  ''»)]•  (6.37) 

In  this  formulation  we  have  actually  subdivided  the 
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problem  into  two  parts.  Bie  diameter  of  the  stream,  its 
density,  temperature  and  viscosity  at  the  face  of  the  noz- 
zle, the  density,  temperature  and  viscosity  of -the  gas  be- 
tween the  nozzle  and  the  water  surface,  the  distance  of  the 
nozzle  from  the  water  surface,  etc.— all  of  these  factors 
determine  the  radius  of  the  stream  and  the  fields  of  veloc- 
ities and  temperatures  in  the  cross  section  under  consider- 
ation. 


Determination  of  the  stream's  radius,  as  well  as  of 
the  fields  of  velocities  and  temperatures  at  a given  dis- 
tance from  the  face  of  the  nozzle,  is  purely  an  aerodynamic 
problem,  xancomplicated  by  hydrodynamic  factors.  Existing 
methods,  such  as  those  discussed  in  [l],  can  be  successfully 
used  for  its  solution. 


The  second  ipart  of  the  problem  reflected  in  relation- 
ship (6.37)  consists  in  finding  the  cavity’s  depth  with 

given  I,  ri,  and 


If  we  consider,  as  is  usually  done,  that  for  the  formed 
stream 


(6.38) 

(6.39) 


and  if  we  assume  that  these  functions  are  universal  and 
known , then 

fi,  T,  o)  (6.40) 


or  in  a dimensionless  form 


(6.41) 


[194 


For  a stream  of  sufficiently  large  diameter,  when  the 
influence  of  tiS  suiface  tension  forces  can  be  disregarded, 
we  have 


(6.42) 


i.e.,  the  dimensionless  depth  of  the  cavity  is  expressed 
through  a single  parameter. 

The  boundaries  of  the  cold  turbulent  stream  have  the 
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Fig.  105.  Dependence  of  the  dimen- 
sionless depth  of  the  cavity  ^ 

on  the  dimensionless  pulse  of  the  gas 
stream. 

t*-m  ^ — — : tif  • 


O 


form  of  straight  lines  inclined  to  the  axis  at  an  angle  q>.  [194 

Cie  radius  of  the  stream  can  be  expressed  through  the  dis- 
tance  from  the  nozzle  to  the  free  surface 

rj  = 4j,  + r^  . _ (6.43) 

where  k = tan  and  rQ  = do/2  is  the  radius  of  the  nozzle. 

!Ihu8, 


(6.44) 

(6.45) 


Figure  105  presents  experimental  data  concerning  the 


dex)end3nce  between 


J- 


and  /• 


and  do  with  k = tan  » 0.224. 


(«. 


I 


for  various 


^t) 


6.4.  On  Simulation  of  Flexible  S^closures  for 
Air-Cushion  Vehicles 

Ihe  higher  the  body  of  the  vehicle  is  lifted  up  by 
the  air  cushion,  the  greater  are  the  obstacles  (on  land) 
or  waves  (on  water)  which  the  vehicle  can  overcome.  How- 
ever, as  we  have  seen  in  Section  6.1,  any  increase  in  the 
gap  requires  greater  air  consumption  and  more  power,  which 
are  proportional  to  the  size  of  the  gap.  Application  of 
the  nozsle-type  system  makes  it  possible  to  lift  the  body 
of  the  vehicle  somewhat  higher  for  equal  powers  however, 
it  leads  to  structural  complications  while  produciiig  rela- 
tively small  effect. 

A substantial  improvement  in  the  passability  of  ACVs 
is  achieved  through  the  use  of  special  flexible  enclosures, 
the  so-called  skirts.  Flexible  enclosures  are  of  quite  £195 
diversified  design,  but  with  the  same  purpose  1 to  remove 
the  vehicle  farther  from  the  water  or  earth  surface  and  to 
reduce  air  escape  to  a minimum.  Iheir  email  inertia  and 
their  ready  yielding  to  local  deformations  make  vehicles 
fitted  with  skirts  highly  navigable  on  earth  as  well  as  on 
water. 

There  are  three  basic  types  of  flexible  enclosures « 
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Fig.  106.  Schomatic  drawing  of  the  types 
of  flexible  skirts  for  ACVs i a)  hermeti- 
cally sealed  flexible  skirts j b)  inflated 
bag  skirt  connected  by  channels  with  the 
receiver!  c)  open  flexible  skirt!  d)  com- 
bination flexible  skirt i e ) general  com- 
position of  flexible  skirts  on  a vehicle. 


— hermetically  sealed!  in  the  inflated  state  these 
are  toroidal  bodies  usually  located  around  the  perimeter 
of  the  vehicle  and  having  its  shape  in  plani 

— inflated  bag  type,  but  with  the  chamber  connected 
by  channels  with  a pressure  air  delivery  system.  Air, 
forced  by  the  blowers,  expands  the  bag  skirt  and  runs  out 
through  special  holes  under  the  frame  where  it  forms  a 
cushion! 


— open,  which  take  shape  due  to  the  effect  of  the 
pressure  difference  in  the  cushion  and  the  outside  area. 

Variations  of  these  types  of  skirts  are  shown  in  Fig. 
106.  they  are  used  in  various  combinations  and  asBume 
various  configurations.  A scheme  for  the  arrangement  of 
their  elements  cm  one  of  the  vehicles  [823  is  shown  in 
Pig.  106e. 
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The  selection  and  analysis  of  the  performance  of  the 
skirts  under  different  conditions,  including  motion  over 


a seaway,  is  performed  on  models  (for  example,  see  [80])i 
however,  the  design  of  the  flexible  enclosures -is  a problem 
which  has  been  studied  little.  Literature  in  regard  to 
this  problem  practically  does  not  exist.  ®iere  is  no  clear 
concept,  not  only  with  respect  to  how  to  provide  for  simi*? 
larity,  but  even  which  enclosures  can  be  considered  to  be 
similar. 

analyzing  regular  ship  models  Froude*s  law  is  used 
and  geometric  similarity  of  outer  shape  is  preserved.  The 
difficulty  with  ACVs  with  flexible  enclosures  is  the  ina- 
bility to  specify  the  outer  shape,  since  the  shape  is  de- 
termined by  the  interaction  of  hydro-aerodynamic  forces 
and  by  the  weight  and  elastic  properties  of  the  enclosure 
itself. 

Analyzing  the  steady-state  motion  problem  first,  let 
us  consider  that  simulation  can  be  accomplished  if,  taking 
into  account  the  above-mentioned  interaction,  the  exterior 
forms  of  the  model  and  the  full-size  prototype  are  similar. 
It  should  be  noted  that  similitude  is  not  achieved  in  its 
usual  concept  here,  but  the  problem  under  consideration 
narrows  dovm  to  the  well-studied  problem  of  model  analysis 
and  recalculation  of  the  data  for  full-size,  ordinary  ships. 

Let  us  see  which  of  the  elements  can  be  varied  in 
order  to  ach-eve  similitude.  It  is  obvious  that  the  fol- 
lowing elements  belong  to  this  group i the  thickness  of 
the  walls  of  the  flexible  enclosures,  as  well  as  the  weight 
and  the  elastic  properties  of  the  materials  from  which  they 
are  made.  Further,  let  us  analyze  what  kind  of  forces  will 
produce  deviation  of  the  shape  of  the  flexible  enclosure 
from  geometric  similitude.  Of  the  external  forces,  we 
should  first  of  all  examine  the  viscosity  forces,  since 
with  the  adopted  law  of  Proude's  similitude  and  identity 
of  the  media  and  gravitational  acceleration,  the  Reynolds 
numbers  for  the  model  and  the  prototype  will  be  different. 
The  usual  influence  of  the  Reynolds  numbers  on  the  drag  of 
the  ship  is  not  meant  here,  but  rather  the  influence  which 
would  affect  the  shape  of  the  flexible  enclosure  if  simil- 
itude with  full  size  were  attained  in  the  thickness  of  the 
walls,  the  weight  and  the  elastic  characteristics. 

The  effect  of  the  difference  in  Reynolds  numbers  is 
stipulated  by  the  difference  of  the  internal  and  external 
flews,  with  the  greatest  error  to  be  expected  in  the  dif- 
fuser regions  of  the  stream,  especially  in  the  case  where 
the  model  and  the  prototype  are  located  on  different  sides 
of  the  critical  Reynolds  number.  In  Fig.  iO?  is  a draw- 
ing of  an  example  of  the  effect  of  Reynolds  numbers  on  the 
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Fig.  107.  Schematic  presentation  of  var- 
iation of  the  shape  of  a flexible  enclo- 
sure under  the  action  of  changes  in  the 
flow  around  the  ship  at  subcritical  (dot- 
ted lines)  and  supercritical  Reynolds 
numbers . 

geometry  of  a vehicle.  If  the  configuration  of  the  vehicle 
and  the  conditions  of  motion  \inder  analysis  are  such  that 
the  indicated  influences  are  unessential,  then  the  differ- 
ences between  the  Re  ntunbers  may  be  disregarded. 

In  the  case  of  small  models,  wettability  can  also  play 
a role.  If  we  ignore  the  above-mentioned  effect  of  the 
Reynolds  numbers  and  the  surface  tension  forces  and  provide 
a wall  for  the  flexible  enclosure  of  the  model  in  accord- 
ance with  its  scale  from  material  with  a specific  gravity 
equal  to  the  specific  gravity  of  the  walls  of  the  enclosure 
for  the  prototype,  and  if  the  elastic  characteristics  are 
such  that  the  Cauchy  number  of  the  model  and  the  prototype 
are  maintained  equal,  then  geometric  similitude  of  the  out- 
line of  the  flexible  enclosures^  will  be  fulfilled.  This 


*It  is  assumed  that  the  layout  and  attachment  of  the 
flexible  enclosures  are  similar. 


approach,  however,  would  be  strictly  formal  and  the  ful- 
fillment of  these  conditions  presents  many  technical  dif- 
ficulties. 

It  is  necessary  to  clarify  whether  there  are  other 
ways  of  simulation  which  provide  sufficient  accuracy  in 
the  preservation  of  similitude  without  setting  stiff  re- 
quirements on  the  thickness  of  the  walls  and  the  material 
cf  the  enclosure.  Let  us  evaluate  the  effect  of  weight  and 
elastic  properties  on  the  shape  of  the  enclosure.  The 
weight  of  the  wall  varies  within  relatively  wide  limits, 
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but  judging,  for  example,  by  prospectuses  from  the  Hover- 
craft Company,  it  does  not  exceed  a few  kilograms  per  square 
meter.  The  projection  of  this  force  onto  the  normal  to  the 
area  under  consideration  will  constitute  an  even  smaller 
value,  which  can  be  considered  negligibly  small  in  compar- 
ison to  the  pressure  drops  in  the  cushion  Ap  » 100^400  kg/m2. 


In  most  cases  the  elastic  deformations  that  are  re- 
lated to  flexure  of  the  wall  surfaces,  as  well  as  to  its 
expansion,  are  not  important.  The  possibility  of  analyz- 
ing the  walls  of  a flexible  enclosure  as  having  zero-moment 
is  based  on  their  small  thickness,  comprising,  usually, 
a fraction  of  a millimeter  or  a few  millimeters,  while  the 
size  of  the  radii  of  curvature  is  two  or  three  orders 
greater.  The  tensile  stresses  Op  in  a shell  of  thickness 


6 with  excess  internal  pressure  dp  can  be  expressed  as  fol- 
lows t 


»p 


Afl  1 

» ‘ HRi  + \/R» 


(6.46) 


where  % and  R2  are  the  radii  of  curvature  of  the  shell  at  [l' 

the  given  point}  % < R2.  With  values  of  dp  typical  for 

R 

contemporary  vehicles  (dp  < 400  kg/m^)  and  < 1000,  from 
(6.46)  we  obtain  Op  < 0.4  kg/mm^. 

Corresponding  to  these  values*  of  Op  are  the  elonga- 


♦Designs  can  exist  for  the  individual  elements  of 
which  the  presented  evaluations  of  flexibility  are  not 
valid.  This  can  take  place  for  nearly  flat  regions,  where 
R^  is  very  large,  and  also  for  isolated  guy  wires,  where 

considerable  stresses  and  deformations  occur.  Ihese  sepa- 
rate elements  can  and  should  be  simulated  from  the  condi- 
tion of  deformation  similitude  by  including  specially 
selected  elastic  inserts. 


tions  of  the  material,  which  do  not  exceed  2-35^.  ef- 

fects of  variations  in  the  shape  of  the  flexible  inclosure 
specified  by  this  type  of  deformations  lie  within  the  lim- 
its of  accuracy  and  virtually  do  not  affect  the  hydrody- 
namic characteristics  of  the  vehicles  being  investigated. 

Thus,  the  preparation  of  the  model  for  the  steady- 
state  condition  of  the  flexible  enclosure  must  satisfy  only 
unilateral  limitations  1 the  weight  with  respect  to  the 
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cubed  linear  dimensions  and  the  elastic  relative  deforma- 
tions of  the  walls  of  the  flexible  enclosure  of  the  model 
must  be  smaller  than  or  equal  to  the  corresponding  values 
of  the  full-size  prototype.  These  conditions  are  easily 
satisfied,  since  according  to  Eroude's  law  the  stresses  in 
the  model  must  decrease  in  the  same  proportion  as  -its  di- 
mensions. ]h  accordance  with  the  stresses  the  relative 
deformations  will  also  decrease,  and  this  in  turn  makes  it 
possible,  changing  to  smaller  relative  thickness,  to  ob- 
tain necessary  values  for  the  relative  weight  of  the  en- 
closure, even  when  heavier  materials  are  used. 

Bie  problem  of  simulation  becomes  substantially  more 
difficult  in  analyzing  unsteady  motion — impact  against  a 
wave  or  an  obstacle,  auto- oscillations  while  hovering  above 
a screen,  etc.  In  these  problems  the  similitude  must  be 
achieved  among  the  inertia  and  elastic  forces.  The  means 
for  achieving  these  requirements  depend  on  the  type  of  en- 
closure used. 

Let  us  first  analyze  the  hermetically  sealed  enclo- 
sure shown  in  Fig.  106a.  Let  us  formulate  the  first  prob- 
lem as  follows  I the  bag  is  made  from  an  unstretchable , 
zero-moment  shell  containing  gas  under  excess  pressure  Ap. 
The  shell  is  surrounded  by  the  same  gas  under  pressure  po* 

It  is  necessary  to  find  the  conditions  of  similitude  for 
the  case  of  restoration  by  the  shell  of  its  former  shape 
after  deformation  as  a result,  for  example,  of  impact 
against  a wave. 

Let  us  first  of  all  establish  the  factors  on  which 
depends  the  motion  of  the  wall  of  a shell  which  has  thick- 
ness 6 and  density  pc“  inertia  forces,  along  with  the 

linear  dimensions  1,  l^,  ....  1^.  which  characterize  the 

shell  and  the  deformation,  and  the  values  6 and  pci  will 

be  related  to  the  associated  inertia  and  henct  to  the  den- 
sity p'  of  the  air.  Since  the  excess  pressure  AP  inside 
the  shell  is  small  as  compared  to  the  ambient  pressure  pq, 

the  density  of  the  air  inside  and  outside  the  bag  can  be 
assumed  to  be  equal.  The  ability  of  the  shell  to  restore 
its  original  shape  will  be  determined  by  the  forces  of  ex- 
cess pressure  Ap.  as  well  as  by  the  additional  increase  in 
pressure  dp  due  to  the  decrease  in  volume  caused  by  the 
deformation  of  the  bag.  This  increase  in  pressure  is  ex- 
pressed in  terms  of  the  modulus  of  buoyancy  of  the  air  E 
and  the  relative  volumetric  deformation  dV/V 

dp“  — (6.4?) 
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If  we  consider  that  the  temperature  of  the  gas  in  the 
bag  varies  little,  then  E Bius,  the  system  of  defin- 

ing parameters  can  be  written  in  the  form 

l,li /».  «.  fc.  P'.  (6.if8) 

Below,  instead  of  the  two  values  6 and  pc  it  is  ad- 
vantageous to  introduce  the  imit  of  mass  of  the  shell  sur- 

= (6.49) 

since  the  inertia  properties  are  specifically  defined  by 
the  value  m^,  while  the  density  and  the  thickness  of  the 

shell  do  not  enter  into  any  other  relationships. 

Any  quantity  which  characterizes  the  process  under 
analysis  is  a function  of  the  parameters  (6.48)5  specifi- 
cally, the  time  't,  during  which  a shell  deformed  by  the  im- 
pact of  a wave  is  restored  to  its  former  shape,  can,  with 
consideration  of  (6.49),  be  written  in  the  form 

t s=s  f (/,  /|,  • • • • In,  /TJj,  p , Ap,  P0).  (6 . 30  ) 

» 

For  similar  shapes  of  the  bag  and  initial  deformations 
we  obtain  from  (6.5O) 


I y f' 


•fi~ 


(6.51) 


Expression  (6. 51)  demonstrates  that  in  order  to  achieve 
similitude  it  is  necessary  to  maintain  the  constancy  of  the 

values  ^ and  At  the  same  time  tha  corresponding  in- 

crements  of  time  for  the  model  and  for  the  prototype 
will  be  expressed  as  follows  1 


(6.52) 


Taking  into  consideration  that  from  the  conditions  of 
similitude  that  according  to  the  equation  de- 

scribing the  state  of  the  gas 
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(6.53) 


I 


where  B is  the  specific  gas  constant,  and  T is  the  absolute  [200 
temperature,  we  can  write  instead  of  (6.52) 


— = I /~^ » , 

^11  in  \/  7^  fin 


. - (6.54) 


If  we  analyze  the  deformation  of  the  bag  not  as  an 
isolated  problem,  but  rather  as  one  integral  to  the  air- 
cushion  vehicle,  and  consider  that  simulation  of  the  motion 
of  these  vehicles  is  done  on  the  basis  of  Rroude's  law  of 
similitude,  then  as  an  additional  condition  we  should  re- 


quire that 


Precisely  in  this  relationship  are 


the  intervals  between  encounters  of  the  ship  with  waves 
for  the  model  and  the  prototype.  From  this  additional  con- 
dition it  follows  that  with  = B„ 


(6.55) 


i.e.,  the  absolute  temperature  of  the  gas  that  surrounds 
and  fills  the  bag  should  change  during  simulation  propor- 
tionally to  the  linear  dimensions.  Biis  conclusion  could 
have  been  obtained  immediately  if  we  would  have  included 
into  the  parameters  of  (6.48)  the  value  of  the  gravita- 
tional acceleration,  which,  even  though  it  does  not  parti- 
cipate in  the  process  under  consideration,  should  be  taken 
into  account,  considering  the  combination  of  the  phenranena 
connected  with  the  motion  of  an  ACV*. 


♦Ihfulfillment  of  the  condition  (6,55)  will  lead  to 
the  emergence  of  the  scale  effect,  which  consists  in  the 
fact  that  the  shape  of  the  shell  after  the  impact  will  be 
restored  quicker  in  the  model  than  in  the  full-size  proto- 
type. Ihis  can  be  demonstrated  by  the  following  simple 
example » let  the  pressure  4pa  in  the  prototype  be  300  kg/m^ 

and  the  value  of  the  relative  dofomnation  ^ = 1^1  then 

the  additional  presstire  stipulated  by  compressibility  will 

be  dp^  = PO  ^ = 100  kg/m^-,  and  the  restoration  of  the 

original  shape  will  start  under  the  action  of  excess  pressure 

dPfi  = ^00  kg/m2.  For  the  model  with  the  scale  1 ilO 

the  pressure  in  the  cushion,  set  up  on  the  basis  of  Ftoude's 

law,  will  be  hp  ^ 30  kg,  while  dpn  = dp^,  and  therefore 
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^Pm  <^Pni  ~ 130 '^g  instead  of  40  kg,  as  it  should  have  been 

in  accordance  with  Froude's  law  ol  similitude » - If  the 
pressure  in  the  cushion  is  similated  according  to  (6.51) 
then  ^Pn  + dp^  = 400  kg. 


For  open  type  enclosures  the  complications  in  simula- 
tion stipulated  by  the  condition  (6.55)  are  virtually  elim- 
inated, because  the  parameter  po  be^.omes  unessential.  Ex- 
cluding po  from  (6.50)  and  introducing,  according  to  the 
above  considerations,  g,  we  jfill  obtain  instead  of  (6.50) 


' = F (/,  li,  . ; . , /*,  Wj,  p',  Ap,  £) 

(6.56) 

and  instead  of  (6.51) 

i V f'  U'/ 

(6.57) 

Since  during  simulation  p'y  = p'^  and  g^^  = 

g^,  then 
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from  (6.5?)  it  follows  that  the  mass  of  a \mit  area  of  the 
wall  mi  and  the  exceiss  pressure  Ap  must  vary  in  proportion 

to  the  linear  dimensions,  and  in  addition 


X = const  yr. 

If  we  analyr-e  the  flexible  enclosure  shown  in  Pig. 

106b,  it  is  easy  to  see  that  with  very  small  channel  dimen- 
sions and  clearances  we  will  arrive  at  the  case  of  the 
hermetically  sealed  enclosure,  while  for  channels  with 
large  dimensions,  at  the  case  of  an  open  enclosure. 

Bie  outained  expression  for  the  recalculation  of  the 
time  of  recovery  of  a shell  deformed  as  the  result  of  an 
■impact  will  hold  for  any  other  characteristic  time.  Ihe 
arg^ents  of  the  function  in  the  right  side  of  (6.56)  will 
define  not  only  the  time  but  also  any  other  characteristics 
of  the  motion  of  the  walls  of  an  enclosure  not  in  contact 
with  water.  If  the  hydrodynamic  forces  are  taken  into  ac- 
count, then  to  the  terms  of  (6.56)  sould  be  added  the  den- 
sity f and  the  viscosity  v of  the  water,  as  well  as  the  vel- 
ocity v.  Correspondingly,  the  number  of  dimensionless 

corobinaticans  will  increase  by  three  as  follows  1 the  rela- 
tionship p'/p  will  appear,  as  will  the  Reynolds  niimber 
Re  = vl/v  arui  Froude  number  Fr-o/V^.  Ihe  second  of  these 
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is  fulfilled  automatically,  the  simulation  in  Ptoude  num- 
bers was  foreseen  from  the  very  beginning,  while  \jnfilfill- 
ment  of  similitude  with  respect  to  the  Reynolds  numbers 
will  result  in  a scale  effect  related  to  the  unrdentical 
(for  the  model  and  the  full  size)  deformations  of  the  en- 
closiire  \mder  the  action  of  friction  forces  in  water. 

Summarizing  the  considerations  with  respect  to  the 
simulation  of  flexible  enclosures,  we  can  formulate  the 
following  basic  concepts i in  a geometrically  similar  lay- 
out the  mass  (or  weight)  of  a unit  area  of  the  wall  and 
the  pressure  in  the  cushion  should  vary  proportionally  to 
the  linear  dimensions.  Die  elastic  properties  of  the  ma- 
terial may,  as  a rule,  be  ignored.  Die  properties  of  the 
enclosure  wall  should  approach  those  of  a zero-moment,  un- 
stretchable  shelli  its  thickness,  as  such,  plays  no  role. 

In  the  case  of  elements  of  an  open  type  enclosure  and  with 
large  sizes  of  channels  and  clearances,  fulfillment  of 
these  conditions  is  provided  (with  precision  to  the  influ- 
ence of  the  Reynolds  numbers)  by  similitude  of  the  external 
shape  of  the  enclosure  for  steady-state  or  unsteady  motion. 
With  enclosures  in  the  form  of  hermetically  sealed  bags  the 
scale  effect  appears,  which  is  caused  by  the  absence  of 
similitude  in  the  compressibility  of  the  gas  in  the  bag  and 
which  leads,  specifically,  to  decrease  of  the  correspond- 
ing time  intervals  for  the  model  (as  compared  to  intervals 
voider  Froude's  law  of  similitude).  If  the  enclosures  have 
air  passages,  then  the  mentioned  scale  effect  will  decrease 
with  increasing  cross-sectional  area  of  the  air  passages*. 


♦All  the  channels  which  connect  the  area  of  the  cushion 
with  the  atmosphere,  and  specifically  the  channels  of  the 
fan,  are  among  the  elements  of  air  jjassages. 
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